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Linear sections of determinantal varieties
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Abstract

We discuss the nonemptiness of the linear sections of determinantal varieties. More precisely,
we search for the minimal dimension of linear subspaces that always have nonempty intersection
with the determinantal variety. It turns out that this minimal dimension depends not only on the
determinantal variety, but on the base field as well. We first consider the special case where the
determinantal variety is the variety defined by the determinant of n X n square matrices. We prove
that, when the field is the real number field, the minimal dimension of linear spaces that always
have nonempty intersection with the determinantal variety is the Hurwitz—Radon function p(n),
whereas the minimal dimension is 1 in the case of the complex number field, and it is n in the case
of the rational number field. We then discuss the general case, and we prove that the minimal
dimension of linear subspaces that always have nonempty intersection with the determinantal
variety is (m — r)(n — r) in the complex number field case. Some partial results are also obtained
in the cases of real number field and rational number field.
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1 Introduction

The determinantal varieties are among the central research objects in algebraic geometry [10]. They
are defined as the set of matrices of a given size whose rank is less than or equal to a given number.
Although the determinantal varieties can be defined over any fields, most studies focus on the case
of an algebraically closed field (e.g. the field of complex numbers C). A thorough presentation of
determinantal varieties over C is given in [3, Chapter II]. The study of the determinantal varieties in
non-algebraically closed fields could be harder, as we can see in our work.
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In this article, we will consider the following questions concerning the linear sections of determi-
nantal varieties over any field k. Let us first fix some notations. Let Dy, p» C PMp,xn(k) be the
subvariety consisting of the projective classes of all m X n matrices of rank less than or equal to 7.

Problem 1.1 What is the mininal integer k > 0, depending on the parameters m,n,r, such that for
any linear subspace L C PMp,«n (k) of dimension k, the intersetion of L and Dy, p r is nonempty?

There are two reasons why a complete answer to Problem 1.1 is quite hard. First, the determinantal
variety in general, as a geometric object, is very hard to describe by defining equations. Second, we
find that the answer to Problem 1.1 depends on the base field k. We will only discuss, in this article,
three fields R, C, Q that we are most familiar with, and we utilize totally different techniques for these
three fields. To summarize,

e When k = R, the field of real numbers, the main technique we use to understand Problem 1.1
is a theorem of Adams on the number of linearly independent vector fields on standard spheres,
which is a topic in algebraic topology. (c.f. Section 2)

e When k = C, the field of complex numbers, the main technique we use is complex projective
geometry. (c.f. Section 3.1)

e When k = Q, the field of rational numbers, the main technique we use is the theory about
algebraic numbers. (c.f. Section 3.2)

Due to the difficulties we described in the previous paragraph, we have only a complete answer to
Problem 1.1 when the base field k is C (or more generally, when the base field is algebraically closed).

Theorem 1.2 The answer to Problem 1.1 when the fieldk = C is (m —r)(n —r).

A special case of Problem 1.1 is when m = n = r + 1 and it turns out that this case is much
more manageable. This is essentially because in this case, the determinantal variety is defined by only
1 equation, the determinant of matrices. Let us reformulate Problem 1.1 in this special case as the
following Problem 1.3.

Problem 1.3 Let D be the hypersurface of PM,, (k) defined by the equation

Tr11 P A )

det| ... ... ... ]=0. (1)

Ipnt .- Tpn

What is the minimal integer k > 0 such that for any linear subspace L of dimension k in PM,(k),
DNL#A0?

For the sake of simplicity of notations, let us denote og(n) to be the answer of Problem 1.3 over k. It
is relatively easy to see that ox(n) < n for any field k (Lemma 3.5).

Theorem 1.4 Fork =R, C and Q, we can give a complete answer to Problem 1.3 as follows.
(i) or(n) = p(n).

(i1) oc(n) = 1.

(1i1) og(n) = n.

In Theorem 1.4, p(n) is the Hurwitz-Radon number that is defined in Section 2.1. Moreover, it is
obvious that Theorem 1.4 (ii) is a direct consequence of Theorem 1.2.

Now let us come back to say something more about Problem 1.1. Some partial results for k = Q
and R are obtained in this project.

Theorem 1.5 Assume m > n. For any linear subspace L C PM,,x,(Q) of dimension m, we have
LN Dypn—1 # (). Furthermore, there exists a linear subspace L C PM,,xn(Q) of dimension m — 1
such that LN Dy 1 = 0.



Theorem 1.6 For any linear subspace L C PM,,y ;) (R) of dimension n, we have LND,, ), p(n)—1 7
0. Furthermore, there exists a linear subspace L C PM,,y ) (R) of dimension n — 1 such that L N

Dy pn),o(my—1 =0

Let m > n. Let o(m, n) be the minimal number k£ > 0 such that for any linear subspace L C PM,, «x» (R)
of dimension k, L N Dy, . n—1 # 0. We can calculate o(m,n) for m < 8. The result is summarized in
the following table.

olmm) 234 |5]6]|7]|8
2 21241416618
3 1141414158
4 41414148
5 1121387
6 21218
7 118
8 8

The organization of the article is as follows. In Section 2, we prove Theorem 1.4 (i). In Section 3.1,
we prove Theorem 1.2 and Theorem 1.4 (ii). In Section 3.2, we prove Theorem 1.4 (iii) and Theorem 1.5.
In Section 3.3, we prove Theorem 1.6 and the table thereafter.

2 Determinantal varieties over R: the special case

In this section, we are going to prove Theorem 1.4 (i), based on works of Adams [1] and Shapiro [9,
Chapter 2]. To simplify the notation, let us write o(n) for og(n). The strategy of the proof is as
follows. First, we reduce Problem 1.3 to the problem of linearly independent vector fields on the
standard sphere, and use Adams’ theorem (recalled in Theorem 2.4 below) to give the inequality
o(n) < p(n). This idea has already appeared in Adams’ original paper [1], and some follow-ups
(e.g. [2, 7] ) for some problems in linear algebra. Then we are going to explicitly use a construction
in [9, Chapter II] to prove the other side of inequality, thus conclude Theorem 1.4 (i).

2.1 Adams’ theorem

We present in this subsection the statement of Adams’ theorem on the number of linearly independent
vector fields on S™. To start with, we need the definition of the Hurwitz—Radon function.

Definition 2.1 (Hurwitz—Radon function) The Hurwitz—Radon function is a map p : N — N
defined as follows. For n € N, write n = 24%*°ny, where a,b,ng € N, b € {0,1,2,3} and ng is odd.
We define p(n) = 8a + 2°.

Remark 2.2 Despite its weird appearance, the Hurwitz—Radon function is widely used in mathematics.
For example,

o A composite of quadratic forms of size [r,n,n] exists if and only if r < p(n). (e.g. [9])

e Adams’ theorem [1]: the mazimal number of linearly independent vector fields on the standard
(n — 1)-sphere S"~1 is given by p(n) — 1.

The Adams’ theorem is a highly nontrivial result that we will employ in our article. To be able to
understand its precise meaning, we need to give the definitions of vector fields and linear independence.

Definition 2.3 Let S"~! be the standard (n — 1)-sphere located in R™.
(i) A vector field on S"~1 is a continuous map

v: Sl 5 R
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such that for any x € S*~1, the vector v(x) is orthogonal to the vector x.
(ii) A series of vector fields vy, ...,vq on S~ are called linearly independent, if for any x € S"~!,
the vectors vy (x),...,vq(x) are linearly independent in R™.

The statement of Adams’ theorem is as follows.

Theorem 2.4 (Adams [1]) The mazimal number of linearly independent vector fields on S™~! is
p(n) — 1, where p is the Hurwitz—Radon function.

Remark 2.5 If n is odd, then one calculates easily that p(n) — 1 = 0. In this case, Adams’ theorem
says that there does not exist any nowhere zero vector fields. This is a classical result in algebraic
topology called the “hairy ball theorem”.

In practice, we also utilize another expression of the Hurwitz—Radon function. We will use this
expression in Section 2.4.

Lemma 2.6 Let n = 2Mng where ng is odd. The Hurwitz—Radon function

2m+1 if m=0mod4

2m if m=1mod 4

pln) = 2m if m =2 mod 4
2m+2 ifm =3 mod4

Proof If m = 0mod 4, then m = 4a + 0. Hence, p(n) = 8a +2° = 2m + 1. If m = 1 mod 4,
then m = 4a + 1. Hence, p(n) = 8a + 2! = 2m. If m = 2mod 4, then m = 4a + 2. Hence,
p(n) = 8a + 22 = 2m. If m = 3 mod 4, then m = 4a + 3. Hence, p(n) = 8a + 2% = 2m + 2. O

2.2 The proof of o(n) < p(n)

Proposition 2.7 There exist o(n) matrices Ay, ..., Ayn) of size n X n satisfying the following prop-
erty: for any ai,...,a,(n) € R, not all being zero, the matriz a1 Ay + ... + ag(n)A(n) is invertible.
Furthermore, one may assume that A1 = I is the identity matriz.

Proof  We first construct a subspace W C M, (R) of dimension o(n) such that any nonzero matrix
A € W is invertible. By the minimality of o(n), there exists a subspace L C PM,,(R) with dimension
o(n)—1 such that LN D = (). Let W be the subspace of M,,(R) whose associate projective subspace is
L. Then dim W = dim L 4+ 1 = o(n). Moreover, for any nonzero matrix A € W, we may consider the
1-dimensional subspace generated by A, which is an element in L. Since L N D = (), whereas D is the
set of all 1-dimensional subspaces generated by matrices with nonzero determinant, we get det A # 0,
i.e. A is invertible.

Since W is a vector space whose dimension is o(n), let {A1,..., Ay} be a basis of the vector
space W. Thus, for any A1,...,As@) that are not zero, \j Ay + ... + Agn)Ag(n) # 0. Since A\ A; +
o+ As(n)Ao(n) 18 @ nonzero element in W, it is invertible.

Next we want to show that we may assume A; = I. Let B; = AIIAZ'. Let us show that By =
I,..., Bs(n) also satisfy the property as stated in the Proposition 2.7. In fact, for any A1, ..., A;(n) € R,
not all of them being zero, we have

MB+ .+ /\a(n)Ba(n) = )\1A1_1A1 +...+ )‘a(n)Al_lAa(n)
= A;l()\lfh +...+ /\U(n)AU(n)).
Since A1 A1 + ... + Ag(n)Ao(n) is invertible, hence A1 B1 + ... + Ay(n)By(n) is invertible. So we can
assume that A; = I. O
Our next step is to construct o(n) — 1 vector fields on S”~! using the matrices we obtained
in Proposition 2.7 and then show their linear independence. To this end, we first need the following

notation. For any z € S"71, let s, : R® — R™ be the projection mapping to the hyperplane orthogonal
to x. Percisely, we can write v in a unique way as v = Az + sz (v), with A € R and « - s,(v) = 0.
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Srplane
perpendicular to '
e

Lemma 2.8 The map s, : R™ — R"” is linear.

Proof  Since v = s, (v)+A\x, we get v-z = s, (v)-x+A|z|*> = Mz|?. Sincez € S"~!, we have |z| = 1 and
thus A = 75 = v-z. Let $z(A) = A—(A-z)x,s,(B) = B—(B-x)x,s,(A+B) = A+ B—((A+B)-x)x.
Since A—(A-z)x+B—(B-z)x = A+B—((A+B)-z)x, we have s, (A)+55(B) = s,(A+B). Furthermore,
Asz(A) = AMA — (A-z)x) = M — (M - 2)z, and s,(AA) = AA — AAxz, we have s, (AA) = As,(4).
Therefore, the map s, : R — R is linear. O

Now let Ay = I, Ag, ..., As(n) be the matrices satisfying the property as in Propostion 2.7. For
i=2,...,0(n), we can construct a map

Vit Sn—l — R™
T = sy (Ax)

Lemma 2.9 The map v; : S"~' — R” defined as above is a vector field.

Proof  First, we need to show that v; : S"~! — R" is continuous. Let z = (z1,...,7,), v =
(v1,...,v,). Let us find the explicit expression of s,(v) in terms of their coordinates. Since v =
s:(v) + Az, we get v-x = s,(v) -z + Mz|? = Mz|®. Since x € S"7!, we have || = 1 and thus
A= % =v-x =v121+...+ vz, Then we can calculate s,(v) explicitly s, (v) = (v1 — (viz1 + ...+
UnZp)T1, ..., Un — (V121 + ... + UpZy )Ty, ). Therefore, the map (z,v) — s, (v) is a continuous map. We
know that the map (z,v) — s,(v) is a continuous map from S"~1 x R" — R". For matrix

a1 ... Q1n
A=1|... ... ... ],
anp1 .. Qpp
the map
ba: R™ — R™
1 a1+ ... +FapTy
r=| : — Ar =
T Ap1T1 + ..o+ CGppTny

is a continuous map. Therefore, v; : S"~! — R"™, being the composition of these two continuous map,
is continuous.

Then we need to show that for each x € S"~1, v;(z) L. Since z - s,(y) = 0 for any x € S*~1 and
y € R™ take y = A;x, then x - s, (A;x) =0, i.e., x - v;(x) = 0. So the map

(o7 gn—l R™
x = sp(Ax)
)



is a vector field of 57~ 1. O

Proposition 2.10 The vector fields va, ..., v5(,) are linearly independent.

Proof  To show that v, ..., v,(,) are linearly independent, we need to show that va(z), ..., Ve ()
are linearly independent for any x € S™~!. So we need to show that when Agv(x)+.. Ao (n)Vo(n) () =
0, we have Ao = ... = As(,) = 0. We know that

Aogvo(x) + ...+ /\U(n)vg(n) (x)
:)\QSw (A2($>) +... .+ )\J(n)sw(Aa(n) (‘T))
=5z (AoAox + ... + Ag(n) Ao(n)T) (by Lemma 2.8)

Thus, s;((A2A22 + ... + Agn)Asn))r) = 0. Therefore, by the definition of s, the vector Ay Asx +
oo+ Agn) Aoy is orthogonal to the hyperplane orthogonal to x. So AaAow + ... + Ay(n) Ao(n)T is a
multiple of x. Thus AoA2z + ... + Ag(n) Aoy = A1 A1z for some A\; € R. Assume by contradiction
that Xa,..., As(n) are not all zero. Then —A\1A12 + Ao Aoz + ... + Ao(n) Ap(nyz = 0, that is (=M1 A1 +
MAs+... + )‘a(n)Aa(n))x =0. Let M = -\ A1+ As+...+ )\a(n)Ao—(n)~ Since Aq,..., /\J(n) are not
all zero, we can see from Proposition 2.7 that M is invertible. Since Mx = 0, we have M ~'Mz = 0,
which implies z = 0. But z € S"~! then this is a contradiction. So X, ..., As(n) are all zero. Therefore
Va,...,Vg(n) are linearly independent vector fields on Sn—t, g

Corollary 2.11 With notation above, we have o(n) < p(n).

Proof ~ We know that va,...,v,(,) are linearly independent vector fields on Sn=1. According to
Theorem 2.4, the maximum number of the independent fields on S™~ ! is p(n)—1. So o(n)—1 < p(n)—1,
namely, o(n) < p(n). O

2.3 Amicable pairs

The main purpose of this and the following sections is to construct, using three fundamental lemmas
suggested in [9], p(n) real matrices A1,..., A, ) satisfying the following Property (*):

(*) For any A1,...,A,m) € R, not all being zero, Ay Ay + ... 4 Ay Apn) is invertible.

The existence of such a series of matrices implies that o(n) > p(n), as will be shown in Section 2.5.
Combining with Corollary 2, we get o(n) = p(n), and thus we prove Theorem 1.4 (i).

In order to find the matrices Ay,..., Ay, satisfying Property (*), following [9], we define the
amicable pairs.

p(n
Definition 2.12 An amicable pair of size (s,t,n) is a pair (S,T) where S = {A1,...,As} and T =
{Bj1,..., B} consisting of n x n real matrices satisfying:

o A; is antisymmetric (i.e., 'A; = —A;) and B; is symmetric (i.e., 'B; = B;).

o A? = —1I and B =1 for any i,j.

e The s+t matrices A1,...,As, By,...,B; are pairwise anticommutative.
The importance of the notion of amicable pair is that the set S contains the matrices that we want.

Proposition 2.13 Let (S,T) be an amicable pair of size (s,t,n), where S = {A,...,As}, then
Ao =1,A,,..., As satisfy Property (*).



Proof Assume that \g,..., s are not all zero, we want to prove that A\gAg + \1A1 + ... + A4, is
invertible. Let A = A1 A1 + ...+ AsA,, then
A2 =(NAL+ . NA)NAL .+ NAY)
=MAT + AAS + .+ A2A2
=— (4. 2],
where the second equality is due to the anticommutativity: A;A; = —A;A; for any @ # j, i,j €
{1,...,s}, and the last equality is due to the second axiom of the amicable pair: A? = —1I, for
i €{1,...,s}. Next, let us show the invertibility of A\gAg + A1 A1 + ... + AsA; by finding its inverse
directly. To do this, we calculate
(Modo + A)(AoAg — A) = (Mo Ag)? — A2
=MD+ N+ + AT
=g+ A+ AT

Since A, ..., As are not all zero, A2 + A3 + ... + A2 # 0. Hence, A\gAg + ... + A\;A; is invertible, with

: 1
mverse m()\vo — A) O

2.4 Some constructive lemmas

This part introduces three lemmas associated with amicable pairs. These three lemmas help us enlarge
the set S in the amicable pair, thus give us a method to construct matrices satisfying Property (*)
in Corollary 2.22. In Appendix B, we implement our Mathematica code for constructing matrices,
indicating that there is actually an effective way for us to construct these matrices.

Lemma 2.14 (Construction Lemma) If there exists an amicable pair of size (s,t,n), then there
exists an amicable pair of size (s + 1,t + 1,2n).

Proof Let (S,T) be an amicable pair of size (s,t,n), where S = {4;,..., A} and T = {Ay, ..., As}.
For each 1 <i < s, define and 2n x 2n matrix A} as:

We define and 2n x 2n matrix A} | as

, 0 —I
st1=\1 0 )"

For each 1 < i <, define and 2n x 2n matrix Bl’» as

We define and 2n x 2n matrix Bj; as

0 I
Bllf+1: (I 0)'

To show that (S’,7") is an amicable pair of 2n x 2n, we need to show that (S, T") satisfy the three
axioms of the amicable pair. Since the calculations are tedious, in order to make our presentation

conciser, we will leave the explicit calculations in Appendix A.
O



Corollary 2.15 Ifn € N and n = 2™ng with ng odd, then there is an amicable pair of size (m, m +
1,n).

Proof 'We use induction on m. When m = 0, it is easy to construct an amicable of size (0,1,n) with
Sand T. Let S =0, T = {I,}. Then it is clear that (S,T) forms an amicable pair of size (0,1,n).
Now let us assume that we have an amicable pair of size (k,k + 1,2%ng). Then by Lemma 2.14, we
can get an amicable pair of size (k + 1,k + 2,21ng). Hence the corollary is proved by induction. [

Lemma 2.16 (Shift Lemma) If we have an amicable pair of size (s,t + 4,n), then there exists an
amicable pair of size (s +4,t,n).

Proof Let S = {Al, S ,AS}, T = {Bl, .o, By, C1,C, C3, 04} Let C' = C1C>C3C,, and Cz/ = C;C.
Denote S' = {Ay,...,A;,C1,CL, CL CLY, TV = {By, ..., Bt }. Next we show that (S’,7") is an amicable
pair of size (s +4,t,n).

For the first axiom, the assertions that A = —A;, *B = —B; come from the fact that (S,T) is an
amicable pair. It remains to prove that 'C} = C!. In fact, C, = £C;C\,C, where {i, j, k,1} = {1,2,3,4}.
Then

tCZ{ = ﬂ:tCltC};Cj = +C,C,C;5
= :t(—l)Q(—l)lchkCl
— _(£C,C4C) = —C.

For the second axiom, the assertions A? = —I, B? = —I come from the fact that (S,7T) is an
amicable pair. It remains to show that C/> = —1I. In fact, C] = £C;CyC) where {i, j, k, 1} = {1,2,3,4}.
We have Cf? = C;C,C1C;CyCy. Since Cj, Cj, Oy, are pairwise anticommutative, Cj* = —C?CC} =
—1, thus C/?> = —1 is proved.

For the third axiom, we have A;B; = —B,A; since (S,T) is an amicable pair. It remains to check
that AiC’j’- = —C’J’-A,- and BiC’j’- = —C’;Bi. Since CJ’- is the product of three elements in T different
from A; and B;, to move A; (resp. B;) from the right-hand-side of C’J’. to the left-hand-side of C’J’», we

need to move 3 steps, each generating one —1 by the anticommutativity. Hence, AiC;» = —C]’-Ai and
B0} = ~C'B,.
Thus we have proved (S’,T”) is an amicable pair of size (s + 4,¢,n). O

Corollary 2.17 For n = 2™ng € N with ng odd, according to the value of m, there is an amicable
pair of the size
(2m,1,n) if m = 0 mod 4
(2m—1,2,n) ifm=1mod4
(2m—2,3,n) ifm=2mod4 "
(2m+1,0,n) ifm=3mod4

Proof By Corollary 2.15, there is an amicable pair of size (m,m + 1,n). By Lemma 2.16 above, we
can move the elements in T to S in a four-by-four pattern. Hence, if m = 0 mod 4, we can move m
elements from T to S and we get an amicable pair of size (2m,1,n). If m = 1 mod 4, we can move
m — 1 elements from T to S and we get an amicable pair of size (2m —1,2,n). If m = 2 mod 4, we can
move m — 2 elements from T to S and we get an amicable pair of size (2m —2,3,n). If m = 3 mod 4,
we can move m + 1 elements from T to S and we get an amicable pair of size (2m + 1,0, n). g

Lemma 2.18 (Expansion Lemma) If there exists an amicable pair of size (s,t,n) with s —t =
2 mod 4, then there is an amicable pair of size (s + 1,t,n).

Proof Let (S,T) be an amicable pair of size (s,t,n) where s —t = 2 mod 4, where S = {A4;,..., As}
and T = {Bi,...,B:}. Let Z = A;...A;B; ... B; be the product of all these matrices. As long as
(SU{Z},T) is an amicable pair, Lemma 2.18 is proved.

To prove that (SU{Z},T) is an amicable pair, (SU{Z},T) must satisfy the three axioms. To this
end, we will need the following elementary numerical lemma.
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Lemma 2.19 Ifs—t=2mod 4, then s+ (s+t—1)+ (s+t—2)+...+ 1 is an odd number.

Proof Since s —t = 2 mod 4, we have t = s + 2 + 4k. By the summation formula for the authmetric

sequence, we have s+ (s+t— 1)+ (s+t—2)+...+1=s+1/2(s+t)(s+t—1)=s+1/2(s+ s+

24+4k)(s+s+2+4k—1) =s+ (s+ 2k +1)(2s + 4k + 1). By discussing the parity of s we get that

s+ (s+2k+1)(2s + 4k + 1) is always odd. O
For the first axiom, we know that 'A4; = —A,, ' B; = —B;. Moreover,

t(Al...ASBl...Bt) :t Bt...tBltAS...tAl

=(-1)°B;... B1As... A; since A; are antisymmetric and B; are symmetric

=(=1)%(=1)Ft=D+EH=24 414 AB ... B, by pairwise anticommutativity
=—A,...A,B,...B; by Lemma 2.19.

For the second axiom, we know that A? = —I, B? = I. We have
7% =(Ay...AsBy...B)(A1...AsBy...By) = Ay ... AyBy ... BiA; ... A, By
=(—1)sttmtbstt=2r ol 1)5(42  A2B2 ... B?) by pairwise anticommutativity
:(_1)s+s+t—1+s+t—2+...+1I since A2 i 32 -7

=—1 by Lemma 2.19.

For the third axiom, it suffices to show that A;Z = —ZA; and B;Z = —ZB;. Since Z is the product
of all matrices in S UT, in order to move A; from the left-hand-side of Z to the right-hand-side of
Z, we need to move s + t steps. Among those steps, there are s +t¢ — 1 anticommutative steps and 1
commutative step. Hence A4;Z = (—=1)*T"1ZA; = —Z A, since s +t — 1 is odd, by assumption. O

Corollary 2.20 For a natural number n = 2™nq, according to the value of m, there is an amicable
pair of the size
(2m,1,n) if m =0 mod 4
(2m—1,2,n) ifm=1mod4
(2m—1,0,n) 4ifm=2mod4 "
(2m+1,0,n) ifm=3mod4

Proof Only when m = 2 mod 4, we can add an element to S in the amicable pair whose size is
(2m—2,t,n), which means we need to make sure that s—¢t = 2 mod 4, which means 2m—2—t¢ = 2 mod 4,
so we have ¢t = 0. Then we have an amicable pair (2m — 2,0,n) who satisfies s — ¢ = 2 mod 4. So we
can add an element to S, which means we have (2m — 1,0, n). O

2.5 The proof of o(n) = p(n)

From Proposition 2.13, Lemmas 2.14, 2.16 and 2.18, we have constructed p(n) matrices Ao, ..., A,n)—1
satisfying Property (*).

We can now finish our argument by using the following useful lemma. Since we will use this lemma
constantly in the subsequent of our article, let us state it in the most general form possible.

Lemma 2.21 Let k be a fized base field. Let Dy, C PMpyxn(k) be defined as in the Introduction.
Then the following two statements are equivalent:

(1) There exists a linear subspace L C PM,,xn (k) of dimension k such that LN Dy, . = 0;

(i1) There exist k+1 matrices Ay, ..., Axy1 of size mXn such that for any not all zero Ay, ..., A\k11 €K,
the matriz My A1 + ... + Agr14k+1 has rank > r.

Proof Let us first show (i) = (ii). Let L C PM,, «» (k) be a linear subspace of dimension & such that
LNDyy . = 0. Let W C My, (k) be the vector space associate to L. Then dim W = dim L+1 = k+1.
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Let Ay,...,Axs1 € W be a basis of W. We verify that the list Ay,..., Apy1 satisfies the desired
property in (ii). Let A1, ..., Ax41 € knot be all zero. Since the list Ay, ..., Agy1 is linearly independent,
the matrix A A1 + ... 4+ A\p+14k41 is not zero, thus it has an equivalence class, which is an element in
the projective space L. Since L N Dy, 5, » = 0, then the rank of the matrix A\; Ay + ... + Agy1Ag41 is
greater than r, as desired.

Conversely, we show (ii) = (i). Let Ay, ..., A1 be k+1 matrices of size m x n such that for any
A1,y Akr1 € k, not all being zero, the matrix A\; Ay + ...+ Agr1Ags1 has rank > r. Then it is clear
that the list Aj,..., Agt1 is linearly independent. Let W be the vector space in My, (k) spanned
by A1,...,Agy1. Then dimW = k + 1. Let L be the projective space associate to W. Then L is of
dimension = k. It remains to check that L N D, ,,,, = 0. Any element in L can be represented by a
matrix of the form A\ A; +...+ A gr1Ag+1 where A1, ..., Agy1 are not all zero, since Ay, ..., Agy1 span
W and since L is the projective space associate to W. Therefore, by the property of Ay,..., Agy1, we
know that the rank of \yA; 4+ ...+ A\g11A4k41 is greater than r. Hence, this element does not belong
t0 Dy n.r. Therefore, LN Dy, . r = (0, as desired. [l

Corollary 2.22 Let k be a fized base field. Let D C PM,, (k) be defined as in Problem 1.3. Then the
following two statements are equivalent:

(i) There exists a linear subspace L C PM, (k) of dimension k such that LN D = {);

(ii) There exist k + 1 matrices Ay, ..., Ary1 of size n X n satisfying Property (*).

We are now ready to prove Theorem 1.4 (i).
Proof of Theorem 1.4 (i). By Corollary 2.11, we have o(n) < p(n). So it suffices to show that
o(n) > p(n). Since we have found p(n) matrices Ao, ..., A,m)—1 of size n x n satisfying Property (*),
by Corollary 2.22, there exists a linear subspace L of dimension p(n) — 1 such that L N D = (. Thus,
by the definition of o(n), we have the inequality p(n) — 1 < o(n), i.e. p(n) < o(n). Thus p(n) = o(n).
O

3 Determinantal varieties for C, Q and R: the general case

3.1 The complex number case

Lemma 3.1 Let V C PV (C) be a hypersurface. Let L C PN(C) be a line. Then LNV # ().

Proof Up to projective transformation, we may assume that L is defined by g = ... = zy_o = 0.
Any point P € L is of the form
P=[0:---:0:2N_1:2N] (2)
Let V C PY(C) be defined by
flzo,...,zn) =0. (3)
Combining (2) and (3), we can find f(0,0,...,0,zx_1,2x5) = 0. We need to show that the equation
always has a nonzero solution. If f(0,0,...,0,zy-1,2x5) = 0, then any nonzero (zy_1,zy) is a
solution. If not, then f(0,0,...,0,zy-1,2x) is a nonzero homogeneous polynomial. Let us write
£(0,0,...,0,2n_1,2N) = aprd_, + alx’]i\,illa:N oot agrd. M ag =0, then (zy_1,25) = (1:0) is a

nonzero solution. We now discuss the case when ag # 0. Let r € C be a solution of agx$,_, +a1z% " +

...+ aq = 0. Such an r € C exists since aox‘]i\,_l + alle\,__ll + ... 4+ aq is a degree d polynomial and
we know that any nonconstant polynomial with complex coefficients must have a complex root. Then
(xn—1,2n) = (r,1) is a solution of f(0,0,...,0,zx_1,2x) = 0. O

Corollary 3.2 Let D = {det =0} C IP’"2’1((C), Any line L C IP’"2*1((C) has intersection with D.

Proof of Theorem 1.4 (i1). For any one dimensional linear subspace L, we have LN D # (). Take a point
P ¢ D, then {P} N D = (). Hence there exist 0-dimentional linear subspace L such that LN D = 0.0
The following classical theorem is a generalization of Lemma 3.1.
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Theorem 3.3 ([8] Theorem 1.24) Let V C PV (C) be a subvariety of codimension n.
(i) Let L C P(C) be a linear subspace of dimension n. Then LNV # ().
(11) There exists a linear subspace L of dimension n — 1 such that LNV = .

According to [3], we have
Theorem 3.4 ([3] Proposition p. 67) The codimention of Dy, in PMpyxn(C) is (m—1)(n—71).

Now we can give an answer to Problem 1.1 in the case of complex number field.
Proof of Theorem 1.2. By Theorem 3.3, the minimal dimension of L that makes sure L N Dy, . # 0
is equal to the codimension of D,, .. By Theorem 3.4, the codimension of D, ,, » is (m —r)(n — 7).
Thus for any linear subspace L C PM,,x,(C) of dimension (m — r)(n — r), the intersection of L and
D, n,r is nonempty, and there exists a linear subspace L C PM,,x,(C) of dimension (m—7)(n—r)—1
that does not have intersection with Dy, 1, . Il

3.2 The rational number case

In this section, we show that og(n) = n. We have the following observation that holds for any field k.

Lemma 3.5 For any field k, we have ox(n) < n.

Proof May assume that ox(n) > n+ 1. By the definition of ox(n), there exists some linear subspace
L c M, (k) of the dimension n satisfies LND = ). Let L C PM,, (k) be a linear subspace of dimension n.
Let W € M,,(k) be a vector space whose associated projective space is L. Then dimW =dim L+1 =
n+1. Let {A41,..., A,1+1} be a basis of W, which means Ay, ..., A, are independent, which means
for any A1,...,A\n41 € k not all of them being zero, we have Ay A; + ... + Ap114n+1 # 0. We may
consider the 1-dimensional subspace spanned by A1 A1 +...+ Ap41 4,41, which gives an element in L.
Since LN D =, we have det(A1 A1 + ...+ Apr1Any1) # 0, ie. the matrix A\ Ay + ...+ App14ptq 18
invertible. Let v # 0 € k™ be a nonzero vector.

Claim Ajv,...,A,11v are linearly independent vectors on k™.

Proof For any Ai1,...,An11 € k, not all of them being zero, we have \yAjv + ... + Apr1dnt1v =
(MA1L 4+ ..o 4+ AMp1Ang1)v. Since MA; + ... + A\p1Anp1 is invertible and v is nonzero, we have

MAv+ .+ A1 Angiv # 0, as desired. O
This claim gives us a contradiction since Ajv,..., A,+1v are n 4 1 linearly independent vectors in an
n-dimensional vector space k”. O

Now let us consider the case over (. We recall some preliminaries on algebraic numbers and
minimal polynomials. For more details, see [6, V.1].

Definition 3.6 A complex number o € C is called an algebraic number, if a is a root of a nonzero
polynomial with rational coefficients.

Lemma 3.7 Let a be an algebraic number. Then there exists a unique monic polynomial p(X) with
rational coefficients such that « is a Toot of s and for any polynomial f(X) with a rational coefficient
such that o is a root, us divides f.

Definition 3.8 The polynomial py in Lemma 3.7 is called the minimal polynomial of «.

Proposition 3.9 Let a be a root of a monic polynomial f(X) with rational coefficients. Then f(X)
is the minimal polynomial of « if and only if f(X) is irreducible.

Now let us go back to prove og(n) = n. Actually we just need to prove og(n) > n. Let us briefly
present our strategy here. First, we construct n matrices 44,..., A, € M,(Q) satisfying Property (*).
Through this construction, we can prove that og(n) > n.
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Now let us define n matrices Ay, ..., A, as follows. A; is the Identity matrix. For 1 < k < n, A
is the matrix whose (i + k, i)-entries are filled by 1 and whose (i,7 4+ n — k) entries are filled by 2, and
all the others are filled by 0.

10
10
A1: .. .. .. ,
0 1 0
0 1
0 2
1 0 0
A2: .~ .0 .0 ’
1 0 0
10
0 2
0 0 2
Ay =
0 0 2
1 0 0

Proposition 3.10 For any Ai,..., A\, € Q, not all being zero, the matrix \1A1 + ... + M\ A, is
invertible.

Proof The expression of Ay A + ...+ A, A, is explicit. For the sake of convenient, let us denote, for
A= ()\1, .. ,)\n) eQm™, Ay = MA1+...+ N\ A,. Then

A1 20, 20, 2X3 2
A A 2), 2X3
Ay =
Ao AL 2),
An Az A

We need to prove that det Ay = 0 only when A = 0. In order to calculate det Ay, we take 6 = 2,
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pi = 61\, for i = 1,...,n. Then we have

1 M1 1229 L ) 1
51 H2 M1 Hn M3 ot
52 L 5
Ay = . . .
67'”'4’1 Hn—1 M2 M1 Hn 6’”’71
Hn Hn—1 M2

Since det diag(1,0=",...,6~ (1) and detdiag(1,d,...,8" 1) are both nonzero, we have det Ay = 0,
if and only if

125} Hn Hn3 - H2
2 H1 Hn "3
det T =0
Mn—1 H2 M1 Hon
Hn  Hn-—1 M2

But this determinant is relatively easy to calculate, since the matrix is a circulant matrix. We use the
following well-known result in the theory of circulant matrices [4, (14.312)].

Lemma 3.11 ([4]) Let €1,...,€, € C be the n-th roots of unity (i.e. €} = 1). Then we have the
following formula

H1 Hn 3 p2
H2 H1 o Hn 3
det L = ()" fle)f(e) - flen),
Hn—1 2 M1 Hn
Pn Hn—1 M2 p1

where f(X) = pn + pn—1X + ...+ XL

By Lemma 3.14, this determinant can be written as

n—1

(=)™ (i + pn—r€61 + - A 1€ ) (i + pn—1€2 + ..+ p1€l wh.

Yoo (tn + pn—1€n + ... 4+ pr€)

Hence, the condition det Ay = 0 implies that for some i, we have (f, + fin—1€6; + ... + ule?_l) =0.
But we have

(fn + fn—1€i + ...+ prel ™)

D R )
= (B ) N+ (06 ) 2 Nt . (671)0N)

K2

=0.
By Eisenstein’s Criterion, it is easy to know that the minimal polynomial of (561'_1 is 2™ — 2. Hence,
A1 = ... =\, =0, since if not, (56;1 satisfies a nonzero polynominal of degree < n — 1, which is less
than n. 0

Proof of Theorem 1.4 (i#i). This is the same argument as in Corollary 2.22. Let W be a subspace
of M,(Q) spanned by Aj,...,A,. Let L be the associate projective space of W. Then dim L =
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dimW — 1 =n—1 and by the Proposition 3.10, we have L N D = (). By the definition of og, we have

og(n) > n. On the other hand, by Lemma 3.5, og(n) < n. Therefore, og(n) = n. O
Proof of Theorem 1.5. Assume by contradiction that there exists a linear subspace L of dimension m
such that L N Dy, p.n—1 = 0. By Lemma 2.21, there exist m + 1 matrices Ay, ..., A;41 of size m x n

satisfying that for any A1,... A\pq1 € Q, not all being zero, the matrix A\ Ay + ...+ A1 441 has
rank n. Let v € Q" be a nonzero vector.

Lemma 3.12 The list of vectors Ayv, ..., Apni1v is linearly independent in Q™.

Proof For any A1,...,A\pmy1 € Q, not all being zero, A\fA1v + ... + A1 Ami1v = (MA + ...+
Amt1Am41)v. Since rank(M A1 +. ..+ Anp14mt1) = n, we have dimker(A A1 +.. .+ App14mt1) = 0.
Hence, (A1 A1 + ... 4+ A1 Ame1)v is nonzero, as desired. O
Lemma 3.12 gives us a contradiction since we have m + 1 linearly independent vectors in an m-
dimensional vector space.

It remains to show the last statement. By Proposition 3.10, there exist m matrices A1, ..., A,, of
size m X m such that for any A1,..., A, € Q, not all being zero, Ay Ay + ...+ A Ay, is invertible. Let
A’ be the m x n matrix formed by the first n columns of A;.

Lemma 3.13 For any A1,..., \m € Q, not all being zero, the matriz \y A} + ...+ A AL, is of rank
n.

Proof Notice that the matrix A\j A} + ... + A\, A, is the first n columns of the matrix A\jA; + ... +
AmAn,. Since My A1 + ...+ A\ Ay, is invertible by our assumption, its first 7 columns must be linearly

independent. Hence rank(A A} + ...+ A\ AL) =n. O
Therefore, by Lemma 2.21 and Lemma 3.13, there exists a linear subspace L of demension m — 1 such
that LN Dy 1 = 0. O

3.3 The real number case

Theorem 3.14 For any linear subspace L C PM,,y ,(n)(R) of dimension n, we have LND,, ), p(n)—1 7
0 and there exists a linear subspace L C PM;, 5 p(n) (R) of dimension n—1 such that LODy, y(n), p(n)—1 =

0.

Proof ~ Assume by contradiction that there exists a linear subspace L C PM, ) (R) of dimension
n such that L N D, ) p(n)—1 = 0. By Lemma 2.21, there exist n + 1 matrices Ay, ..., A, 41 of size
n x p(n) such that for any A1,..., A\,11 € R, not all being zero, the rank of \jA; + ...+ Apy14n41 is
p(n).

Lemma 3.15 Let v € R be a nonzero vector. The list of vectors Ayv, ..., Apy1v is linearly inde-
pendent.

Proof For any Aq,..., A1 € R, not all of them being zero, we have A\ Ajv + ... + A1 An11v =
(MA 4. ..+ A1 4n11)v. Since rank(A Ar + ...+ A1 Any1) = p(n). We have dimker(A Ay +...+
Ant1Ani1) = p(n) —rank(M A1 4+ ... + AMp14n41) = 0. Hence, (M A1 4+ ... + Mp1dnt1)v # 0, as
desired. O
Lemma 3.15 gives us a contradiction, since we get n+1 linearly independent vectors in an n-dimensional
vector space R™. This concludes the first statement.

Now let us prove the second statement. Recall that in Sections 2.3 and 2.4, we constructed p(n)
matrices Ay, ..., Ayp) of size n X n satisfying for any Aq,..., A ) € R, not all being zero, the matrix
MAL A+ o 4 Ay Ap(ny s invertible. Let B; be the n x p(n) matrix whose j-th column is the i-th
column of A;. Namely, for any i € {1,...,n} and j € {1,...,p(n)}, we have

() — 4
BY) =AY,

where Bi(j ) denotes the j-th column of matrix B; and similarly for Aéi). We get n matrices By,..., B,
of size n X p(n).
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Lemma 3.16 For any A1,..., \, € R, not all being zero, the rank of \1B1 + ...+ A\, By, is p(n).

Proof Let By =\ B1+...+A,B,, then Bg\j) = /\13?) +.. .—l—/\nBT(Lj). We need to show that the list
of vectors Bg\l), . ,Bg\p(n))

zero, we have

is linearly independent. For any pi,..., tyn) € R, not all of them being

+ ...
+ ”ﬂ(n)()‘lBip(n)) T4 A B
—m (AN 42,4

+ (A AY 4 X, AM)
=M (A + AN + Lt e AL

+ An (AT 4 AT L gy AT
=M Ar+ - By Apiny)

+ )\n(,ulAl .+ Mp(n)Ap(n))(n) # 0.

The last summation is nonzero because 1 A1 +. ..+ fiyn) A p(n) is an invertible matrix, and the columns
of this matrix is linearly independent. Hence, we have shown that the list of vectors B/(\l), ... ,B/(\p )
is linearly independent, as desired. O
By Lemma 2.21, there exists a linear subspace L of dimension n — 1, such that LN Dy, ,(n), p(n)—1 = 0.

This terminates the proof of the second statement.

Definition 3.17 A map ¢ : R” x R® — R"™ is called bilinear if for v € R®, the map u — ¢(u,v) is
linear, and for u € R", the map u — ¢(u,v) is linear.

Definition 3.18 Let ¢ : R™ x R® — R"™ be a bilinear map. This bilinear map is called nonsingular if
d(u,v) =0 implies either u =0 or v =0.

Definition 3.19 Fizr,s € N. We denote the minimal n as r#s, such that there exists a nonsingular
bilinear map ¢ : R™ x R® — R".

Assume from now on that m > n.

Theorem 3.20 For any k € N, the following two statements are equivalent:
(i) There exists a linear subspace L C PM,xn(R) of dimension k — 1 such that L N Dy, 1 = 0.
(i) We have k#n < m.

Proof First, we prove (i) =>(ii). By Lemma 2.21, we have k matrices A1, ..., Ay of size m x n such
that for any Aq,...,Ar € R, not all being zero, we have rank(A1 41 + ...+ A Ax) = n. We define a
bilinear map ¢ : R¥ x R* — R™ as follows. Let u = (u1,...,ux) € R¥, v = (vy,...,v,) € R™. Define
é(u,v) = ugAjv + ... + upAgv, and we need to show that ¢ : R¥ x R® — R™ is bilinear and ¢ is
nonsingular. It is clear that ¢ is bilinear. To show that ¢ is nonsingular, we need to show that if u # 0,
v # 0, then (u1A; + ... + upAx)v # 0. Since u # 0, we have rank(u; 4 + ... + ugAr) = n. Thus
ker (u1 A1 + ... + upAg) = {0}, which means (u1A; + ...+ ugAg)v # 0, since v # 0. By the definition
of k#n, we have k#n < m.
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Second, we need to prove (ii) => (7). By definition of k#n, the fact that k#n < m implies that
there exists a nonsingular linear map ¢ : R¥ x R” — R™. Let us construct k matrices A1, ..., Ay, of size
m x n as follows: Let e; = (0,...,0,1,0,...,0) € RF be the coordinate vector whose i-th component
is 1 and other components are 0. Then v — ¢(e;,v) : R™ — R™ is a linear map which corresponds to
an m X n matrix A;.

Lemma 3.21 For any A1,..., \x € R not all being zero, we have rank(A1 Ay + ... + A\gAg) = n.

Proof Tt suffices to show that ker(A\; Ay + ... + Az Ax) = {0}. Let v € R™ such that (A\;A; +... +
AAg)v =0. We have (A1 A1 +...+ X e Ak)v = Mig(er,v)+. ..+ Appeg, v) = d((A1e1+.. .+ Ageg),v) =
d((A1,...,Ag),v). Since ¢ is nonsingular, and (A1,...,\x) # 0, and since ¢((A1,..., k), v) = 0, we
have v = 0. Therefore, ker(A1 Ay + ... + A Ax) = {0}. O
By Lemma 2.21 and Lemma 3.21, the statement (i) holds. O
Let o(m,n) be the minimal number k > 0 such that for any linear subspace L N Dy .1 # 0.

Corollary 3.22 The number o(m,n) is the minimal integer k > 0 such that k#n < m.

Proof By the definition of o(m,n) we know that o(m,n) — 1 is the maximal number & such that
there exists linear subspace L C PM,, «,(R) of dimension k, such that LN D,, 5, n—1 = 0. By Theorem
3.20 the number o(m,n) is the maximal integer k such that k#n < m. O

Corollary 3.23 We can calculate o(m,n) for m < 8. The result is summarized in the following table.

olm,n) | 2| 3
2

~|

N N N BN

BB Oy

W W[IN || DD

~| | Lo|i| | | <

Co| Co| 0| | S| Co| Sof Co

Proof This follows directly from Corollary 3.22 and the following table of r#s for small r, s that we
can find in [5] or [9, Theorem 12.21].

r#s

—_

10
11
12
13
14
15
16
16

QO CO| O O x| = DN DN DN
0| CO| OO ~J| | = | | W
CO| CO| OO| QO W | | | | >
Q0| CO| CO| QO COf 3| O Ut O
C0| CO| Co| CO| Co| CO| O | O
Q0| CO| CO| GO Cof CO| CO| | I
C0| Co| Co| Co| Co| Co| Co| Co| Co

O 00| | O U x| W DO =] =

O 00| | | U x| W N

—
e}
—_
—_
—_
[\
—_
w
—_
>~
—
ot
—_
D

A Some explicit matrix calculations

In order to make a conciser presentation in the main text, we have omitted the verification of the
amicable pair in Lemma 2.14. Let us check it here in this section.
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For the first axiom, we have

For the second axiom, we have

A, 0N (-1, 0
12 7 _ n _
47 = <o —Ai) - ( 0 —In> = —Ion.

2
0o I, I, 0
Ag%rl = (In 0) = ( 0 In) = -1,

2
2 _ (Bi 0 (I, 0\ _
B = (0 -5;) “\o 1,) =P
2
2 0 I, I, O
Bé—&-l = <]n 0 = 0 [n = IQn.

For the third axiom, we do a case-by-case check.

e Fori,j€{l,...,s} and i # j, we have AjA’ = —A’Aj. In fact,

co (A 0N (A 0\ _ (A4 0

coo (A 0N (A 0\ (A4 0
_AJ‘AZ‘_<0 Aj)\0 —A;) 0 —AA;

e Foric {l,...,s}, we have AjA) | = —A] A} In fact,

Y _ Ai 0 0 —In o 0
= (5 )0 )= (0

/ !/ O In Az O _ 0 ;
— A di = <—In 0> (0 —Ai> - (—AZ- 0

e Fori,je{l,...,t} and i # j, we have BB} = —B}B;. In fact,

Il Bi 0 Bj 0 _ BiBj 0
BiBj_(o —BZ-)<0 -B;j) ~\ 0 BB

i (~B; ON(Bi 0\ _[(-B;Bi 0
BjBi_(o Bj)<o Bi>_< 0 —B;B
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Forie {1,...

Forie {1,...,

Forie {1,...,

Forie{1,...

,t}, we have BiB;, | =

t}, we have A)B; | =

s}, we have AjBj, | = —Bj | A;].

,t}, we have A | B] =

!/ ! —_
We have A{ 1 B;,, =

—B;_,Bj. In fact,

Bi 0 0 -1\ _
mo = (0 5) ()= (5
;o (0 LN(Bi 0Y _ (0 -B
_BtHBi_(—In 0)(0 —Bi>_<—Bi 0)'

—Bj A} In fact,

o (A 0 0 —-I,\ (0 A
AiBuy = (o ~A)\5. 0 )74 o
,ou (0 LN (A 0N _ [0 A
Bipadi = (In o) <o Ai) = (Ai 0)
In fact,

v (Ai 0 0 L\ [0
= (5 5 (0 §) =

0 I,\ (A 0
~ B di = (In 0) < 0 —A4
—Bj A} In fact,

0 —I.) (B
o= (i, ) (0 ) =(5 )
;g _ (B 0 0 -L,\_(0 B
_Bt+1Ai<0 B)(I 0)(31- 0)'

—Bj 1A, In fact,
A B, 0 —I\(0 I\ (-1 0
Bi = I 0 I 0) \o 1I)°
, 0 I\(0 -1\ (I 0
Bt+1As+1 (I 0) (I O>_(O I)

B Code implementations of three lemmas using Mathematica

In this appendix, we present a code implementation of the three lemmas about the amicable pairs as

stated in Section 2.4.

(¥*Define matricesx*)

sigma0 = {{1, 0}, {0, 1}};
sigmal = {{0, 1}, {1, 0}};
sigma2 = {{0, -1}, {1, 0}};
sigma3 = {{1, 0}, {0, -1}};
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(*Construction lemmax)
construction[S_, T_] :=
Module[{SO = {}, TO = {}, i = 1, n = Length[T[[1]1]1]1},
While[i <= Length[S],
SO = Append[SO, KroneckerProduct[sigma3, S[[1]]]1];
i++;
1
SO = Append[SO, KroneckerProduct[sigma2, IdentityMatrix[n]]];
i=1;
While[i <= Length[T],
TO = Append[TO, KroneckerProduct[sigma3, T[[i]]11]1;
it+
1;
TO = Append[TO, KroneckerProduct[sigmal, IdentityMatrix[n]]];
{S0, TO}
]

(*Shift lemmax)
shift[S_, T_] := Module[{S1 =S, T1 = T},
If [Length[T] >= 4,

B1 = T[[1]];
B2 = T[[2]];
B3 = T[[3]];
B4 = T[[4]];
S1 =

Join[S, {B1 . B2 . B3, B1 . B2 . B4, B1 . B3 . B4, B2 . B3 .

T1 = Dropl[T, 4];
1;
{s1, T1}];

(*Expansion lemmax)
expansion([S_, T_] :=
Module[{n = Length[S[[1]]1], S1 =S, T1 =T, i = 1},
total = IdentityMatrix[n];
If [Mod[Length[S] - Length[T] - 2, 4] == 0,
While[i <= Length[S],
total = total . S[[il];
i++];
i=1;
While[i <= Length[T],
total = total . T[[i]];
i++];
S1 = Append[S, totall
1;
{s1, T1}
]

= {}; T = {{{1}}};
1; b = 2;
i=1;

[ P]
|
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While[i <= 4 a + b,
res = construction[S, T];
S = res[[1]]; T = res[[2]];
i++];
{MatrixForm /@ S, MatrixForm /@ T}
While[Length[T] >= 4,
res = shift[S, T];
S = res[[1]]; T = res[[2]];]

{MatrixForm /@ S, MatrixForm /@ T}
i=20;
While[i <= Length[T],

If[Mod[Length[S] - Length[T] + i - 2, 4] == 0,

T = Drop[T, il;

res = expansion[S, T];

S =res[[1]]; T = res[[2]];

1

it+

1
{MatrixForm /@ S, MatrixForm /@ T}
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This project originates from the following math competition problem. Find the maximal number
k such that for any coefficients a1, b1, c1,d1,. .., ak, by, cx, di, the following system of equations

TW =Yz
ax+biy+ciz+diw=0

axT + by + cxz + dpw =0

always have a nonzero solution.We try to generalize this problem and conduct research on its broader
implications. This investigative pursuit ultimately culminates in the inception of this project.
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