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1. #$ 
!"#$%&'()*+%,-.%/$01+234$567+89:;<:=>?@A2B

1CCaD"#E$%F+CbDGHI$JKDE+L.MN+2=>?@O:+%,$PQR;$S
TUVWX%Y=>$STZ[X\;]^A_`$a+BEbcdefg0$hi+jklefm

n$o%pA2efqr$s\:+tL.uvN%,wT$xyz{+|}%,.F~$��;�

�e�]^A��N�F~%,$��e�Wg0+����W�0%F[1]AGHI2�$JKE6
�B$R1j�e�%Fc��W��$��CB 1CbD+�>$����L.MM�GHI��B
 $¡ZDA�0%F2¢£¤¥E¦££§+¨d©>ª«$"#¬­®E+¯°?@2°±$²

>³+´_µ¶[%,?@N·¸¹º»¼½ ³¾¾A¿À%,89:?@<:=>ÁÂÃ>+Ä

L.uvN�c�A 
!y+�0%F¿aÅÆ��$%Fc�E$eÇqÈj�ÉÊA¿À2ËepÌÍ+,ÎÏ>

$34Ð$ÑÒÓN,ÎÔÕ,S$Ö�[+Ä-0×%FA 

  
(a)                                                                               (b) 

B 1. ØÙ$�0%Fc�A (a) JÂ2ÚÛ"#ÜÝN$%FÞ (b) GHI2JKE��$%F[2] 
 
%Fc�ßàdáâãäåæÌçè$��é`A2êë%ì[+áâí�î6d%FïâE%

Î$ðñòUVWóô^�eqO+2õ%ö7÷êëø4®ù%Fúûõüý[3]þÿ!%FE$ñ
"ô^A�#$êëL.$%T&<%Î'7þ$,S+()%,j7÷$*++8,ª9%îê-

$.r/ù|60ÖAZhou et al.[4]$12��Ïm+2õüS3GN4 101.455R678C9:;<
=>1õüý$?$õüS3D[+ñ"L.ô^ 75%.³A2@A$B%:CDEE+%F$ðñ
ô^(6=FSø^GH¼+a1c%ÎISJK$LMA12��Ïm[5]+%FNOPQ$%ÎR
TS¨3L.GN 98.8%+T:ãÑE$UVNOPQ/ñW!+XY_Z$$[\]�A¨d2á
âæÌ$3Àk6[^+%Fc�_�$`a¼C´(àbNcÎ¼CæÌAJannes et al. [6]! Volovik 
[7]¾��de-fSjk=%FE34Ð$ÑÒST+ghiQ�jW%Fs\+8,kbdClm
n$0×«Topq$rgs[8] A�tuvÏm+`w��%Fc�2LM��ù1xk6R>ÄY
_3À[^A 
yz{_�×|$áâk6+j%Fc�}~$DE/���ya�0þ��eÅ¼CåÚ$�

��eA}l$ýº�$���\+etåÂ8�0%F�ej�/?9$c�w�+��deD�

��A��¼CåÚ Eric Watson (�Û����)2 19640-8?@ON%Fs\��$pÌ��×�
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Æf�Z��C%,?@p��h���p��h��>*w >pD+2¡LM³}Nd%¢wT

£¤w%,¥¦$§DA¡�9¨©0+�eæÌª_«à¬¤­$��AQN 1993 0+Niels Bohr
C®¯°�±¯D$²v Thomas BohrC³´°�±¯D¾¬µe¶×·¸¹d%Fs\$iQ[9]A
��8º»°³�°Râb�+¼ï½¾¿\ÀÁÂ-%F$Í�ù��pÌÃD~þ+Ä5d}N

dñÅÆÇ,Î$ÈÉC,"�ÊT�ËT¾D¸ÌPQ?@ÉÊ7$%Fs\$CÍÎÙA�a�

0%F��$efÛâÏ1$pÐA 
[�þN}ÑÒ+ÓÔ$å$ R. Kate ¾¬2 2007 0jÕ,ã=>Ö2×sÉÊ7$%Fc�Ø

d��[10]A��Z#¼ïº»°³�°Râ+ÙÆÇ34$56ÚÛdÕ,STãR;+Ä5dÜ

ÃwÕÉÊ7%Fs\$CÍÎÙ+��Z[�c2×s�dCφ < 25ÝD[+%F$j�/ùÞß
/ò(àá+j¡��âº}bdTÇ�Z$%FBãAZ0+Kate et al. [11]j=¦äO/%F$/
~Ød�e���+�c2ersT[+¦äO%F³÷$åOòã%,?@p3O+j¡��Z#

}bdj�æhsT¸Ì$CÍÎÙAº¡+j=%F}Õ$/~$��{ç�è=ÞéA 
êÀ¤ë$a+5W0×%Fc�$ìÀÀÁ+íî%F$?@h>$Ö2«ï¼C/~Z#a

ðñ%F0×$3ÀòóAy,+Ç��ôõö$÷øLù+1D­©j%Fc�$��úÀûE=j
�$�0%FAj=üý$%F+þÿg0¾ï!%Fc�+"_��+#a$×ÎDÞ2D­©ª_
÷øDE²��h>/~+þ�hÉÊ�Ï>%&âT¾j%Fc�$ðñA�q×d}÷$úÀ�

�ðUA 
2}÷E+��-'ÄL.(ß$bÕ%,sT.«L)*$?@h>$12=++pO©¬$

CÍã12��+j³�,���DE/$��+-.ñjW§,�$l/Y_er0�/A}÷-

12.7pq�*32µ45E+L=©¬j�0%F$CÍ��+��}÷-�6%F$ð4å+

�,kb%F$úÀq7"3%Fs\ã,"$§DA2¡LM³+}÷��-8ÍÙ"VÕ,ãh

>×sj%F�hTo$ðñA2µ¨5E+��}��êëde9L=%:�$DE$%F12=

++2�=+³��%F$Toq7ãW§ÈÉ$ðñA��;<Ì"d=QwÕ7%Fs\ãÕ,

,"$§D+Ùã©¬$12pÐãCÍpÐ��jjA�,+��¼ï>ýÕ,sT+uvd�0

%Fbc0ý$ïâ+Ù2ersTÍ?rd�0ý$%F@AaÿgA2µB5E+��}÷�e

���%F2)$ÈÉp�$CDüý+uþ2$sTwÕÉÊ7%FEF0×fGHI+¡[%F

$q7_��$�WÞJ�+2$,"ÉÊ7+%F�h:òbcK,c�+%F$�h�L.r+

,bc£[�$MNA2µO5E+��}��î6�Z%&âT.«_ToPH$Ï>+1D812
³?rdÏ>$=ßpqÙ�a.r%Fbc$ìÀÀÁÞ2D;¶uvNdPH>³$%Fq7+Ù
�À8Ídïã=>³%F$§D«ï0×QòA�÷$Rpã�.2µS5EkbA 

 

2. %&'()*+,-%&./ 
2.1 *+<8 
}5�ÀTUBohr et al. [9]��$��%Fs\$RF+}N�0%FúÀq7"Cþ%Fs\�

%Fñ",V(¾Dã%FçWÈÉ$§D+6.�X12$jjA;<��efqÈÉÊ+Y%,

çSTR;=Q==>A��8CZ$o%CÍb�+;<��defEô^$,ÎDE+Y%F©+
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�ñ"[\A!%F]N=>³�+X=>\;,ðAÙX^ê2%F©�+%,$_;STùXP

QR;STWj=\;STL.`a�ë+X`aÏ>b4«cd$ðñ+Leð"ã,"[\3 
𝜕𝑣
𝜕𝑡 + 𝑣

𝜕𝑣
𝜕𝑟 = −𝑔

𝜕ℎ
𝜕𝑟

(1) 

𝜕ℎ
𝜕𝑟 +

1
𝑟
𝜕
𝜕𝑟 {𝑟ℎ𝑣} = 0 (2) 

ïE𝑣(𝑟, 𝑡)a\;ST+ℎ(𝑟, 𝑡)a%,9T+𝑔W34fSTA¼ïg!hÉý*L}3 
∂
∂𝑡
(ℎ𝑣) +

1
𝑟
∂
∂𝑟 6

𝑟ℎ 7𝑣! +
1
2
𝑔ℎ89 =

𝑔ℎ!

2𝑟
(3) 

∂
∂𝑡 6

1
2ℎ
(𝑣! + 𝑔ℎ)9 +

1
𝑟
∂
∂𝑟 6𝑟ℎ𝑣 7

1
2𝑣

! + 𝑔ℎ89 = 0 (4) 

ïEC3D1W��\;R;ð"$iðåRâ+C4D1W\;R;ñ"[\A^ê,Î{GN
.�+ò¡2`a£[�jÉkÙl��L}3 

𝑟ℎ𝑣 = 𝑄/2𝜋 (5)	
1
2 𝑣

! + 𝑔ℎ = 𝑄"/𝑄 (6) 

ïE𝑄W~",+𝑄"W7mi~"ËT$ñ",A  𝑟, ℎ, 𝑣nL¼ï.7ýVE"oV3

𝑟 = 𝑟̃ #$
%
B!$!
$
C
"
#
+ℎ = ℎD &

!#
B!$!
$
C+𝑣 = 𝑣E B!$!

$
C
$
% (7) 

-C7D1hTC5DùC6D1�+L}b.7Râ3 

𝑟̃ =
1

𝑣E(1 − 𝑣E!)
(8) 

¼ïpl�Râ+Lqb.7Bã3 

 
B 2. RâC8D$lABE³7;D9rhÏ1xÉÊE$;Ç%,CDÉÊ 

 
ò,L.}b+2𝑟è=C^[+Ö2.7;fq73𝑣 ∼ const (ℎ ∼ 1/𝑟).«𝑣 ∼ 1/𝑟 (ℎ ∼ const)A

BE$³7;s9r�tjkd©÷Es\𝑟è=CÖ^[$;Ç9rAò¡+2CZ,ÎÀÁ7+,

Î$q/¿ò]2³7;su9I³+YvwxÉC𝐹𝑟 = 𝑉/L𝑔ℎD 𝐹𝑟 > 1ù𝐹𝑟 < 1;ÇÉÊA�;
ÇCDÉÊ2%FÎÙE�tjk%F©ã%F�Aò¡2%F�¤$iQìrW𝐹𝑟 = 1A        
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,þBC2Dôy+!z𝐹𝑟 = 1[+�s\{d=£|ÉÊ7$%Fs\+}EF8�RâE}b
%FiQAtò2,"[\ãð"[\$ÀÁ7+ñ",𝑄"2%F©�ìr�[\+ÙL.¼ï¾1 

𝑄"! − 𝑄"& = −
𝑔𝑄
8π

(ℎ! − ℎ&)'

ℎ&ℎ!
(9) 

kbAïEs~2Ïy%F�+s~1Ïy%F©A#a2CZ,Î$�,ÎÙE+ò�Ö2cd+
ñ"a�Xô^$Aò¡+Ùª_efqÈiQL.�y�ñ"ô^�¤$s\Aô.��ª_�F

¼ï�ÇÎÙþ}b%FiQA¿_K,L.�×�y$ñ"ô^+8,�yb%F�¤$iQ+ò

¡��ì�2ÎÙE��cdDÉ𝜈A 
!��cd�þ$ðñ[+L|6�L��,Î$º»-°³�°Râþ��%,$,ð+Y 

𝑢
𝜕𝑢
𝜕𝑟 + 𝑤

𝜕𝑢
𝜕𝑧 = −𝑔

𝑑ℎ
𝑑𝑟 + 𝜈

∂!𝑢
∂𝑧!

(10) 

¼ï�h�9rCBoundary Layer ApproximationDL}.7§D13 
∂𝑢
∂𝑟 +

𝑢
𝑟 +

∂𝑤
∂𝑧 = 0 (11) 

�ïg!hÉ�jC§�� AD+L}%,s\ãST$§Dþ73 

𝑣( 7𝑣 −
1
𝑣!𝑟8

=
1
𝑣𝑟!

− 𝑣'𝑟! (12) 

ïE 𝑣(𝑟) WX=Q=%FR;=n+ÙE"oV�$\;ST+𝑟W�ëiQ¥¦Õ,?@O$
s\A �RâÉ^lþ7BôyAL.�c�ëeel$;DÄò;(1,1):��©�+Ù2�O�y
,�A 

 
B 3. RâC12D$É^lA2�BelE+��nz 𝒓𝟎 W 0.13A2 𝒗𝟎 $z^E+��lW 15+�

�lW 5+��lW 3.5+��lW 2.5Þ�B��h�§�� E.1ù E.2 
 

2B³L.�c+!𝑟ÿ$NËeqræh^[+𝑉(𝑟)�yè9=EÖ$+��O¼C£�A2�
iQ𝑣(𝑟)�^+ò¡WIOA�c�bc$Qòþ�=RâC12D$q/+Y2Ëe_Ö$𝑟:+Râ
-�L��+,¦l6³$��C§�� BDA2CÍ�jE+ò���6$aE�h=>$^ê+
CÍÎÙ-ò2Ëef_Ö$𝑟:�^+EF�XplA#a21xÉÊE+���z$h>_�h+
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X��hs\{d=IOiQ+ô.RâC12DEIO$Ö2Ù�òðñN�CÍÎÙ21xÉÊE
$k6+ �òðñN12E$ÉÇ�ûA}+��L.¡}ef¢ã,"_§$��l+ïE2�

�pÌ >wT£¤\rARâC12D$Í�lZ#(r¥2def_Öp�Í+Y8%/?@pN
E"oV�$(𝑟, 𝑣) = (1,1)W�Ae=2𝑟 > 1[+Í�lE$𝑣((𝑟) = −∞+ò¡L.2Í�lù��
l��6es?@þ�'A}2 (1,1) :YW%F¦¤$s\A 
§¨"o�+L.}b%Fs\$ÏG13 

𝑅* ≈ 𝛾 = 𝑐𝑞
+
,𝜈-

'
,𝑔-

&
, (13) 

2©¼ISTª>7+L9r𝑐 ≈ 0.73A 
 

2.2 8)�b:,-.^2(54A 
e�ÉÊ7+��§N$%Fc�e=aPQ7]+2?@Nþ"#%YÁ«¤�²>¾fG%

==>�ò0×CWj�$g0+#þÐ=>%&âT�$+Ö2mnh¬~­$[®+%F$j�

/-(àá+¹ºòEF0×Þß$%F�hA��¯Z[uvN+þÐ�hCZ+j�/�y�°+

þÐÖ2er$×s+Z#òàáj�/AÆÇ Kate et al. [10]$CÍ+!%,wÕR;ãh>×sd
=25° [+%F$j�/ò(àá+ÏcW���LW=GHI+Ö2×sAô.��Z#jwÕ%
,Ù¦PQÁ?@h>Ù¦%=$ÉÊ7%Fq7$>ýØder$��A 
Õ,ãh>Ö2×s[_.7;ÇÉÊ3h>ãÕ,R;=Q+#h>ã34R;�=QÞh>

ã34R;=Q+#%,wÕR;ãh>�=QA2µeÇÉÊ7+fw34�þ$ÚÛ�C§��

CD+Lp}%Fs\ÏG1 

𝑅* ≈ 0.55𝑟.(𝐺, 𝑟/, 𝑣/) × 𝑞
+
,𝜈-

'
,(𝑔 cos 𝜃)-

&
, (14) 

2µ4ÇÉÊ+h>%=#Õ,ãh>Ö2¦90°×s[+-ò0×)qÈ$¦j�%FBãA�
Z=%F=QwÕ[[¦¤$�0%F+!wÕR;ã=>Ö2×s25° ≤ 𝜙 < 90°[+%F0±-�
ò²cb~³g0+,aef~³ÿgA,2𝜙 < 25°[+%F�hòbcmn$´s+´s�Ùã,
"ùwÕsTQ'W§A2ÜÃwÕ$%Fc�E+%,2µ@N=>�¦¤$0±eB 4 kb+ï
E%,?@pÌL9rWefs¶·𝑟// sin𝜙+s¸·𝑟/$ÿgA 

 
B 4. ÜÃwÕ[$?@p¹gBAïEºIpÌÿgW%/?@Nh>[$B0+�»1IÿgW]

^�$%ÎpÌ+SOW%/$9r?@O 
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2,S�d$[®+�9r×5A!,S�$[+e=ÓNK,$ðñ+?@p��ò¦¤�.

r$¼N+8,j½_0±³$ýVA^ê?@ï�$%,W.r�,+¢_��= S OC?@OD
$\;,E_;,ð+Y¾ð��%Î��þÔ?@pE𝑑𝜃Í$%,AÙ^êEK,ðñ+`a34+
Ï>b4«cd$ðñ+YL¿bB 4¾ð��$~"[\Râ+Y3 

(𝑟"d𝜃)
𝑟"
2
(𝑉 sin 𝜃) = i𝑟0d𝜃jℎ𝑉1 (15) 

ïE𝑟" = 𝑟"(𝜙, 𝜃)W?@p��$Cs\+𝑉W%,$wÕST+𝑉1W?@ï�$%,\;ST+
𝑟0W=>³�ëeO¥¦ÀO 𝑆 $\;¥¦Ae=%,?@©�UVñ[\+𝑉 = 𝑉1+ò¡+(15) 1L
ýW.701 

ℎ𝑟0 =
𝑟"!

2
sin𝜙 (16) 

e=𝑃2 = 𝑄 ⋅ 𝑉2+𝑄 = 𝜋𝑟/!.«𝑉2 = 𝑉 cos𝜙+tòX𝑥R;Rð"W!=%,?@ï�X𝑥R;ð"
�ù+L} 

𝜋𝑟/!𝑉!𝜚 cos𝜙 = p 𝜚𝑉1! cos 𝜃
!%

/
d𝜃 (17) 

ïE𝜚W ÎËTAò¡+L.e~³ÿgRâ}b?@p�X$Râþ7 

7
𝑟"
𝑟/
sin 𝜃8

!
+ 7

𝑟"
𝑟/
cos 𝜃 −

𝑆.
𝑟/
8
!

sin! 𝜙 = 1 (18) 

ïE𝑆.W1xÀOã?@pBãToEÁ$¥¦C2B 4E~bDAÃ5µ 16�17ù 181+¼ïhÉ
�j�L}N𝑆3 = 𝑟/ cot 𝜙+�,Lp}𝑟"ã𝑟/$§Dþ7 

𝑟"(𝜙, 𝜃) = 𝑟/ 7
sin𝜃

1 + cos𝜙	cos𝜃8
(19) 

�Z= 2.1 E=QwÕ[𝑞 = 𝑄/2π+!Õ,ÜÃ[+2?@p$\;,S2CÂ~D7Ù�j�A
ò¡L.ÆÇC16D1+C19D1.«§D𝑞 = 𝑟ℎ(θ)𝑉1+p}!𝑟" = 𝑟0[+Yÿg��2?@p��+
PQR;STÞ�UVWXh>\;ST�+%,,"ÏG1þ73 

𝑞 =
𝑟/!

2 s
sin' 𝜙

(1 + cos𝜙 cos 𝜃)!t 𝑉
(20) 

à6©÷Ð¯��$pÍ+-C13D1ãC20D1OÙ�L}N3 

𝑅*(𝜙, 𝜃) = 𝐶 s
𝑟/!

2
sin' 𝜙

(1 + cos𝜙 cos 𝜃)! 𝑉t
+/,

𝜈-'/,𝑔-&/, (21) 

!Õ,ãh>×sϕ < 25°[+%F$0±-ÓNÕ,STùsT$ÃZðñA!Õ,sT�$[+
%F$³7÷;��Ä¡�*Þ#!Õ,sT�d[+Yd=æhsT ϕ51676589 =

tan-& 7:;
% .6<%=&>!#?
; @ABC&

8[+%F$³÷-=?@O3O+8,ðñN7÷$%F+0×�r=´ÅÆÕ

$BãAïÇ0±$Bã+Z#L.¼ï(ßwÕsTùÕ,STþ¡}A 
 

3. 01%&)2345 
}5-ÈÉ��'Ä$12PQ+«ïL}ÊËãÉÇ�6,â+ÙkbÛÕ[$,"-s\§D

ùÃÕ[}N$wÕsT-¦Á3§D+Ù-�tpÐãCÍÎÙjjA 
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3.1 ��/Ü 
þBC5Dôy+212E+��|6efL(,S$%ÌC?$,"W 500L/hDþÍ�%,$b

Õ,"+Ù6ef"â 60-600L/h$,"ëÎ?K�,"^A%,¼ïQ\ 14mm$zö�?@eÏg
0Ð�4Ñ+0×%FAZ Duchesne et al. [12]$12êQe#+ò�egÑ��fG+X12E%F
s\n2gÑs\ÒÓÍ+ô.LÔ[`a��j%F$ðñA2Ð�4Ñ��]7$%òeÕÖ×

T�+Ù3r�w%Ì:�Í+.1c3¨ù:�$12ÀÁA��|6efØÙ+ùeÆÚ;$Õ

Ö%zÛr%zbö+.£Ü12E$Õ,ò=QÕ;h>ÙXY_WZ$çWSTA��212[

-�UÛr2ef9TW 1.45 6$ØÙ³6.�û12ÉÇ+.£ÜK�$ÉÇ_WZ$�ÝùgÞA
Wd¡zÎ?$,"^+��¤X(5%Ì,"Ù2,"ë³ßÉ+Qº%,.r2­~,"�9+

.à³?K�ÉÇA 

 
        (a)               (b) 

B 5. (a) 12PQ1ÜBÞ(b) 12PQyëB 
 

3.2 (5ÐÑ�)�2n� 
2?�m$%,=QwÕN%=h>$ÀÁ7+Bohr et al. [9]{���}bd6Õ,/~¸Ì%F

s\$Þé$CÍÎÙ+�� ¼ï122Üd�CÍ$Û?/AWd��,"ã%Fs\$§D+

��. 20L/h $�á(ß,"A7¶12E+2,"ë.r�+K�,"É^+Z[eÛr2%FÛ
³R$WU�ãK�%F$ð�0âAWd�6%F$YÎTo+��2gãäåæÁ TrackerEjô
K�$gã��"V�6A2ô}gãE+%F$ç��èL}²ceg�±+Y%F9TmnýV

$iQ¥¦%,$?@O9rW¾+.7����e¥¦W%Fs\+ã©�CÍ�6e½A 仅
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B 6. Tracker$ÉÇ�6h>ABE~bd𝒅𝒖, 𝒅𝒅, 𝒅𝒍, 𝒅𝒓ÞWd|7fR;$ÉÇyLñ$³?+

��27fR;�9�WJé$%F�h�ûÉÇO 
 
Wd)³?$}N�e%Fs\+��. 0.66 8�ájb%F³�7�ê�ë�h¥¦%FEÁ

$¥¦+�tr¥W𝑑H, 𝑑I , 𝑑9 , 𝑑1+þB 6 ôyAÙ2�BfR;$�hìK� 10 eÉÇ+

𝑑J
(6), (𝑖 = 1,2…10, 𝛼 = 𝑢, 𝑑, 𝑙, 𝑟)A2j7f,"$ 40eÉÇz=n+«}N12Ì"$%Fs\W 

𝑟 =
∑ ∑ 𝑑J

(6)&/
6M&JMH,I,9,1

40
(22) 

Ù�6¨<RÞ 

𝑆𝐸 = �
1

𝑁 − 1�
(𝑑6 − r)!

O

6M&

(23) 

W�Þ^�+��.í�1ÁRO-12pÐ�þ}NB 7EA 

 
B 7. %Fs\£,"ýVHI. BE+í�1ÁROW}¶12ÉÇ+�Þîjk12E$¨<nR
ÞA5Wjj+��çÁïù��çÁï+�tW Arakeri & Rao[13] ù Kate et al. [10] }N$�r1

2êr7$12pÐABohr et al. [9] $CÍÎÙkb$CÍpÐ.ð�1I~b 
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þB 7 ôy+��$12pÐ2�ÞÒÓÍã±¯kb$CÍ¸¹L}e½AL.MN+2<,

SpÌ+}¶12ù±¯$CÍpÐ�O¦£ñò+¯ã¡©$;e12pÐ�W'9A#29,S

pÌ+��¤ëN%Fs\$ó]�$+�Lñae=9,Sj½$ôõÉ³{|}¡[$%F��

bcdK,+8,j½%F��$ð�ó]�$+ò¡Y_�$$s\~­A�fc�ò2µ 4.25E
ö��6AZ[��¯¤ëN+9,SpÌ$s\=n^�CÍ¸Ì_mn÷$+�LñaòW¡[

$%Fs\Wj=12Eô6g�s\.�L`a+CÍEEÖ$=>$^ê�Lg6A2�X12

E+��ò�e����eLñ$��økj%Fs\ýV$ðñCö§ 5.2d5DA 
 

3.3 7801½2îï(5 
2'Ä12ùú[+���c%FwÕ$sTj%F0±ù%Fs\¯_nûðñAüÐ�4Ñ

g�Ù¦%=ÝQ+=QwÕ[%Fò×ÿg0Aò¡��êëÃÕ12þ(õwÕsTj=%F0

±$ðñA 
e=��uvN!Õ,ãh>×sý'90°[+%F0±ý÷¦~³g0+ò¡���6ÿg¦

Á35W%Fü0âT$�~A212E+��-%,ÜÃ+Õw%=$Ï>³+Ùuv%F�h¶

¸·ÉÇ.ëþù.ÿCÍ$¨OâTAÓ�=?@=>$$d+��212Eêr$?dwÕsT

W 60°A2 60° N 90° ÒÓÍ+��. 3° W�á�ûd 10eÿg¶¸·$ÉÇA27¶12E+��
-%zböÛr+Ù|6ÏG1 

tan(𝜃) =
L𝑉! sin𝜙! + 2𝑔𝐻

𝑉 cos𝜙
(24) 

¼ï12PQToÈÉù%FwÕsTÆl}NêÀ$zösTAïE𝜃W%,wÕR;ã%=>$
×s+𝜙WzösTã%=>$×s+𝑉W%,,S+𝑔W34£É+𝐻W%Fzö9TAj 10 fwÕ
sT�t¼ïC24D1:CYL}N12|6$zösTA27fsT7eÛr2%FÛ³R$WU
�ãK�%F$ð�0âA 

 
B 8. ÿg%F$¦Á3ãwÕsT$§DA BE!�ROW}��}N$12^C�ÞîW 10¶1
2$nRÞD+í�ºIW Kate et al. [10]kb$CÍ^+��OW Kate et al. [10]}N$$12pÐ 
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��2Ð�4Ñ³qbef;�ì 30 "6¶$©#$³+Ù?�6 Tracker }N7fsT7$¶·ã
¸·�j+6.7%1ëþbÿg$¦Á3 

𝑒 = �1 − B
𝑎
𝑏C

-!
(25) 

B 8 kbdÃÕÉÊ7ÿg%F¦Á3£wÕsT$§DA8B 8 EL.MN+��$12ù©
¬$ÉÇãCÍ&O�ò+X]$d©¬12$ÉÇp�+2Üd%F2wÕs'9 90°[Z#':l
Kate et al. [10]ªb$CÍ§DA2wÕs'9 90°[+¦Á3'9 0+Ïm¡[$%FW�0%FA1
2E2wÕsTýþýd[+%F0±¯òýþý÷¦~³$ÿgA2wÕs\d= 25° [%Fò0
×r$To�h+�¯aµ 45À�8$Í(A 

 

4. 678%&-69:%& 
}5-2µ 3 5$LM³+�e���)çè$ÈÉp�E$ìÇ_`$%Fc�+.�yìÇ

c�$BãXr/�6�tc�bc$Qòþ����AÙXyLñÄ5qÈÉÊ7$%Fã©>|

)%F��$§D+kbj½ï�|)$ÈÉÒÓA 
 

4.1 Õ£¤(5 

 
B 9. %FTo£lSTùwÕsT$ýVABEÚ·W%FwÕsTã=>$×s+Ë·WwÕ%/
$çSTABE7fsTùST7$%FÄ(efÛrUi$WUÜÝ+%F�h6�I~bABE

��uýpÌjkwÕsd= 25° $ü0%F 
 
2 3.3E+��kb2ÃÕ$sTÈÉp�$122Ü+�cïãCÍ*OñòA#2sT�d+

þ Kate et al. [10]kb$25°[+%F��$=G/ùäO/-(àá+ï0±ãwÕsTã,S$§D
þB 9ôyA12|6de>¶4 26++4 0.56$¶R0,v5WwÕh>+Ù|6ef 100W2
m-)._/+.G×yLñò$×ãøÐA?@=>$%/eef 7mm Q\$zö0bA212E
¼ï(ß,".>ýwÕST+¼ï>ýzösT.>ýwÕsTAWd)ò$��%F0�2wÕ
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sTùST>ý[$�XýV+�Û|6Of�Z$wÕsTC15°�30°�45°�60°�90°Dù¨f�
Z$wÕSTC0.74 m/s+1.62 m/s+2.65 m/sD+�Â¼ïwÕ,"ùzöQ\ëþ}bAò12ùú
Ö�+2)$,"7=QwÕ$%F�La~³g0+ò¡12E�z$?$,SW 2.65 m/sA 
2 φ > 25° [+!wÕsTý'9=Q+%F)ý'9g0A%F$d£l,"#ÿf,ÿf+¯

�OCÍ¸ÌAù Kate et al. [10]$CÍpÐ�r+2wÕsT�d[Ù�a~³$ÿgAuþ2 45° 
s+. 1.62 m/s STwÕ[+%F{Dù9DÄ¦¤d�rü0%FE$1sDOA 
,2 φ < 25° [+%F0±)f�.¸ÌA!,S2�ÿf[+%F82 0.74 m/swÕ$½34UÂ

Ù2�U*Wd. 2.65 m/s STwÕ[$½5Â0+þB 10CbDôyA�¯ã Kate et al. [10]$12
pÐ£¤e½Auv%F£,S$ýVLù%F0±2,Sÿ$a_8½34UÂ0;l½5Â0$

ï6A2¡ïâE+¥¦wÕ{D$;fQs£l,Sÿf2u79+sTýþý$QºO×ef1

sA�e%F8=QwÕ[80$fG�hN91$:s$Uý¯L.2�Z$Ï>ToEMNAZ

[���c,S$+wÕsTd[%F�hò;�Î<+9TF{ýþýdA 

     
CaD              (b) 

B 10. (a) ½34UÂÙ%FCwÕsW 15°+Õ,,SW 0.93m/sDÞ (b) ½5Â0%FCwÕsW
25°+Õ,,SW 2.2m/sD 

 

4.2 Õ2�(5 
 2µ 3.2 5��%Fs\ù,"§D$12E+L.�c2,"ý$[%Fs\$ó]¯ý$A

�eó]Ù¦aÌ"�Þ+,aòW%F$�h}ÕY_�.r/A1x%Fs\��$K,òj½

%Fs\ó]+,òW,"ý$[%Fï�$,S¯ý$+ý(=¦¤K,+ô.òbc,"ÿfs

\ó]ý$$c�CþB 11DA 

         
(a)                                (b)                       (c) 

B 11. (a) ,"W 200 L/h [$%F�hÞ(b) ,"W 100 L/h [$%F�hÞ(c) ,"W 50 L/h [$%
F�hAL.�c,"�<[%F�W� 1,+,"�9[%F�WK, 
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%F$K,-�,ï6££6ôõÉRe = 𝑢𝑑/𝜈Ïy"#$	𝑢, 𝑑, ν�tW,ÎST+,Î$q7¶T
ùiðÊTDÉ+%&'()*+,-./0 

Re =
𝑣ℎ
𝜈 =

𝑄
2𝜋𝑟𝜈

(26) 

þÐÀl>%FÍ��,ùK,$ïT.¦¤$�.r/+2%F©�$ôõÉìra��X$A

,121C26D$ëþ+%F©�ôõÉ'9+X{{G�NK,?r$~³Aò¡2%F©�$K
,?r�ñ¼ï,"[\�wôõÉ$ÏG1A 

 

5. ;<=>)?@-ABCDE%&)FG 
2©÷$CÍ�6E+efL}^ê@aô_=>ÄafG�=ß$A©¬ôØ$12$��¯

2���tCZÉÊ7$%F+,ª_j�Z�hÀÁ$�6A}5-ò¼ï���Z$?@h>$

úÖ��Z$h>s\ù�Z$H>ýVþ��%F2�t¦CZÉÊ7$�WA 
 

5.1 ÇÈ?:2(5 
2©>$CÍ�6E+efL}^ê@aô_=>ÄafG�=ß$A#2ÔyhE+�^êï

=CZ+ò¡��êÀj)Æ#$h>/~���6A2(�÷ø�+���c¡©�R;$12n

§¤fGÏ>ùh>$%&âTj%FÈÉ$ðñ[14]Ae¡��AÌ+Ï>$%&âTÁ�j%F
$0×ÀÁ+%F�hù%F$.r/_erðñAþB 12+��z;Ç�WØÙ$Bú���6+
eÇaßÎE9T~­+#C�_DE±$9TÈÞAJeÇßÎ_=F9T~­+#h>fG+E

C�9TýVAL=¡+��G³�12$Ð�4Ï>*WeÏ9T~­�=F+R9<Þ2 2mmÍ
$Bú+Ù2 360L/h$,"ÀÁ7uv%F0±Aj~fG$Ð�4Ñ+�%&Ï>$%F��2¼
£ÀÁ7Ù�mn+�à=K�Aò¡+��|6!fÆÕ.¬n%FiQ+ÙGWU.25°ÜsÜÝ
%FÏ>+�á 58ÜÝ2 K�C7ÀH�6�í���E$ef~bDA2B 13E+��8ô}
$2 EIJdOe%F��$HI��jj3 

 

 
B 12. êWßÎ9T~­d+C�9T~­$$BúÞëW_d%TßÎ9T~­+#Ï>fG$B

úA}5ò�tj;ÇBú��12 

仅
用
于

20
22
丘
成
桐
中
学
科
学
奖
公
示

20
22

 S.-T
. Y

au
 H

igh
 Sch

oo
l S

cie
nc

e A
ward

s



 

16 
 
 

 
B 13. êWfG$BúÏ>$%F�hABE�Z$äOHIhÏm¶12E�Z[a�#}N

$pÐA}12ô6$%,,"W 360L/hAëWfG±KÑ³$%F�h 
 
;Bjj�+L�cBúÏ>$%F.r/j±KÑÏ>%F.r/ÀÞ�Æ+ÙXBúÏ>$

%F0±�LafGÏ>³$g0+,a�|)±A2Ze,"7+BúÏ>³0×$%F�h´a

ùfGÏ>³$%F�h_lWr$=ns\Aò¡��LAZ+29TFLýV$Ï>³$9Tý

Vò|%F¦¤C�0ý+#ßÎðñ2%Fs\è9=EÖ[L`aA 
2JeÏÏ>)f%&$Bú³$12Ïm+Y|a29T~­)WMN$Ï>³OyL.0×

%F+þB 14 (a)A��AZïQòa%F2EÍFL9TýVÁMN9TýV7ÄY_.r0�A2
9TýVFL[+%FC�/~ãÃ>%F$01�rÞ,29TMNýV[+%,ò2d9T7P

¦BúÏ>+7]$%,23r'QBúÏ>[òL¦¤r$%FA��-�Çc���W½úû0

%FÂAþB 14 (b)+��MN%,2¦*±KÑÙ3r'Q²>[LL0×%FA�;ÇU�$pO
|}%FLbc2_MN9TýV$Ï>³A 
ò¡+���cÏ>fG�a0×%F$ìÀÀÁA%FL.¦¤=89TýVFLN9TýV

MN$ìÇÏ>³+Ù2�,"bc$�0%FLM³Ø�|)0ý+ï0ý%Tz/=Ï>ToA

�Ç%Fc�$RS/úÀþÔÃ>%Fùúû0%F$pOA 

     
                                CaD                                                                                  (b) 

B 14. �ZÏ>³$%FA(a) %&Bú³$%FÞ(b) úû±%F+%,¦*±KÑ�3r0×%F 
 

5.2 ?:õ�452ËÌ 
 3.2 5ªb}¶12ã©¬12$ÞtLña|6d�Zs\$g�+ò¡%Fs\2ù�h

s\jj�L`a[LñòÓN�hÀÁ$ðñAò¡+��2}5$12E�zefs\W 13cm $
g�+efs\W 20cm $±Kg�5Wjj.(õ_ÖÏ>s\j%Fs\$ðñA212E+�
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�j= 60-300 L/h ��$ 7f,"�t|6;fg�5W?@=>+Ù27f,"7�t�û 40fÉ
ÇO+¼ïù 3.2e#$R1��ÉÇ�6+L}B 153 

 
B 15. �Z�hs\7%Fs\ù,"$§DA��ROhÏ2�hs\W 20cm[$%Fs\+�
�ROhÏ2�hs\W 20cm[$%Fs\ÞL.MN%F$iQùó]2;f�hs\7T:Þ

�e½ 
 
uvB 15pÐL};f=>³$%FÉ^Cï'9+Y|2�0%Fs\¦£'9Ï>s\[2

;f=>³$s\Oy'9Aò¡212E?@=>$_Ö�h[L`a$+|6±Kg�$øÐ9

r=|6EÖ=>A�¯�OÐ¯j=%FC^$�6[9]+Y�hs\j%Fs\$ðñL`a�ëA
ò¡}5812sTTÜdÐ¯j=%F�hÀÁ$��A 
2%Fs\U9=>s\[+��L.MNCB16CaDD¡[�0%F�$K,W�%Fs\{

d=g�s\[$0�CB 16CbDD�r+ò¡¯TÜd�;Â$�hÀÁj%F$/~ðñ�$A 

     
(a)                                                         (b) 

B 16. (a) %Fs\'9=>s\[$�h0�Þ(b) %Fs\{d==>s\[$�h0�Þ;
BjjLMb;Â2%F©�$0��r 
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2%Fs\{V=>s\[+���c¡¡[ßf=>Äe�r%FÍ�$�,WX+X�ò0

×%FC§B 17DAüjk¡©jÉ^l$�6+c2\;ST£s\$ýVk!¯':%FÍ�l
$01A 

     
(a)                                                                 (b) 

B 17. (a) %Fs\$=g�s\[$ßÎ%F0�Þ(b) ZÉÊ7$C�0�ÞBEMN$��:Ù
�Ö2K,+M~þãaK,$��ï1a%,,7�h�òÏ>cd,Ylg�;Í,ð$%, 

 

5.3 =>?:2(5 
2��}Z�ïâE+��[y2°±¤ëN+!Õ,?@�\]z[+¯ñbcCÌ$�0%

Fc�A_`$a+�\]z$Ï>aPH,¦=Q+2Õ,ãï²c×s[+ò�ybetã©�

%=Ï>%Fc��e#$q7AWd�e����e,�+��|6efem>^Ûr$ÕÖ_¢

Í�%FÏ>$PHâT+.uv%F?@$h>$PHq7j%F�W$ðñA 
212E+��q�dTÇØÙ$PHÏ>CÏ>$PHpqeB 18EvB$`\H>kbDA

�tÏ>L�W;Çq~$eO3%F2Ï>$9Ta^³´abc³ÞßÎad_mfR;$9T

ýV´a_ÆfR;$9TýVA 
þB18CaDôy+e±%F_§=;f=Q·$j�/A��Z�+üXlH>PH$R;2u

-H>�*W=Q+e±%Fò§¨N=Q?@=>ô×$�0%F+Y 3.258Í$ÉÊA2PHÉ
Ê7+%òXlesC%F��$��X×sD$·;;»;�ñ&<$R;,ðA8c�³þf+

?@=>$PHj½d%Fj�/$àg+Z[|}Q}fG�X$�hbcd��XA.­©$C

Í+��EFl>�ec�+hi¡�8Î*ùCÍ�6$sT�e���A 
B 18CbDE$%FW50+2799²[%F×ÿg+2<:êë;�%Fjk2e~+0×

;l%,A2;l%,òòù:+;f%,mj0×def1smnA2�fmo³+êR$%,9

=ëR$%,+ò¡êR$80��eQpXNd�,p.�AZe±%F�r+2H>³%Fql

�ñ<$R;pr+0×dùe±%FWr$9sA#ãe±%F�Z+2|}_¢Es_ef©�

R;$ûT�+%Fq©;pr,�a»;A��AÌ�aòW©�R;$ûT$=êëR;$ûT+

ò¡%FþZbc³$dte#¯òJuûT?<$R;©�A 
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                               CaD              (b)    

     
        (c)               (d) 

B 18. PHÏ>%F$ØÙÉÊ. (a)e±%F+CbD5±%FÞCcD´vØ±%FCdDw±%FA
vB�yd?@h>PHTo$yë+vBE%F0±�j¼$yëB�=3eB[15]Þ´vØ[16]Þ

5[17]Þw[18] 
 

³>ªN;Ç"y%F��_��X#axä$A��´uvNdH>³�xä$%F+uþ3

B 18CcDE$%FW©¼Ù+Ù$Þ�äOX0×dêë;y%,$�hc�A�%FL.�jW
%,ÃÕ0×ÿg$c�+òW3456j½�0%Fq�ñ<$R;÷z+¦¤def�Þ�$ÿ

gA��AZ|6=QwÕNÜÃ=>$CÍ���V¯ñ}NWr$pÐA�0±ã5ÙWr+#

òW¿_efR;³$9TýVXýV)WFù+�%FÙ$äO+,a-�hprNdH>��A

�BE%Fï�%,$��¯^}¤ëA2Ï>b4ù34$ÃZ567+%,0×dÍ�;À©¼

Ù$�hA¨d%F$To0�+��$�h0�¯L5W��J�+Xñ{|?rÍ�%F$�h

ÀÁA 
B 18CdDE$ë7%FWw0+!$³R0þÿg%F+7R¦¤d;À§=ÃR;j�$}

0%F+0×d¨f1s+2%F�âW¨À%/,bA!$j�/ù=>$j�/�r+Äa§=

Ã;j�A%F$³s��L9rW=QwÕNÜÃ=>$ÉÊA27R+Z�©$%F�r+wÙ

%F2g0$LM³ql¨f�ñ<$R;~r+29T)<$©RùëRÄ0×d91$DOA 
L=.³¨f%Fc�+��AZ2H>³%F9sã2%Fï�,b$%,Q'W§Ae±%

F$%,2%F�jk×;l+,;;�+¯2;�0×d9sÞ5±%F$%,¿_el+X8Û

Esh7+,9s�ò¯2Es%,$iQÞw±%F_Æf,b$%,+X7f%,Äjklef

9sA�e�$+��AÌ9s$$daã%F0�$ÔyH3_§Auþ2e±ù5±%FE%,
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Ä79ÿgÄ¶·+H3�$+ò¡9ssT¯dA,2w±%FE%FßÎ)'9g0+H3�d+

ò¡0×$9ssT¯�dA 
2�X$CÍ��E+þñ�e�kb9sã,b%,$§Ã+�ñjH>7$%Fc�Øb)

Þé$l>A��AZ1x%F$0�L.¼ïTf56ÃZ�b31D2���,b%,$�n��
è$ÉÊ7pb%F2H>³$ý0Þ2D¼ï��34ùÏ>b4�jb,b%,$�è±�Þ3D
¼ï,b%,$�èj%F0���ÚÛAò¡j=�OÉÊ7,b%,ù%F×s$§D$12Á

CÍ��a�_[^$A 
 

6. HI-JK 
}÷DE$��d%F�e234ðñ7,Î?@ÛÎh>[¦¤$��X,ðj½$?@ >

�bc$9T�ýc�ACÍ³+ÆÇ©¬$��+���6d%F¦¤$¼CU�+Ù8,Î$L

}Râb�+L=ü�CZ^ê+kbdj�ÉÊ7$�0%Fs\ã?@ Î,"$ÛW§§DA 
��'ÄdL=%:�$DE$%F12=++�=+ñ1c9T�,"L�X(5$%F12A

¼ï�XK�es[�Í%F$ð�ýV+��j}N$%Fs\-,"§D��dr"�2A��$
12pÐã©¬$12pÐè�e½+ãÐ¯de$CÍ¸¹�OA^}eª$a+��$12ÈÉ

��ÎT)9+Z[¼ïgã2��6$�Fkbd%Fs\$ð�MNÒÓA£l,"$ÿf+%

Fs\$MN¯2ÿf+�ae=�h,8�,NK,$ï6j½$A 
!Õ,ã=>$?@s�a 90Ý[+%Fc�ò8j�$�0ý×ÿg0A¡[+ÿg$¦Á3

òe?@sT/rA2'9=Q$wÕÉÊ7+��12³"Vdÿg%F¦Á3ã?@s$§D+

Ù2Üd¡©j�e,�$CÍ��A12pÐ�$âT³]�d¡©j�e,�12��$,"p

�A£lÕ,ã?@=>×s$�e�(d+%F$�h*W÷¦ÿgbc�r50�4U0¾qÈ

0±+X2,S�$sT)d[%F�hò;fÎ<A��kbd12³uvN$%FTo£,S�

wÕsýV$4»WBA�kÃÕÉÊ7��$%F�WØdefQu$RpA 
³���ã¡©�eæÌ$CÍù12��e#+na2=>�fG�9rEÖ$¾CZÀÁ7

��$Ay,+12E��uvN$c�0���+?@=>$ú~C%&âTD�Toq7C���

PHãdDj%F¯Lñò_�$âT$ðñA��'l*W212E>ý?@=>$¼Cq7þj

�e,�����A 
C1D2��Ï>ú~ùToj%F0±$ðñ$12E+���6d;Ç�WØÙ$Bú��1

2+�c2h>_ã%F�%,Z"�$dDE9T~­$Búù_FL9T~­$Bú³ÄL.0

×Þß%F+�ïù�0%F_�|)÷ÞAò¡��$12?r+h>fG�=ß�a%F0×$

ìyÀÁ+ìÇ%T9TýVÄL.¦¤%F$0ýA���e��Ì+2ìÇÏ>³$¦¤%Fc

�eÃ>%Fùúû±%F$ÃZ56¦¤AJ�+%&Bú³$%Fs\ó]jfG±Kg�³$

%Fs\ó])$+fm2%Fï�$K,$.r/òÓÏ>To$ðñA 
C2D���6;Ç�Zs\$g�+uÌh>s\j%Fs\$LñðñA��MN+Y|2%

Fs\¦£'9g�s\[�hÀÁ$ðñ¯�:ï�+dg�ã$g�ÏcL}e½AÇ��ôù+

�epÐ;¶212³TÜdÐ¯2÷ø[9]EªN$½�0%Fj�hÀÁðñ���Â�epÍA
y,+CDÉÊ7+þÐËe,"jk$%Fs\CEÖ$=>^ê7DVbdôí'g�$s\+

��12³�cßfg�Äò(�,WX+�ò0×%FA 
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C3DWdjÏ>$ToPHj%F0±Ä5ç���+��¼ï>ýh>$êëj�/ù©�j
�/�5dBÇ_hÏ/$H>+Ùuvd2�Z,"7�tÏm³$%F�hA���c%Fn£

¤dh>$j�/+Ùò¦¤þZ2ÃÕ127bc$1s��A��AÌ�t9sù%F�$,b

%,Q'W§+ò¡L¼ï��34ùÏ>b4$W�56}N���t%,$CÍÎÙ+�,"V

9s$iQùsTA�t%Fj=h>H3$ýVù,S$ýV¦£��+��AÌ�ae=%F�

,b$%,ÓÏ>b4ùh>ÀÁÃZðñ+�,ò$%>ý%F$�hÀÁA 
R$þf+}÷2©¬j=%F,�$��LM³��d�0%F$12�c+uvNd%F2

�ZÏ>+�Z9Þ+�Z�h7$rc�A�tc�2{_$CÍ�Ù7´�ñr"l>A���

i�X§=%F$CÍñpO¦�To+_Ö�Î*¾R1j�t_`c�Ø�e�$��A  
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56 
2Ë¢¬�[+}÷5Â2%®E¤ëNdefmn$hi+Ù�X2°±ù?¬²Ñ[MNd

Wr$e%,?@=>¦¤$9TF{c�+�e�mÀÁ7¦¤$£§c��5Â©�òIA2�

�ç��2ùI³(õ�+5ÂdlN�fc��W½�0%FÂA2021 0 9 �+2ã�j>ím,

8Í�+}÷5Â*W�Xj�ec�«_�$¼CU���DE��A2}÷��ús+5Â2>

í$�j7å�dÉÇ�6æÁ$|6$LM³*�d12êë+j�0%F2�Z,"ù�ZsT

7$�W*�r"12A2hëN%F$�hÀÁ2CÍplù12ïâEÄ_j%FÈÉ$ðñ�+

5ÂG(õ3ÁUzNd�ZÏ>To�Ï>/~j%F$ðñ+.¡?rd}÷$��3OA 

2¡5Â�Á���%�>íjJ��CÍ�6ù12êë��$�jë§A5Â´À��Ú¬�

��212ùúJ�ùeP³$ ¡/¢¤A}÷$;i5Â2Þ×Í÷$ïâE£�¤O+b¥ú

À¦§÷ø(�ùCÍRp+¯ÃZÞ×d12ús$ÉÇ�û+Sunny úÀ¦§12êë�ÉÇ�

û�:CùqBá5A;iZåe~Þ×d�÷$¨¿�Ú©ù?�$jA2Í÷¨¿ïâE+b¥

¦§µe�45ã��$¿5+Sunny ¦§µ¨ºS5$¿5A?�ª«��ô_>í�Ú¬2ïâ

E¿5Ej5Âª¬$¢¤ã­®A 
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78 
!" A #$%&'()*+,-./0 

2�0%FE+º»-°³�°RâeÖ2�hÀÁþ73 
𝑢(𝑟, 0) = 0, 𝑤(𝑟, 0) = 0 (A.1) 

 
PH
PQ
|QMR(1) = 0, 𝑟 ∫ 𝑢(𝑟, 𝑧)𝑑𝑧 = 𝑞R(1)

/ (A.2) 

ïE𝑢(𝑟, 𝑧)W\;ST+𝑤(𝑟, 𝑧)WF;ST+𝑞 = 𝑄/2𝜋Aý"𝑢,  𝑤,  𝑟,  𝑧L.¼ï.7ý*E"o
V3 

𝑢 = 𝛼𝑢E, 𝑤 = 𝛽𝑤�, 𝑟 = 𝛾𝑟̃, 𝑧 = δ𝑧̃ (A.3) 

ïE𝛼 = 𝑞
$
#𝜈

$
#𝑔

"
#+𝛽 = 𝑞-

$
'𝜈

"
'𝑔

$
'+𝛾 = 𝑞

(
#𝜈-

"
#𝑔-

$
#+𝛿 = 𝑞

$
'ν

$
'𝑔-

$
'A�¯`a°Ð±²�+c2iðR

âL.Ï�W.7013 

u
∂u
∂r + w

∂u
∂z = −

dℎ
d𝑟 +

𝜕!𝑢
𝜕𝑧!

(A.4) 

𝜕𝑢
𝜕𝑟 +

𝑢
𝑟 +

𝜕𝑤
𝜕𝑧 = 0 (A.5) 

-CA.2D1ùCA.3D1l�+Ù¼ï.7§D∫ 𝑤 PH
PQ

R
/ d𝑧 = ℎ(𝑢!|QMR + ∫ 𝑢 BSH

S1
+ H

1
CR

/ d𝑧+L}b3 

𝑢
𝜕𝑢
𝜕𝑟 = −

𝑑ℎ
𝑑𝑟 −

1
ℎ
𝜕𝑢
𝜕𝑧
|QM/ (A.6) 

𝑢𝑟ℎ = 1 (A.7) 

�ÆÇÐ¯$÷³+Øbdý"^ê
S
S1
𝑢! = 𝑐&

P
P1
𝑣!.«SH

SQ
|QM/ = 𝑐!

T
R
AïE=n�²hÏ�¼C

"X=Q==>R;$=n^A±¯£�j�ý*$OC/��dÜmC§�� DD+£�Lj𝑣, 𝑟, ℎ

Øb.7ýV3𝑣 → 𝑐&
-$%𝑐!

$
#𝑣+𝑟 → 𝑐&

$
%𝑐!
-"#𝑟+ℎ → 𝑐!

$
'ℎA8,L.-C12DãC13D1ýW3 

vv( + h′ = −
𝑣
ℎ!

(A.8) 

𝑣ℎ𝑟 = 1 (A.9) 
£�àL¼ïCA.6D«CA.7D1}b%Fs\§=ST$��Râ+Y 

𝑣( 7𝑣 −
1
𝑣!𝑟8

=
1
𝑣𝑟!

− 𝑣'𝑟! (A.10) 

 
!" B 123456 

8BãEL.�c+C11D1$É^l2𝑟 → ∞$[®Ùª_CÍlA�ÇÉÊ´eM��O£
C+#ï1jpÐÙEnûðñ+¯�ò|CÍù12ò¡_�o÷ÞA 
C11D1$É^lLej.7;1pl}N3 

d𝑟
d𝑠
= 𝑣'𝑟! − 𝑟,

d𝑣
d𝑠
= 𝑣 − 𝑣+𝑟U (B.1) 

ê𝑣 = 𝑦/𝑟+)CB.1DLýW3 
d𝑟
d𝑠 =

𝑦'

𝑟 − 𝑟,
d𝑦
d𝑠 = −𝑦+ +

𝑦U

𝑟!
(B.2) 
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e=��lpÌ$𝑟^RS�$+L.Ø𝑟 → 	∞$9r+ò¡L.`aCB.2D1E�1/𝑟ù1/𝑟!$
k+8,}N;fµ5$Râ+ÙL¼ï�;fRâl}𝑟 = 𝑟/𝑒-.ù𝑦 = (4𝑠 + 𝑦/-U)-&/U+�,OÙ
W%F��l$9rl3 

𝑣 = (1/𝑟)[(𝑟/𝑣/)-U − 4log(𝑟/𝑟/)]-&/U (B.3) 

�RâZ#ò2ef_Ö$𝑟. = 𝑟/e
$
'
(1)T))*':�^+2�s\:Z#_3 

𝑣 = (1/𝑟)[4 log(𝑟./𝑟)]
-&U (B.4) 

ïE𝑟/Wr¥$%ÎPQR;ST*W�¶új[$s\iQ+Y%Fc�$~WiQA-𝑟.z^

�wCB.4D�+ò%F©�STÖ2§D𝑣& =
&

UT%%1
[1 + (1 + 8𝑣!'𝑟)

$
%]+ïE𝑣&, 𝑣!�thÏ%F©ù%

F�ST+Lp}3 

𝑟. ≈ 𝑒
&
UT%

'
(B.5) 

L§+¿_!𝑟._C$$ýV[+%F�ST·ò_��$>ýA¯@af+�IO$iQÙ�
òj%F_nûðñAEÍ𝑟/ù𝑣/z^þo+IOiQn{$=e�12E|6$=>�h+ò¡�
IOiQj=12¯ÙEnûðñA 
 

!" C #$%&78()+,-./09
2plÜÃh>ÀÁ7%Fs\+;<êÀ2iðRâEfw34R;$ÚÛ3 

𝑢
𝜕𝑢
𝜕𝑟 + 𝑤

𝜕𝑢
𝜕𝑧 = −𝑔 cos 𝜃

dℎ
d𝑟 − 𝑔 sin 𝜃 + 𝜈

𝜕!𝑢
𝜕𝑧!

(D. 1) 

𝜕𝑢
𝜕𝑟 +

𝑢
𝑟 +

𝜕𝑤
𝜕𝑧 = 0 (D. 2) 

ïE𝜃W%,bÕR;ãPQR;×sAÙr¥£É𝑐'ù𝑐Uþ7ôy3 

2u
∂u
∂r +  

1
r 𝑢

! +
ℎ(

ℎ 𝑢
!|QMR = −𝑐' 7𝐺 +

𝑑ℎ
𝑑𝑟8 −

𝑐'
𝑐U
1
ℎ
∂𝑢
∂𝑧 |QM/

(D. 3) 

,�êÀ2ý"𝑢,𝑤, 𝑟, 𝑧$E"oVïâEfw34R;$E"o£ÉÚÛ3 
𝑢 = 𝛼𝑢E, 𝑤 = 𝛽𝑤�, 𝑟 = 𝛾𝑟̃, 𝑧 = 𝛿𝑧̃ (D. 4) 

ï E 𝛼 = 6𝑐&
-$%𝑐!

$
#9 𝑞

$
#𝜈

$
#(𝑔 cos 𝜃)

"
# + 	𝛽 = 𝑞-

$
'𝜈

"
'(𝑔 cos 𝜃)

$
' + 	𝛾 = 6𝑐&

$
%𝑐!
-"#9𝑞

(
#𝜈-

"
#(𝑔 cos 𝜃)-

$
# + 	𝛿 =

6𝑐!
$
'9𝑞

$
'𝜈

$
'(𝑔 cos 𝜃)-

$
'AÙXrr¥ef34$E"o"𝐺 = B𝑐'

$
%𝑐U

-(#C 𝑞
"
#𝜈-

(
#(𝑔 cos 𝜃)

$
# tan 𝜃A 

'7þj𝑢(𝑟, 𝑧)�e�¸lW𝑢(𝑟, 𝑧) = 𝑣(𝑟)𝑓(i𝑧/ℎ(𝑟)j+ïE𝑣 = 𝑢+𝑓W��%¢=QR;pq$
¹ÉA8,L.qÄb�34ÈÉ$𝑣§=𝑟$��Râ6=pl%Fs\ 3 

𝑑𝑣
𝑑𝑟 =

𝑣 − 𝑣+𝑟U − 𝐺𝑣!𝑟!

𝑣'𝑟! − 𝑟  

?�¼ï129rb𝑟.ã𝑟*��$I/§D+Ù}b?�$%Fs\ÏG1 

𝑅* ≃ 0.55𝑟.(𝐺, 𝑟/, 𝑣/) × 𝑞
+
,𝜈-

'
,(𝑔 cos 𝜃)-

&
, (D. 5) 
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!" D :;#$<=>(?@ABC3DE 

ê,¹ÉΨ(𝑟, 𝑧)W𝑢 = &
1
SV
SQ
+𝑤 = − &

1
SV
S1
+LlbI/V�$�h�Râ

IR
I1
= &

1
S"V
SQ"
+8,L}be

f¢§=ℎ(𝑟)$��Râℎ(ℎ' = −3/𝑟+ÙLl} 
ℎ = (𝑐 − 12 𝑙𝑜𝑔 𝑟)&/U (C. 1) 

ïE 𝑐 W£ÉA}Ψ$lW3 

Ψ =
1
273 B

𝑧
ℎC

!
− B

𝑧
ℎC

'
8 (C. 2) 

þÐ`a£Ék+1CC.1Dã1CB.4DÞ�e#AXã1CB.4DE𝑣$Z#ò2_Ö$𝑟:�^+
ò¡LÜmRâC12DÙ�Ö29rlA}ad2=Q==>R;z=nSTÙ�òðñ?�$É^
pÐA	

!" E FG-HIJ 
E.1 K@-LMFGN-HOF 

 
function plt = VR_Numerical_Solve(r0, v0, Ln) 
    hold on 
    function dyds = ODE(~,y) 
        dyds = zeros(2,1); 
        dyds(1) = sgn * ( y(2).^3 .* y(1).^2  -  y(1) ); 
        dyds(2) = sgn * ( y(2)  -  y(1).^4 .*y(2).^5 ); 
    end 
    tspan = [0 100]; 
    sgn = 1; 
    [~,Y] = ode45(@ODE, tspan, [r0 v0]); 
    plot(log(Y(:,1)),log(Y(:,2)), Ln); 
     
    cut = find(Y(:,1)>1,1); 
    disp(cut); 
    grad = (Y(cut, 2) - Y(cut-1, 2)) / (Y(cut, 1) - Y(cut-1, 1)); 
    v1 = Y(cut-1, 2) + (1 - Y(cut-1, 1)) * grad; 
    v2 = (1 + sqrt(1 + 8 * v1^3)) / (4 * v1^2); 
    [~,Y] = ode45(@ODE, tspan, [(1+1e-4) v2]); 
    plot(log(Y(:,1)),log(Y(:,2)), Ln); 
    sgn = -0.1; 
    [~,Y] = ode45(@ODE, tspan, [(1+1e-4) v2]); 
    cutR = find(Y(:, 1) > 10, 1) - 1; 
    cutV = find(Y(:, 2) > 20, 1) - 1; 
    if (isempty(cutV)) 
        if (isempty(cutR)) 
            cut = size(Y, 1); 
        else 
            cut = cutR; 
        end 
    else 
        if (isempty(cutR)) 
            cut = cutV; 
        else 
            cut = min(cutV, cutR); 
        end 
    end 
    plt = plot(log(Y(1:cut,1)), log(Y(1:cut,2)), Ln); 
end 
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E.2 K@-LMPQRSTU 
 
close all 
hold on 
a = VR_Numerical_Solve(0.13,15,  'r-.'); 
b = VR_Numerical_Solve(0.13,5, 'g'); 
c = VR_Numerical_Solve(0.13,3.5, 'k-.'); 
d = VR_Numerical_Solve(0.13,2.5, 'b--'); 
  
ratio = 1.618; 
Width = 20; 
ylabel('$V(r)$','interpreter','latex') 
xlabel('$r$','interpreter','latex') 
set(gca, 'FontName','Times New Roman') 
set(gcf,'unit','centimeters','position',[10,10,Width,Width/ratio]) 
  
xlim([-2.4 2.5]) 
tk = [0.1:0.1:0.9 1:10]; 
xticks(log(tk)); 
lbs = strings([1 19]); 
lbs(1) = "10^{-1}"; 
lbs(10) = "10^{0}"; 
lbs(19) = "10^{1}"; 
xticklabels(lbs); 
xtickangle(0); 
ax = gca; 
ax.XAxis.FontSize = 16; 
ax.XLabel.FontSize = 22; 
  
ylim([-3.5 3.2]) 
tk = [0.04:0.01:0.09 tk 20]; 
yticks(log(tk)); 
lbs = strings([1 26]); 
lbs(7) = "10^{-1}"; 
lbs(16) = "10^{0}"; 
lbs(25) = "10^{1}"; 
yticklabels(lbs); 
ax.YAxis.FontSize = 16; 
ax.YLabel.FontSize = 22; 
  
for i = 1:9 
    ax.Children(i).LineWidth = 0.8; 
end 
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E.3 VA-LMFGN-HOF 
 
function RH = HR_Numerical_Solve(r0, v0, Ln, mkGraph) 
    function dyds = ODE(~,y) 
        dyds = zeros(2,1); 
        dyds(1) = sgn * ( y(2).^3 .* y(1).^2  -  y(1) ); 
        dyds(2) = sgn * ( y(2)  -  y(1).^4 .*y(2).^5 ); 
    end 
    tspan = [0 100]; 
    sgn = 1; 
    [~,Y] = ode45(@ODE, tspan, [r0 v0]); 
    cut = find(Y(:,1)>1,1); 
     
    grad = (Y(cut, 2) - Y(cut-1, 2)) / (Y(cut, 1) - Y(cut-1, 1)); 
    v1 = Y(cut-1, 2) + (1 - Y(cut-1, 1)) * grad; 
    v2 = (1+sqrt(1+8*v1^3)) / (4*v1^2); 
     
    Y = [Y(1:(cut-1), :); [1-1e-6 v1]]; 
    R = Y(:,1); 
    V = Y(:,2); 
    if (mkGraph) 
        hold on 
        plot(R , 1 ./ (R .* V), Ln); 
    end 
     
    sgn = -0.01; 
    [~,Y] = ode45(@ODE, tspan, [(1+1e-4) v2]); 
    cut = find(Y(:, 1) > 2, 1); 
    Y = Y(1:(cut-1), :); 
    if (mkGraph) 
        plot(Y(:,1) , 1 ./ (Y(:,1) .* Y(:,2)), Ln); 
    end 
    R = [R; Y(:,1)]; 
    V = [V; Y(:,2)]; 
    RH = cat(2, R, 1./(R .* V)); 
end 

 
E.4 VA-LMPQRSTU 

 
close all 
hold on 
HR_Numerical_Solve(0.13,50, 'k', true); 
HR_Numerical_Solve(0.13,10, 'r', true); 
HR_Numerical_Solve(0.13,5, 'g', true); 
HR_Numerical_Solve(0.13,2.5, 'b', true); 
  
ratio = 1.618; 
Width = 20; 
ylabel('$h(r)$','interpreter','latex') 
xlabel('$r$','interpreter','latex') 
set(gca, 'FontName','Times New Roman') 
set(gcf,'unit','centimeters','position',[10,10,Width,Width/ratio]) 
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