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Exploring the Thermodynamic Properties of Rubber

Band and Related Refrigerator Design

By Qu Renlie, Li YuChen, Dai HaoChen

Abstract

This paper explores the refrigeration effect of a rubber band. When we stretch a.section of tubber band,
heat is released. When a rubber band experiences a thermodynamic cycle, a refrigerator.can be achieved.
The heat emission after stretching a rubber band is primarily a result of entropy change: the arrangement

of polymers in the rubber band becomes more regular during stretching, resulting in a decrease of entropy.

Our goal is to develop a rubber-band refrigerator. To understanding thethermodynamic ¢ycle of an ideal
gas, it is necessary we to know the rubber band’s equation of state. first,.i.c., the tension-elongation
relation in a rubber band as a function of temperature. This‘equation of state is given in theory by the
Mooney-Riviin (MR) model.

We conducted experiments of isothermal stretch.0f rubber bands: The-results fit well with the MR model
and the coefficients of the model are also‘determined from'experimental data. We also applied the
Maxwell relation to deduce the entropy change during an isothermal stretch so that the heat exchange
can be estimated. The Gaussian statistical model that-describes the entropy change is also considered

and compared to the experimental result:

Our paper describes important factors regarding refrigeration performance. This enables us to estimate
the energy and heat exchange during arefrigeration cycle. For example, when stretching, heat emission
occurs during maximum elongation; when releasing, heat absorption occurs after complete release. These
processes can be combined to draw a reversible diagram, from which the theoretical coefficient of

performance (COP) is determined.

We'haveralso designed and created a real-world refrigerator prototype. It successfully reduced the

temperature of100ml of machine oil by 0.7°C in 3 minutes.

Keywords: rubber band, refrigerator, Elastocaloric effect, elastic mechanics, Gough-Joule effect,

Gaussian statistical model, entropy change, strain energy, hysteresis
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I. Introduction

When stretching a rubber band, the its absolute temperature will increase with the increasing strain*! as
well as tension. Such correlation of elastomeric material was first found as the Gough-Joule effect in the
19" century.

In the following years, there were several other scientists explained the thermodynamics of the stretching
rubber band?= on the microscopic scale. It was discovered that such electrocaloric effect* of elastomeric
material is governed primarily by changes in entropy: when the rubber band is in the relaxed state, the
two terminals of polymers are randomly located, exhibit the most chaotic state, and have/maximum
configurational entropy. When the rubber band is elongated, all the polymers within_would also_be
stretched, with the terminals fixed at more separated points and crystallization structure. Consequently,

the Boltzmann entropy would decrease.

In the past few decades, due to the destructive effect of Freon on .the” atmosphere in conventional
refrigeration machines and the need for more environmentally friendly methods of refrigeration, the
study of the thermal effects of elastomers had regained importance./In, the meantime, scientists had
successfully tested and measured the heat gain of elastomers in different conditions of stretching”:

spherical expanded, linear stretched twisted, and super-coiled.

In this paper, further thermodynamics and mechanics of rubber band-related to the elastocaloric effect

of elastomer was investigated, and some existing models have been evaluated.

For the mechanical properties of elastomet, the\Mooney-Riviin model’ (MR model) was used to fit the
data of stress-strain response. Since the/coefficients“of the' MR model is temperature determined, the
tension in a rubber band as a function' of temperature and strain can be determined through experimental

approaches.

For the energy associated with entropy change of elastomer, inspired by the method using in " Exploring
the thermodynamics of'a rubber band’’;we’ve “measured” and calculated the entropy change by using
a Maxwell relation for-an isothermal stretch. Then, we compared the result calculated through maxwell

relation with the entropy change predicted by the Gaussian model’ and further analyzed the result.

Furthermore, we’ve compared the MR model with the Gaussian model and deduced a more quantitative
conglusion about the actual heat absorption (release) during the stretching of elastomer which could be

an effective prediction for our later refrigerating process.

Finally, our teal-world refrigerator had been designed and created. Its performance in a 3-minute-
refrigerating was tested. It successfully reduced the temperature of 100ml of machine oil by 0.7°C. We
have also discussed the coefficient of performance (COP) for the rubber refrigerator and compared it to
the theoretical COP. Thus, the actual cooling effect and feasibility of a small rubber refrigerator could be

discussed and evaluated.

*1 Relationship between strain e, stretch A and elongation A4l:

Al + 1,
A=e+100% =

0



I1. Mechanical and Thermodynamical Properties of

Elastomer

2.1 Elastomer’s tension-elongation relation: the Mooney-Rivlin model

In general, the mechanics of rubber band was often described by Hooke’s Law and Young’s Modulus!%!,

which states the tension is proportional to the elongation. However, to accurately describe the actual
tension-elongation relationship in an elastomer, further physical properties of the rubber band and the
continuum mechanics treatment for considering the nonlinearity pattern within the elastomer mechanism

should be investigated.

One of the basic properties we shall consider before analyzing the mechanism.is the compressibility of

an elastomer. A general method to describe the compressibility of a material is_the Poisson ratio) "v
defined by:

C;—‘; =(1-2v) %, 'V' the volume and L the length.. ... ... ... (1)
In “limits to Poisson s ratio in isotropic materials ”'>, P.H./Mott et.al measured the Poisson’s ratio of
isotropic rubber bands at Room Temperature which 15:0.4999. Similar results that the Poisson’s ratio of
2.2mm Natural Rubber (NR) fibers was close.to, 0.5 (between 0.5 and 0.48) up to 500% Strain was
achieved by Run Wang et.al’ through taking®photos by high-speed cameras and observing the
deformation pattern of AR fibers under high strain. Therefore, we could conclude that the rubber band is
an incompressible solid, which meansthe volume of the rubber band would remain the same for all the

conditions in our experiments.

Then, to further discuss the/ension-stretch patterns-of elastomer, an accurate expression of tension must
be determined. Typically, the strain energy .density of a stretched object can be calculated with young’s
modulus. However, traditional Young’s modulus is not available for rubber bands since the deformation

of it is normally‘on a large scale (0%~200% strain in our experiment).
In 1940, for elastomer with"Superelasticity*? such as Natural Rubber (NR) fibers, M. Mooney derived
the’corresponding function of strain energy density with principal stretch state 1 = # along three

principal directions «(1;,4,, A3) , based on continuum mechanics in elastic mechanics®, known as MR

model:
WMN = 610(11 - 3) + 601(12 - 3) See SeE ses wes ser Ee BE GNE Bes Bes EeE GEe Gee ses Ges ses wes Gae (2)
where I; = A2 + 13 + 13, I, = 2325 + 2325 + 2372

To get those parameters, the expression of the tension should be deduced since the value of strain energy

density can’t be measured directly. For the uniaxial stretch in our experiment, a simplified function of

*2 A combination of a series of properties for ideal elastomer defined by M. Mooney in the paper “4 Theory of
Large Elastic Deformation” which satisfy the following three properties: 1. The material is isotropic in the
undeformed state and at right angles to the deformed state. 2. The deformations are isometric 3. The traction in
simple shear in any isotropic plane is proportional to the shear.



tension could be derived by doing the partial differential of the strain energy density relative to the

elongation due to the symmetry and incompressibility of the NR fibers that we used:
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Eq. 3 is the tension-elongation relation given by the MR model. Furthermore, compared with'the form
of the model listed by Flory® and Erman which has the same prediction trend-and pérformance as the MR
model, we could assume that the coefficients in the MR model should be functions of temperature.
(Similar conclusion could be arrived at by comparing it with our experimental data or the result of the

Gaussian model.) i.e.
Cio = C1o7(T), Goy =Coy(T)

Therefore, the MR model could be further modified by fitting the tension in a rubber band as a function

of temperature and elongation*? to Eq.3.

2.2 Thermodynamic properties: entropy change during stretching by the “Gaussian”
statistical model

Although the Gough-Joule effect seemed ‘to” disobey people’s common sense, it is quite easy to
understand if we consider the entropy change'through the stretching process. As mentioned in the
introduction part, while people stretch. the rubber band, the configurational entropy of the elastomer
actually decreases. Such entropy decrease leads to heat discharge that consumes the energy input by
external work, causing a temperature increase of value "AT". Since the change in temperature of an
elastomer isvnormally very ssmall compare to its original temperature (AT < T,), the increase of

temperature during the stretching of elastomer is approximated as:

_ AQconfig - TOAS

Ctotal Ctotal

AT , where C is the total heat capacity

Therefore, it.is useful to derive an analytic expression of the Boltzmann entropy change for the rubber
band during the stretching process. In order to further investigate the Gough-Joule effect quantitively,
the best approach to derive the entropy change model for an elastomer would be to consider the

microscopic changes of the polymers of an elastomer in statistical method.

Still, a list of chemical and molecular properties of the microscopic construction should be mentioned as
the precondition before deriving the analytic expression of entropy change. Basically, a natural rubber
molecule is made by the polymerization of isoprene (CsHsg), and it is known as cis-1,4-polyisoprene with

an average molecular weight of 100,000 to 1,000,000'%. The natural rubber polymers are formed as

*3 Further investigation can be seen in Appendix 2



tangled long chains since they consisted of loosely jointed monomers of CsHg. According to the
molecular degree and the monomers formula, we could calculate its degree of polymerization:
M M(poly)

DP=—

= ———2 % 1500~15000 ... cos ces s e e e e e e e e e e (4
M, M(CsHy) ®

Since the link between adjacent monomers could freely rotate in a given planar, such a high degree of
polymerization allows the links between the monomers to be considered almost equivalently as random
orientations and shows such Gaussian property in the distribution of probability density, which is of great

benefit for the derivation of the following entropy change model for the rubber molecule.

Figure 2-1: Form of 1000-link’pelymethylene chain (randomly orientated) in statistical theory®

In 1943, based on the aforementioned propetrties of rubber molecule and several other assumptions**,
Treloar, Flory and Rehner, and James and Guth respectively derived the entropy change in NR band based

on the distribution. of the end-to-end'polymer length*5,

1
AStotarper Uit Volume = —ENk(Alz + %+ A5 - 3), N number density ... ... . ves cer e vee .. (B)

In conyéntional theory', since the internal energy change at fixed temperature was often neglected as 0,
the occurrence of tension in the rubber band was simply attributed to the loss of energy associated with
the configurational energy. However, both in the MR model and several other experiments’, the existence
of change of internal energy relative to the change of length at fixed temperature was verified and was
proven to.contribute to the generation of tension. Therefore, in the later section, the performance of this
model would be discussed and evaluated. It will be compared with the MR model, as well as to entropy

change based on Maxwell relation as described below.

*4 Five assumptions that were stated by Treloar as the necessary assumption for the Gaussian statistical model: 1.
Homogenous 2. Identity 3. Incompressibility 4. Affine deformation 5. Total entropy of network is the sum of
individuals’

*5 Rigorous proof of Gaussian model will be shown in Appendix 1



III. Experiments

3.1 Measuring the rubber band’s tension during isothermal stretching and comparison
with MR Model

Experiment Introduction

The experimental setup of isothermal stretch is in Fig.3-1. In the experiment, a Immx2mm rubber band
with original length [,*5=18cm was stretched and contracted with different levels of strain from 0% to
89.9% at temperature from 8.5% to 67.2%, and its elongation value and the corresponding tension of
the rubber band were measured to fit the tension-relationship model given by MR model. During the
whole stretching process, the rubber band was immersed in the water so that the change of'its temperature
is negligible. To study the tension of elastomer at different temperatures and lengths, the temperature of
the water in an acrylic tube was controlled by adding boiled water and ice,;while the large heat capacity
of a tube of water ensured the temperature of the liquid remained almost unchanged before and after the

stretching process

Since the rubber band is immersed in water, it is not convenient to measure, the elongation by
manually reading the ruler hanging outside of the tube; (and.it is not ,conducive to our analysis of
the continuous stretching process by measuring only discrete values.) Alternatively, the video analysis
techniques conducted through Logger Pro 3.14 and. Tracker were used. through recording the stretching
process and extension condition of the rubber’band, at a horizontal view (adjust through external spirit
level), then used the scale bar and the magnification of thewideo image to measure the length elongation
for the rubber band. At the same time, since the rubber band itself needs extra length to be fixed on the
thread hook and hung on the force'gauge, we cannot aceurately calculate the overall length of the rubber
band stretch. However, it is worth-noting that the stretch of each segment of the rubber band and the
tension of each segment should be the same due to the rubber’s isotropic and affine deformation nature.
Therefore, we obtained the elongation of the real rubber band by measuring its elongation in the camera

image and multiplying it by-the scale bar.

For the tension measurement, since the maximum tension of the rubber band was merely above 0.25N,
which is<only slightly larget than‘the minimum scale value of a normal dynamometer, we can’t use the
normal dynamometer,_to measure the tension of the rubber band*’. As an alternative, we’ve used a high
precision kitchen electronic scale with a minimum scale of 0.1g to measure the tension of the rubber
band, which is the difference between the reading of mass times the gravitational acceleration. Such high-
precision devices enabled us both to measure the small tension of the rubber band effectively and with
high precision. Considering the response time and the reading changing threshold of the digital scale, the

measurement uncertainty is taken as £3g considering the fluctuations in the measured value.

*6 The distance between the black dot and the thread hook at relaxed state, which explained later
*7 We have tried many ways to increase the tension of the rubber band: such as replacing the diameter of the rubber

band, changing the rubber band specifications, the rubber band folded around more than one turn, etc. For the first
two, the only kind large Natural Rubber band available to buy in online or offline shops are those round rubber hoses
with the middle hollowed. These rubber hoses are usually manufactured after its own bending and a certain amount
of strain, so it is impossible to determine its original length at relaxed state. And for the last method, we found that
even only folded once, due to the large friction between rubber surfaces, the results are affected.



Experiment Procedure

1.

2.

Tap the threaded hook into the rubber stopper.

Tie one end of a long rubber band on the hook, keep the band straight and relaxed, and leave a mark

18cm from the knot.

Insert the stopper into one end of the transparent acrylic tube hard to make sure that the opening is

completely sealed.

Leave a mark 18cm from the knot on the outer surface of the tube and leave one every.2cm above

along the whole tube.
Use ice to cool water down to below 10°C and fill the tube with cold water.
Put the tube on the electric scale and set zero the device.

Wait for 2 minutes to make sure that the temperature of the rubber band.is the same as the water.

Then, use the electric thermometer to measure the temperature of the water.

Start stretching the rubber band slowly upwards. Meanwhile; use a cell phone to record the position

of the mark on the rubber band and tube and use another to record the reading of the electric scale.

Repeat steps 5~8 with water at temperatures from 10°C to 70°C.¥

Figure 3-1: Setup for isothermal stretch experiment

During the stretching process of the rubber band, as the experimenter was standing on the side of the

acrylic tube, there wasn’t almost any left and right movement in the experimenter's view plane. However,

such inclination of the stretched rubber band will occur in the view plane of the camera and the measured

tension and elongation will both be inaccurate since the measured tension was only the vertical

component of the actual tension applied on the rubber band. Furthermore, since the rubber band was

stretched several times to evaluate the performance of the MR model at different temperatures, the fatigue

10



effect of the rubber band should also be taken into account (as described in Appendix 1). Therefore,

preprocessing of the raw data before fitting and evaluating the MR model is necessary for this experiment.

First, according to the coordinates of the two endpoints of the rubber band in the video, we can calculate

the precise elongation value of the rubber band through the following equation:

AL = \JAx% + (I + 4y)? — I, = (I, + Ay) <1 +

Because Ax? < (ly + Ay)?, through binomial expansion, a simplified would be given:

2

AL ~ (1, +Ay)<1 +

Ax
2(ly + Ay)*

)—(10+Ay)+Ay=

Ax
(lo + Ay)?

2

Ax?

20, + 4y)

2
) —(ly + 4y) + Ay

-(6)

Secondly, since the vertical component of the tension is balanced with the normal reaction force-and the

gravitational force, the actual tension and the change of reading on the-digital/scales should follow the

equation below:

c0s(0) Myeqaingg = T’ cos(0) =1,

7' the measured value of'tension,

0 is the included angle between instantaneous tension direction-and gravitational force direction
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Figure 3-2: Video analysis of instantaneous elongation of elastomer by Tracker (with corresponding

tension reading of digital scale shown on the left of the image)

MR model fit on tension and evaluation

The experimental results of tension-elongation relation at 8.5°C, 49.6°C, and 67.2°C are shown in Fig.3-

3. The parameters of the rubber band (including initial length 18cm and SO-1mmx2mm, etc.) were

brought into the MR model for fitting. The lost function we used for evaluation and curve-fitting is the

Least-Mean-Square-Error (LMSE), and the following conclusions were obtained:

11



e measured tension at 8.5°C ,
4 measured tension at 52°C '
B measured tension at 67.2°C Ve
—— MR model fitted tension at 8.5°C ’
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—— MR model fitted tension at 67.2°C
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Figure 3-3: Tension vs. elongation. The colorful curves are fits with the MR model,while the black line

fits with Hooke's-Law:

In general, compared with the traditional Hooke's Law Linear Fit (i.c.; the black line in the figure), the
MR model was able to fit the value of Rubber band tension smoothly and accurately for a total of 68 data
points. The coefficient of correlation of thesMR“model reaches 0.996 in average, and its Root-Mean-
Square-Error (RMSE) value is merely 34.7% that of Hooke’s Law. Therefore, it can be shown that the

MR model is a good fit for the stretching‘of the model rubber bands used in this experiment.

Meanwhile, for low strain, we did not.find a clear positive correlation between tension of the rubber band
and temperature suggested by the” Gough-Joule' effect. This phenomenon is consistent with the
expectation we concluded in the fatigue.experiment (Appendix 3) that the value of elastomer’s tension
was more random and less correlated with stretch and temperature at a low stretch. Moreover, combined
with the presentexperimental data, it can be concluded that under the low elongation (0~4cm, 20% strain),
the performance of tension and.temperature even shows a negative correlation, which starkly against the
expectation’of'Gough-Jouleseffect. Similar phenomenon was observed by R. L. Anthony et. al'’ as well

in the case of high tension, large diameter NR fibers with strains less than 10%.
Strain energy data fit and MR model evaluation

Since the MR model has a very high performance in fitting the data of tension between 0~100% strain,
the model in the form of a strain energy function ought to be evaluated to prevent overfitting in tension

form.

According to the definition of strain energy F, its relation with the actual tension of the rubber band could

be easily deduced:

aVydensity _ (dFtotal> — (T
T

4
_ ) A=V aW = [ @A e (7
al Vodl VO)T 0 jll_ (zdb)r @

Based on the densely taken points of the previous experimental data, the RHS of equation (7) (the integral

part) can be obtained directly by summing the area of the trapezoid enclosed by the adjacent tension data

12



points and the coordinate axes in Fig.3-3. At this point, given the conditions of elongation, we can directly
compare the fit results of the actual strain energy change and the MR model energy change by using the

coefficients in the MR model that we obtained in the previous tension fit.

Cio=B o5 Cor=C T A, B, C coefficients fit by the logger pro, S, section area of relaxed state
0 0
Unit: 10-2N-cm-2 Cio Cov Parameters Wyntotal Wactual
High (67.2°C) 3204.87 | 1302.65 A =1.8889 23.73 N-cm | 23/62N-cm
Mid (49.6°C) | 2484.95 | 2102.68 Iy = 4.6267 22.56 N-cmi\ | 22.29 N-cm
I, = 4.0581
Low (8.5C) 2089.59 | 2295.54 20.98 N-ecm~| 20.85 N'cm

V =3.6x10"1cm3

Table 3-1: Parameters of the rubber band, fitting total strain energy. of MR model and actual strain

energy measured through integration at maximum strain

According to the data table above, we could barely conclude that: In the case ofstrain 90% or less, the
MR model fits the tension and strain energy density. with exeellent performance (the error of predicted

Strain energy and actual work down is within 2%).

In conclusion, we’ve both evaluated the ‘MR ‘model in tension form and the strain energy form
respectively. In both cases, the MR model’ showed ‘excellent performance, which provided us with data
support for the subsequent use of the! MR model directly instead of the measured data as the fitting

function for the tension of the rubber’band.
3.2. Heat absorption (discharge) during isothermal stretching and contraction

Finally, entropy-change-related thermadynamics of the stretching process and the performance of the
Gaussian model were investigated. However, since it is impossible for us to measure the entropy change
directly, method that calculate the change of entropy indirectly should be applied. We used a Maxwell

relation to represent the change of entropy by:
<ar) _ (65 )
or), — \al)r

As—f(as> dl—J <6T>dl here T = T, is fixed 8
= o) 4= aT), ,where T = Ty is fixed ... .. cee ev vee eee .. (8)

According to Eq. 8, the change of entropy can be calculated based on the tension-temperature data that
we obtained in the former experiment. However, for the partial differential value of tension relative to
temperature change, the former proportional model seemed can’t perfectly fit the tension-temperature
curve in the low strain region. Therefore, the improved linear model that we used as the comparison

function was used to match the average value of (dt/dT);:

(61) _ <a(aT +B)
1

T ar >z = Qpeserict (D, AS(D) = J. Apestrie (DAL ... ... ... €))

13



For apeqtric (1), we’ve used Vscode Python to find the best-fit-linear function under a fixed strain by the
LMSE algorithm and use the coefficients of the first order term of this function as @pesfic. Then, we set
the fitting step length of this g5 to 0.0001cm and fitted the values of entropy change under each
elongation by the idea of micro-element summation. Finally, we compare the fitted Gaussian model under
the LMSE algorithm with our previous values of entropy change by Maxwell relation and summing of

the infinitesimal, and we draw the following conclusions.

—e— Entropy change obtained through Maxwell Relation
-—- Entropy change predicted by Gaussian model

Entropy change AS (107-2)/K)

10 12 14 16 18
Stretch (LO+AL)/LO

Figure 3-9: Entropy change ealculate through/ Maxwell relation and Gaussian Model curve fit

In general, from the figure above, we can find out that the Gaussian model has a very high performance
in regions below 100% elongation (correlation.0.9723) when we predict the entropy change of the rubber
band.

Secondly, since we’venoticed that the entropy change is independent of the temperature during stretching,
we’ve calculated the actual maximum entropy change of this experiment through the Maxwell relation
and give the expression|of heat'gain of the rubber band due to the energy loss related to configurational
energy:

ot 072
aT

Qgain(T) = TASconfig = Tj ( )l dl = 4.570T x ! ceree v e e (10)

However, when comparing the heat gain with the increases in strain energy, it was found the heat gain is
less than the strain energy increases. Furthermore, compared with the strain energy density expression
and- heat gain expression (entropy change times temperature) given by Gaussian model, we notice that
the Cjoterm of MR model has the exact same form with the Gaussian model. Therefore, we decided to
calculate the ratio between heat gain (according to the loss of entropy) and the change of total strain

energy, and we obtained the following results:

TAS(T, Al)

y(T, Al = m,

where T is fixed ... ... (11
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Figure 3-10~13: the value of y(T,Al) vs:‘elongation at 340.3K, 322.8K, 313.3K, 281.7K these four

temperature intervals respectively

Unit: 10-2N-cm-2 Actual Work down+(1072]) Heat gain (1072)) Yratio
High (67.2°C) 23.62 15.55 65.8%
Mid (49.6C) 22.29 14.74 66.1%
Mid (40.1.°C) 21.78 14.31 65.7%
Low (8.5C) 20.85 12.97 62.2%

Table 3-2: the value of ¥,44, at maximum strain at four temperature intervals respectively

According to the above graph and table, we can find that the ratio of rubber band heat gain to strain
energy.change remains almost constant (+0.5%) during the stretching process at the same temperature.
In addition, the ratio of heat gain and strain energy change is almost constant at 65% *3% in four
temperature intervals from 8.5 to 67.2°C. In summary, we can infer that the ratio of the rubber band's
heat gain and strain energy in our experiment is about 65% in the region where the maximum elongation

is below 100%. This conclusion can be used in the subsequent efficiency calculation of the refrigerator.

IV. Rubber band-based refrigerator

4.1 Refrigerating cycle of rubber band
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With all the results we gained in previous experiments, we now try to construct a refrigerating cycle
based on the rubber band to see how it performs. We first need to derive the maximum efficiency that

can be reached by such a machine. To this end, we need to set a few basic assumptions:
1. Hysteresis effect doesn’t occur in each cycle

2. Heat conduction doesn’t require any time

3. All the heat and cooling effects were hundred percent used.

In addition, we want to make the cycle we design physically achievable, which means it is solely based
on the stretching, contraction, and translational motion of the rubber band between the hot and, cold

reservoir. Based on these conditions, we constructed the following ideal cycle and calculated its COP:

’ Isothermal stretch I ’

[ Isobaric heat release ] [ Isobaric heat absorption ]

\4_[ Isothermal.contraction J—‘)

Figure 4-1: Refrigerating cycle

Part 1: Heat lost in hot reservoir:
Qrose’™= YAWy, = V(C10h(11 = 3) + Co1n(Uz — 3))
Part 2: Heat lost in cold reservoir:
Qiost = CrupAT = Cryp(Th — T¢)

Part 3: Heat gain in cold reservoir:
anin =yAW, = 7(6101(11 =3)+ Cop Uz — 3))

Part 4: Heat gainiin hot reservoir:
anin = CrupAT = Cryp(Tr, — T,)
Then we define the coefficient of performance (COP) of the refrigerator:
Qrow 1ost (V(C101(11 —=3) + Coullz — 3)) — Crup(Th — Tc))

COP = =
W ACIO(II - 3) + ACOl(IZ - 3)

4.2 Rubber band refrigerator prototype

After deriving the theoretical thermodynamic cycle of a refrigerator based on the rubber band, we built

a real machine to verify whether rubber can be the working medium for refrigeration. Given our limited
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budget, we didn’t aim to build a machine that has real applications. Instead, we want to use the accessible
materials to design a prototype that can is just capable of causing a measurable temperature drop. Here

we present the refrigeration machine we designed.

First, since the mechanism of rubber band refrigeration requires the physical movement of the rubber
band between the hot reservoir and the cold reservoir, it is impossible to seal the substance being cooled

from the air. Thus, we choose to cool liquid instead of gas so that convection won’t be a problem.

£
‘;\"\‘\ 2V DC motor with gear box
¥\ T

Acrylic board
~N

Aluminum —
Stand

Figure 4-3: Real prototype refrigerator

Figure 4-2 is the computer-rendered picture for the design of our prototype. The real prototype
refrigerator is shown in Fig.4-3.

The frame of this machine is made up of five acrylic boards which are designed by ourselves and laser-

cut in a local machine shop. The three rectangular boards on the bottom are sealed with each other to be
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small container for holding liquid. Five aluminum stands tapped with M5 thread are added to provide
sufficient structural strength to take the tension of rubber bands. A 12V DC motor is the source of power,
and a gearbox is mounted on it to increase torque to stretch rubber bands. The motor directly powers a
3D-printed rotating arm with a screw and ball bearings on its end. One end of the rubber band is fixed
on the bearings at point A, and the other is fixed on the aluminum stand at point B. Thus, as the motor
turns the arm, the distance between A and B changes, and the rubber band is stretched and released

continuously.

Figure 4-4 (a) and (b) show different states of the machine in one of its complete cycles. The white part
represents the air while the blue part represents liquid to be cooled. When point A moves away from
point B, the motor does work on the rubber band and part of this increment of energy becomes heat. This
is similar to the adiabatic stretching and isometric heat loss in Sec. 4.1. Since a longer section of rubber
bands stay in the air, heat transfers from the rubber bands mainly to the air instead ofliquid. Reversely,
as the rubber bands get relaxed, it absorbs most energy from the liquid.instead of the airy”which

corresponds to the adiabatic unloading and isometric heat gain process.

A
Oe
/B
Figure 4-4 (a): Stretching phase Figure 4-4 (b): Relaxing phase

It is indisputable that theresare some differences between the cooling cycle of the prototype and that
envisioned by the theoretical model. Firstly, the rubber bands only partly move between the hot and cold
reservoirs with/part.of them rémaining in the liquid all the time. Also, in reality, the conduction of heat

can’t be perfectly instant. Therefore, the coefficient of the real machine might be largely affected.

Before testing the prototype, we filled the container with 100ml of non-volatile oil and put it in an air-
conditioned room overnight to make sure that it reaches ambient temperature. The temperature of the oil
in the machine is originally at 26.7°C. In this experiment, we used 8 strands of rubber bands of the same
type as those.used in the previous isothermal stretching experiment. Their original length is 6¢cm and was
stretched to a maximum length of 12cm in each cycle. When the motor was turned on, the temperature
keeps dropping until it stabilized at 26.0°C about three minutes later. After the motor was turned off,

we measured the temperature again and found it rose back to its original temperature.

V. Conclusion and Outlook

Through reading previous studies about the properties of rubber, we have learned various models about
the mechanical properties of rubber bands including Hooke’s Law and the more accurate MR model, but

none of them takes the thermodynamic effect into account. Considering the microscopic structure of
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rubber, we know that the coefficients in these models are related to temperature and rubber bands can be
therefore used as the working medium of heat engines. With this idea, we started the research with the

aim of finding the potential application of rubber in refrigeration to replace traditional Freon.

First, we conducted the experiment on the stretching process of rubber bands at different temperatures.
Through the measured data, we’ve evaluated the and verified the validity of MR model during isothermal
stretching with maximum strain 100%. We’ve also tested the performance of the model we proposed
about the tension change of elastomer in response to the increase of temperature, and this model was
proved be effective above 50% Strain while its performance was rather poor in lower strain energy
(Appendix 2).

Next, using previous conclusion, we used the maxwell relation to calculate the entropy change of the
rubber band during stretching process and compared this result to the Gaussian model, where the result
has shown that the Gaussian had extremely high performance when the strain‘is below 100%, but
gradually lose its validity in higher strain region. We then compare with the result of total energy change
predicted by MR model and Gaussian statistical model, and we were surprised to find that the ratio of
rubber band heat gain to Strain energy change almost doesn’t change'in the stretching process. Based on

this, we developed a more comprehensive model consideringiboth the stretch state and temperature.

We also did other experiments in complementary to the previous one to'study the behaviors of rubber
bands in continuous stretching and contraction including hysteresis and fatigue, which are included in
the Appendix 3~5.

Finally, we constructed thermodynamic cycle of-arefrigerator based on rubber bands. To verify our idea,

we designed and created a prototype machine, which caused aimeasurable temperature change 0.7°C.

Although our research gives some valuable results, there are still many aspects in which this topic can
be further studied.

1. In this paper, we only studied rubber bands’ response to temperature change in their stretching and
contraction. However,/rubber. can ‘also be twisted or compressed under external forces. Further

studies can be done on the thermodynamic properties of rubber under other types of deformations.

2. So far, the scope of out research is limited to only one type of rubber band. To give a more general
result, we can_repeat our experiment on other types of rubber or other materials with similar

microscopic structures.

3. .-Although our prototype machine shows measurable refrigeration, there are still many flaws in the
mechanical design, and it is far from being capable for real-world applications. We hope that with
better material and more considerations in the design, the performance of such a refrigerator can be

improved.
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X. Appendix

Appendix 1: Explanation and derivation of Gaussian Model

In the following paragraphs, with the limited materials given by Treloar in his book?, a complete

relatively rigorous proof of the Gaussian entropy model in statistical thermodynamics view.

First of wall, the general reason of the change in Boltzmann Entropy is basically because of the originally
randomly oriented polymers become randomly oriented after stretch. Therefore, a seemly reasonable way
to approach the actual expression of Entropy change is to consider the change of éntropy for each

distinctive polymer, then sum up them through treatment of statistical Method.

For each single isolate long chain polymer, it could be roughly modeled as numerous-chemical:bonds
jointed together from “head to tails” with every bond-link orientated randomly according-to the
assumption that we made. As a result, most of the long chain molecule will eventually form a“curled-up

3D spatial structure, and its unfolding length will be much longerthan its Relax state length.

Under this condition, according to the definition of Boltzmann Entropy, we.can express the entropy by

the probability density P(x,y, z)with respect to state number of the polymer:
S = kin(P(x,y,2)dV - 22)

N(x,y,2)

P(x,y,z)dxdydz = .

£ the microstate number, P (x, 3,z) the probability density

In order to further deduce the expression for/the probability density, shall first consider the simplier
expression of it in 1-D case. For the 1-D/polymer model, each of its bonds has only two choices of
orientation. Thus, for a polymer of length"N, the sum of the number of possible states of all its

lengths X2 = 2", Therefore, the probability density would be the following part.

20 n! ntn X
x0 —n+!(n_n+)!.2n,wheren+_ andn, = —

P(x;) = I

Then, according to Sterling’s Law and Taylor expansion, we could further deduce the simplified form of

the probability density in 1-D cases.

ln(P(xl)) =n(lnn)—1) —n,(Inny) -1 —-—-—n)[lnn—n,)—1] —nin2

n+ % n n-— % n
LHS = > lnn+ﬁ > lnn_ﬁ
l l
x2 2
ln(P(xl)) oo this is second order term , . P(x;) = aexp (— 2 )

By considering the constant terms we neglected when using the Sterling’s law and normalizing the
discrete distribution probability, the continuous probability density distribution function for 1-D

condition could be derived:
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P 1 % x2
() = <27mlz> exp " 2nl?

Hence, we can conclude that this distribution of Probability satisfies the traditional Gaussian distribution
when the links number reaches a certain value. As a result, it is easy by using Boltzmann Superposition
principle to determine the 3-D distribution and entropy it since the polymers probability density satisfies

Gaussian distribution in 1-D cases:
P(x,y,z)dV = Pip(x)Pp (y)Pip(2)dxdydz
S(x,y,z) =kln| P(x,y,z)dV - l_[ 0; torar |, Where the 7 part is constant
i=x,y,z

Furthermore, due to the special form that the entropy function has, we coulddetermine the expression of

entropy for single polymer that consider the distance r between two_terminals as the only variable:

1
lxz + ly2 + lzz = 1302:-" lxz = ly2 S lzz N 3 131)2
3
1 )2 x2+ y? 422 3kr?
S =kin||——=) exp| —————=——=]dV - | | Dot | =———=+C
27nl;? 2nl,? 2
t ! i=%,3,2 2nl3D

where I35% = nlsp? is the RMS value of Bond length, 72 = x2 + y2 + 22

3 2
C =kin (i) dve- | | 0; totar | 18 constant
2mnlsp°

i=x,y,2

On the base of single polymer’s expression and several assumptions that we’ve mentioned in the main
body parts, the total entropy of the rubber band equals to the statistical sum of tall the entropy of every
polymeryandthe (x,y,z) after stretched should satisfy the following equation

(0, y,2) = (A, Ayy,A,2), 1 =2r

where A, Ay 4, are the stretch of three orthogonal principle direction

3k 3k 3k
GAS = ——— A = ——— AP+ yr 4+ 2 = —— Z i2(% - 1)
2nl3D2 2nl3D2 2nl3D2 =%,z

Considering 1; 4, A; work as three parameters, then:

3k
AStotat per unit volume = — — Z ((Z i2> (/11-2 - 1))
2nlzp

i=x,y,z

1 N — . .
Z x? = Z y? = z z? = 52 r? = §n13D where N is the Number density of polymers
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Therefore, the final expression of Gaussian model could be simplified into the following form:
1
AStotal per Unit Volume — — ENk(/llz + /122 + /132 - 3)

Whel‘e 11 = /‘112 + AZZ + /‘132

The gaussian model of entropy firstly proved that the entropy isn’t a function relate to temperature. It is
easy to see that the final strain energy density function derived from the Gaussian model of
thermodynamic statistics is very similar in form to the general form of the MR model. On the'basis of
this theory, scientists have invented MR model, Yeoh's model and other theoretical models similarto-the
above form in order to better fit the Large Strain (Non-Gaussian Region) and the actual change of Internal

Energy during stretching.

Appendix 2: Tension change in response to temperature increase

Based on the temperature-stretch function that we proposed previously, compared with that by Flory®
and Erman*®, we discovered that both of two terms in the Strain energy model given by Flory both has
absolute temperature as its multiplication coefficients. Besides, we shall find that the Gaussian Entropy
model also has the temperature as the main coefficient. Therefore, we couldassume that the coefficients

in the MR model should be proportional to the temperature as well as the tension:

1 1
Wun = T(CIOunit(Il = 3) + Corunie (I — 3)): T =25,T (Clounit + Co1unit 1) (/1 - A_Z) ------ )

With the equation we proposed, in the following paragraphs,we would further quantitively analyzed the
tension-temperature relationship during rubber band-stretching, and the performance of the proportional
model that we gave would also be evaluated by-the data we gained from the former experiments which
we chose to immerse the rubber band in the-water of different temperatures contained in the acrylic tube
for maintained the temperature unchanged. In‘addition, to ensure that the tensions under the same strain
d not suffer from the random errors-of the digital scale due to the response time and the minimum
corresponding threshold, we choose to use the tension data under the corresponding strain given by the
simulated’MR/model train (Since we have previously demonstrated the validity of the MR model in the
interyal from 10°C to 67.2°C,this method of pre-processing data is considered reasonable here) as raw

data for-this section.

Finally, we fitted the MR model of the rubber band at five temperature intervals of 67.2°C, 49.6°C,
40.1°C, 29.9°C, and 8.5°C (£ 1°C) through 163 data points, and selected the data at four strains of 20%,
50%j 80%, and 100% to investigate the relationship between the tension and temperature. We fitted the
relationship between tension and temperature by the positive proportional function with lost function
LMSE, and assisted with the linear function fit to evaluate the performance of the above proportional

relationship and to conduct further analysis.

*8 PJ. Flory and B. Erman, Macromolecules, 15, 800, (1982). The model has the form of:

1
Weg = Wop + W, Wy = 12§kr<z/1§ - 3>,m = ENkTZ[Bi +D;+1In(B; — 1) +In (D; — 1)]
i i
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1 1
Tyun X T ,T=285,T (Clounit + Co1unit I) (/1 - ﬁ) Proportional fit function

Tyy % (aT + B); linear fit function (for Comparison)
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Figure 3-5~8: Tension (MR model fit) vs: Temperature graph at 120%, 150%, 180%, 200% Stretch

respectively

Apparently, according to the.blue broken lines in the above figures, we could find that the tensions
corresponding to 40.1°C-and 29.9°C in the above graph do not correspond to the positive tension-
temperature correlation we predicted., Besides, even if we consider the possibility of a negative
correlation between tension and temperature in the low-temperature interval found in the validated MR
model, the strain value of such a negative correlation doesn’t satisfy the condition that we verified in the
above experiments, and by Anthony et.al in 1942'°. However, since each of the two sets of data singled
out satisfies Gough-Joule as a whole relative to the other temperature data, we took both sets of data into

account.in-‘the actual proportional fit latter.

In general, we shall find out that the pre-processed tension vs temperature data overall follows roughly
the same trend as our proposed positive scale model. Especially, in the region above 50% strain, the
proportional fit has a very high simulation accuracy for the tension temperature data we obtained, and
such correlation coefficients increases as the strain increases (the correlation increases from 0.9318 at
50% Strain to 0.9601 at 100% Strain.) However, below 50%, the proportional fit is much less effective
than above 50% and cannot accurately predict the relationship between tension and temperature. (the
correlation of the proportional model is only 0.5781 at 20% Strain).

In general, the proportional function we predicted before can predict the temperature dependence of the
tension of the rubber band. Its performance is especially good in the high strain region while its

performance in the low strain region is relatively poor.
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Appendix 3: Fatigue effect

When discussing the mechanics of elastomer, the fatigue effect is an unneglectable phenomenon that
should be addressed when analyzing repetitive and a large number of cycles. In the real world, fatigue
might cause cracks inside the rubber material resulting in fracture of the elastomer, or it might cause the
stress for a specific strain to keep decreasing along the repetition of the stretching process, which would

be discussed later.

In general, various factors would affect the fatigue effect for an elastomer material such- as the
surrounding temperature, fatigue threshold, atmosphere environment, etc. In 1964, J.R. Beatty'
investigated the influences addressed on fatigue effect by surrounding temperature and maximum strain:
The result showed that from 0 to 100 Celsius degrees under strain cycle 0-175%,.the fatigue life of NR
fibers only decreased by a factor of four while the original life cycle is 103 times. Similarresults obtained
by G. M. Bartenev et.al'®, we could roughly conclude that: for the small number of stretching cycles that
we conducted, the surrounding temperature won’t largely influence the‘fatigue effect for the'NR band,

and the maximum strain of 200% is far less than the fatigue threshold of NR bands.

Furthermore, Liu Ji-yuan and Lie Xiao-dong used the kind of rubber band that we used in our experiment
for the material fatigue test, and the result showed that thetension on the rubber band at fixed strain has
an approximately linear relationship with the time of complete stretching-constrain cycle within the
Maximum 2500 cycle numbers. Therefore, a“preliminary experiment could be conducted, and a
segmentation linear-form compensation function was deduced to correct the errors of data of tension

caused by the Fatigue effect in later experiments.

Appendix 4: Preliminary experiment and the compensation function

In this preliminary experiment, we keep all'the controlled variables (such as elastomer materials, and 0%
strain length) aligned with the.controlled variables of the later experiment. The purpose of this is to allow
the resulting compensation function to be used directly in the subsequent processing of the experimental
data

Original length [, Maximum Strain e Room Temperature Total cycle

18cm 88.9% 27.7°C 6

Table 2-1: Controlled variables for preliminary fatigue effect experiment

Since the Hysteresis fatigue of a single experiment is small and easily covered by the Random error of
the measuring instrument, therefore, the values obtained from the first stretch and the sixth stretch were
chosen for this experiment to compare and yield the coefficient of the compensation function with the

following form:

ATgitenuate = NAT; 4, When e; < e < e;44, "N’ number of complete stretching process ... ... ... (6)
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According to the data, we shall find that at low strai e tension bber band still behaves very

randomly with length. However, still, the effe atigue remai ious even in low strain region:
from the first stretch to the sixth stretch, t mum e% that has zero tensile strength in the
Rubber band increases monotonically 00cm-0. @ 76cm-0.88cm-1.03cm-1.44cm) with the

increase of the number of stretch

Therefore, after verified the vali oug e whole process of stretching, through Interpolation,
we could find out that the t ns caX y Fatigue is presented as two more stable values in the
Elongation interval of respectively (i.e. the tension decay caused by fatigue
can be approxim % nstant with different ends in the two intervals respectively.) At this
point, by subtracti e integral'of tension within the corresponding interval and dividing the integrated

value by gth of the i the average damping value of tension, also the segmented coefficient

of rc pen ation tion, could be determined:
rlarge ~ —3.6 X 1072N, Toman & —2 X 1072N

Fatigue Effect (Comparision between the 1st and 6st time stretch) Fatigue Effect (Comparision between the 1st and Bst time stretch)
.

Ny

Tension (11 lime) (110 N)  Tension (ath ime} (110

4 0 12
Measured Elongation (cm} Measured Elongation (cm)

Figure 2-2&3: The difference in integral of the tension for two times within different strain intervals
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Therefore, we could calculate the average fatigue of tension for each time in the interval 6cm~16cm and

2cm~6¢m respectively:
(Tsman) ® =04 X 102N, (114rge) = 0.712 X 102N

To smooth the transition of the average damping tension between two different intervals, two buffer zone

was constructed with the form of a linear function based on the former compensation function:

Interval (cm) 0~2cm 2cm~5cm 5cm~7cm 7cm~16cm

Teomp(ALN) (1X102N) | Nx 024l | Nx04 | Nx(0.15641—0.38) | N X (0:712)

Table 2-2: Improved compensation function with the set-up of the buffer zone. 'Al’and’ N’ stand for

the elongation length and number of cycles respectively.

Appendix 5: Hysteresis

The isothermal stretching experiment only measured the tension in'the stretching,process of the rubber
band. However, to create a complete cycle for a heat engine, the rubber band needs to be stretched and
released continuously. We realized that the rubber band may. perform differently in stretching and
contraction. Thus, we devised another experiment focused on one complete cycle. The apparatus and
procedure of this experiment are the same as’the stretching experiment. However, to evaluate the
performance of larger strain to make further improvements on the rubber band refrigerator, we conducted
this experiment with maximum strain at:200% to.investigate the hysteresis effect and performance of the

MR model at larger strain.

Hysteresis Diagram of Rubber Band
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Figure 3-14: Tension versus elongation during stretching and contraction

In figure 3-14, the blue line that represents contraction can be divided into three phases. First, at very

low elongations (0~5cm), the tension-elongation line curve has a decreasing steep slope. At an elongation
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between 5~20cm (Strain between 40% and 170%), the trend is highly linear, which has a correlation
coefficient over 0.999 for a linear fit. The value of tension is significantly lower than that of stretching
at the same length, showing a hysteresis effect. For larger elongations, the slope increases again. The
second major change in slope does not accord with the MR model. To fit this trend, inspired Yeoh Model?,
we decided to take orders of I; terms in Rivlin’s general representation® of strain energy to create a
better fit (Because usually a function of the type ax® + bx? + cx can fit a curve that has a slope that

first decrease than increase again with minimum computational complexity):

Wimprovea = C1o(y — 3) + Co1 (I = 3) + C30(I; — 3)?

a4 Measured tension during stretching process with maximum Strain 200%

m  Measured tension during contracting process with maximum Strain 200% .
Modified MR model fit of stretching process

—— Modified MR model fit of contracting proecess

300

250
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&
o

-
o
=3

50

0 5 10 15 20 25
Elongation AL (em)

Figure 3-15: Hysteresis loop fit by Modified MR model

After deriving the theorgtical thermodynamic cycle of a refrigerator based on the rubber band, we wanted
to build a real machine to verify whetherrubber can be the working medium for refrigeration. Given our
limited budget, we didn’t aim to build.a machine that has real applications. Instead, we decided to use

the accessible materials to design a prototype that is just capable of causing a measurable temperature

decrease to‘demonstrate the cooling effect of our prototype.
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