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Abstract

In this paper, we redefine sequences such as A002605, A155020, A028860,
A063727, and A057087 by using the number of ways to tile a board length n
using different colors of squares and dominoes to represent the numbers in the
sequence. Moreover, we discuss the algebraic identities of sequence A002605 by
conditioning on the location of the last square or last blue tile or last fault and
introducing them to other sequences such as A063727 as well as A057087 by
changing the coeflicients of the formulas.
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1 Introduction

The Pell number dates back to 250 BC, when it was first introduced by the
Greek mathematician Pythagoras. The Pell number can also be represented by
the number of ways to tile a strip of length n using two colors of squares and
one color of dominoes only.

Based on the Pell number, let us define g,, to be the number of ways to tile
a board of length n with two colors of squares (of width 1) and two colors of
dominoes (of width 2). If we look at the different ways to arrange a board of
length 2, as shown:

Figure 1: Tilings for a strip of length n = 2

We see that there are 6 ways to tile a strip of length 2 using red or blue
squares and red or blue dominoes. Hence, g2 = 6.

Here are some more values for g, :

The first few values for g,.

3 4 ) 6 7 8 9
16 44 120 328 896 2448 6688

n‘—l
gn | O

0 1
1

2
2 6

This is a sequence in the OEIS! It’s right here: A002605.

Specifically, for n > 0,

gn = Gn+1~
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where G, is the actual numbers in the sequence A002605. For combinatorial
convenience, we shall express most of our identities in terms of g, instead of

Gp.
Very quickly, we see the following pattern established:
In = 20n—1 + 2gn—_2

To prove this, we first consider all tilings ending with a square. There will be
gn—1 ways of tiling the rest of the strip. With the two colors of squares available,
there will be 2g,,_1 ways to tile the strip. Alternatively, we consider all tilings
ending with a domino. There will be g,_o ways of tiling the rest of the strip.
With the two colors of dominoes available, there will be 2g,,_o ways to tile the
strip. Together, we get the identity above.

Inspired by the book “Proofs That Really Count” by Art Benjamin and
Jennifer Quinn, which introduces a lot of beautiful identities primarily concern-
ing the Fibonacci numbers, we decided to find new theorems concerning the
sequence of g,,.

2 New Theorems

2.1 The sequence g,

Here is our very first theorem. Again, let g, be defined as the number of ways
to tile a strip of length n with two colors of squares (of length 1) and two colors
of dominoes (of length 2). For convenience, we will say that the two colors are
red and blue. Also, for convenience, we will define g_; to be 0, because of course
there is no way to tile a strip of length —1 since length —1 doesn’t even exist.

Here is our first theorem about these numbers.

Theorem 1. For n > 0, we have

290 + gp i1 = Gan+2-

Proof. How many tilings exist for a (2n 4 2)-board using two colors of squares
and two colors of dominoes?

Answer 1: There are gap+2 tilings of a (2n + 2)-board.

Answer 2: [2] We condition on whether the tiling is breakable at cell (n+1)
of the length (2n + 2)-board. If the tiling is breakable at cell (n + 1), there are
g2, ways to tile the strip. If the tiling is unbreakable at cell (n + 1), with two
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Figure 2: Breakability at cell (n + 1)

colors of domino for cell (n + 1), there are 2g2 ways to tile the strip. Hence the
total number of ways to tile the strip length (2n + 2) with two colors of square
and two colors of domino would be 2¢2 + g2 ;.

Since the two answers must be the same, we conclude that

297 + 9%-4—1 = G2n+2-

To prove this theorem, we can also use the following algebraic method.

Proof. From A002605, we have
gn=(1+VB)" - (F+) + (1= VB)"- (F+ ).

By using the formula of g,, to represent the left hand side of the theorem we
get

2[4+ V)" (5 + ) + (1= V)" (G + PP+ [+ VI (548 +
(L= V3™ (5 + )1

After simplifying the expression, we will get

(14 V3™ - (6+2v3) - (5+6)° + (1= V3P (6-2v3) - (5 - %)’

which equals to

(14 VB (14 VB (5 + ) + (1= VB - (1= V37 (5 = )
and we will soon get

(1+V3)2H2 (3 4+ ) 4 (1- VB)2 42 (5 — L) = gy,
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Although the sequence g,,’s identities can be proved by a myriad of methods,
we find the combinatorial approach ultimately satisfying. Through the compar-
ison of the two approaches used to prove Theorem 1, the method of tiling will
be applied in the following proofs of sequences’ identities for its convenience in
calculation.

Theorem 2. Forn >0, we have

n
—k+1
9on+1 = Zg% AR
k=0

Proof. How many tilings of a length 2n + 1 tiling exist?

Answerl: By definition, there are go,11 such tilings.

‘ . 92"'2

2n-2  2n-1 2n  2n+1

2
‘ . ‘ — ?

. ‘ ‘ ‘ ‘ ‘ % 2"+1

Figure 3: Tile a 2n+1-board with squares and dominoes and condition on the
location of the last square

Answer2: [2] Condition on the location of the last square. Since the board
has odd length, there must be at least one square and the last square occupies
an odd-numbered cell. There are gof tilings where the last square occupies cell
2k + 1, as illustrated in Figure 3. Considering the colors of square and domino,
the number of ways to tile the strip is gop -2"*t1. Hence the total number of

tilings is
n
Z gor - 2"
k=0

Theorem 3. For n > 1, we have

n

Z(gi—l + gi—2) - fnei = gn — fn.

i=1



and we can re-write this in a more pleasing format as the following:

Zgi o = 2(911 - fn)
=1

Proof. How many tilings exist to tile a length (n) board with at least one blue
tile?

Answer 1: There are (g,) tilings in total of a (n) board. If we exclude
the “all red” tilings, then we are excluding f,, such tilings (because f,, gives the
number of ways to tile a board with just one color of squares and dominoes).
So, this gives (g, — fn) tilings with at least one blue tile.

Answer 2: [2] Condition on the last blue tile of a n board, which will cover
cell 7 (if a square) and cells i — 1 and 4 (if a domino). There are (g;—1) tilings
to the left of the blue square, and (g;—2) tilings to the left of the blue domino;
since this last blue tile is EITHER a square OR a domino, then we have in all
(gi—1 + gi—2) such tilings. On the right, we have red tiles covering cell (i + 1)
to cell (n), and so there are (f,—;) ways to tile the rest of the board.

cell number i

cell numbers
i-1andi

Figure 4: Condition on the last blue tile

Combining the tilings on the left AND the tilings on the right gives us
(gi—1 + gi—2) - fn—i such tilings.
Summing up all such tilings gives us

n

Z(gifl + gi—2) * fn—i-

i=1

Since the two answers must be the same, we conclude that

n

D (Gi1+i2) fai=gn— fn-

i=1



Theorem 4. Forn >0,

n
Zgiz L2n = In * Gn+1-
=0

Proof. How many tilings of a (n)-board and (n + 1)-board exist?
Answer 1: By definition, there are g,¢,+1 such tilings.

Answer 2: [2] How many tiling pairs have their last fault at cell i, where
0<i<n?

!
J
i

B

Figure 5: Consider the place of the last fault

There are g2 ways to tile both boards through cell i. To avoid future faults,
there is exactly one configuration of squares and dominoes to finish the tiling, as
in Figure 5. (Specifically, all tiles after cell ¢ will be dominoes except for a single
square placed on cell i + 1 in the row whose tail length is odd.) Now we have to
remember that all these squares and dominoes can be one of two possible colors,
and there are n — i dominoes and 1 square in finishing up the tiling. Summing
over all possible values of i, and considering the colors of squares and dominoes,
gives us

n
Zgiz L2nHE 9n * Gn+1-
=0

Theorem 5. Forn > 1,

Gon — 2" = 12" + 32" + 952" % + -+ g2n—32% + gon—12".

Proof. How many ways are there to tile a length-2n strip with at least one
square?

Answer 1 : There are go, tilings of a 2n board. Excluding the “all domino”
tiling gives gs, — 2" tilings with at least one square.

Answer 2 : Condition on the location of the last square.
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Figure 6: Consider the place of the last square

There are g; tilings where the last square covers cell g,,11.(Specifically, ¢ must
be odd since the total length and the cells left for dominoes must be even.) This
is because cells 1 through ¢ can be tiled in g, ways, cell g,4+1 must be covered
by a square, and cells n 4+ 2 through 2n must be covered by dominoes. Hence
the total number of tilings with the restriction of at least one square exists is
912" + 932" + 952" 2 4 - 4 gan 327 4 gan 12"

Thus, we have

Gon — 2" = 12" + 932" + 952" % + -+ g2n—32% + gan_12".

Theorem 6. Forn >0,

n
1—: 2
Z2n+ " gi = Gn2 —2nt2,

1=0

Proof. How many tilings of an n+2-board use at least one domino?

Answer 1: There are g,4o tilings of an n + 2-board. Excluding the “all
square” tiling gives g,y - 2" 1?2 tilings with at least one domino.

Answer 2: We concider the location of the last domino.

There are g; tilings where the last domino covers cells ¢ + 1 and ¢ + 2. This
is because cells 1 through ¢ can be tiled in g; ways, cells ¢ + 1 and ¢ 4+ 2 must be
covered by a domino, and cells ¢ + 3 through n + 2 must be covered by squares.
Hence the total number of tilings with at least one domino is > , 2" ~%. g;.
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Figure 7: Consider the place of the last domino

Thus, we have

n
1—2 2
ZTH- i i = Gnio — on+2.

=0

Theorem 7. Forn >0,

n
Zgn. (k) "9k-1 = 92n-1-

Proof. How many (2n-1)-tilings exist?
Answerl: By definition, there are gs,,_1 ways to tile the strip.

Answer2: Condition on the number of squares that appear among the first
n tiles. Observe that a (2n — 1)-board must include at least n tiles, of which at
least one is a square. If the first n tiles consist of k£ squares and n — k dominoes,
then these tiles can be arranged (Z) ways. Considering the color of tiles as well,
there will be 2™ - (2) ways to cover cells 1 through 2n — k. The remaining board
has length £ — 1 and can be tiled g;_; ways.

O

Theorem 8. Forn >0,

n n—1 n—2
9m . gn—1, on—=2, cee = g
()0 ) e (75 7) o



Proof. We ask, how many tilings of a n board exist?
Answer 1: There are g, such tilings.

Answer 2: We condition on the number of dominoes. How many n-tilings
use exactly ¢ dominoes? For the numbers of tilings to not be zero, 0 < i < 7.
Thus, n — 2¢ squares will be used and in total, n — ¢ tiles. The number of ways
to select i of these n — i tiles to be dominoes is (n:’) Taken the number of

colors into consideration, there will be 27~%. (";Z

are Eizo n—i., (";’) n-tilings.

) tilings in total. Hence, there

Thus, we have

S () =

i>0

Theorem 9. Forn >0,

ZZT% <nj— Z> QnTi <n2_‘7> “2 = gont1.

i>0 j>0

Proof. How many ways are there to tile an 2n+1-board ?
Answer 1: By definition, there are go,41 ways.

Answer 2: We condition on the number of dominos on each side of the
median square. How many tilings contain exactly ¢ dominoes to the left of the
median square and exactly j dominoes to the right of the median square?

There are i+ j dominoes in total. Consequently, the number of squares
is 2n+ 1 —2(i + j), with n — ¢ — j squares on each side of the median square.
With n — j tiles on the left side of the median square, there are (";j ) ways to
choose ¢ dominoes from the n — j tiles. Considering the color of the tiles, there
are 2"7J (”:]) ways to tile the left side. Similarly, there are 2"* (”J_‘) ways to

tile the right of the median square. Hence, there are } ;5> 5 on—i ("J_Z) .

o=y (";J ) - 2(considering the color of the median square) tilings altogether.

As i and j vary, we obtain the total number of (2n + 1)- tilings as

ZZT—Z(n]—Z> _gn— (nZ—J> L= gomer.

i>0 j>0

10



The next identity is based on the fact that for any ¢ > 0 a tiling can be
broken into segments so that all but the last segment have length ¢ or ¢ + 1.

Theorem 10. For m,p,t >0

P

P\ i p—1

Im+(t+1)p = E (Z->g1ztgfl Im+i-
=0

Proof. How many (m + (¢t + 1)p)-tilings exist?
Answerl: g, (t41)p-

Answer2: For any tiling of length m + (¢t + 1)p, we break it into p+1
segments of length 71, j2, j3, -, jp+1. For p >4 > 1, j; = t unless that would
result in breaking a domino in half-in which case we let j; = ¢t + 1. Segment
p + 1 consists of the remaining tiles. Count the number of tilings for which ¢ of
the first p segments have length ¢ and the other p — 7 segments have length ¢ + 1.
These p segments have total length it + (p — i)(t + 1) = (¢t + 1)p — ¢. Hence jp41
= m +i. Since segments of length ¢ can be covered g; ways and segments of
length ¢t 4+ 1 must end with a domino and can be covered g;_1 ways, there are
exactly (?) 916" gms such tilings.

- Bg
5 Ja=4 ja=5 remaining tiles

H“

n

Figure 8: An example of t = 4 and p = 3

Theorem 11. Forn > 0 and n is even,

2
n—2k+4 n

27 g 222 > g1+ 27 42 g,

k=0 k=0

Proof. We question on the number of ways an n+1-board be tiled using squares
and dominoes.

Answer 1: Condition on the location of the last square. Since n + 1 is odd,
the last square must exist on an odd cell. For 0 < 2k + 1 < n + 1, the number of

n—2k+4+2

ways to tile the rest of a n + 1-tiling with last square on cell 2k +1is 2™ 2 .
For the tilings in front of the last square, there are gop, ways. Altogether, the

number of ways to tile n+1-tilings is Zk%:O 25t - g2k

11
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2k+1 n n+1

BT T
- . -

2k+1 n n+1

Figure 9: Condition on the location of the last square or the first tile

Answer 2: There are g,_1 such tilings that begin with a domino. Consid-
ering the color, there are 2 - g,,_1 ways in total. Among those that begin with
a square, we condition on the last square. There is one tiling consisting of a
single square followed by all dominoes, considering the colors as well, there will
be 213 tilings in total. For 3 < 2k + 1 < n + 1, the number of n+1 tilings that
begin with a square and whose last square occurs at cell 2k + 1 is

n
2 n—2k+4
52 .
k=0

Altogether, we have

|3

n—2k+4 n
272 g +2ME 4209, .
k=0

O

The above identities of g, can fit in the following sequences only with a
change of some coefficients.

2.2 The sequence b,

Let us now introduce a new sequence, which we will call b,,, and we define it to
be the number of ways to tile a strip of length n with our two colors of squares
and dominos, but with the added restriction that the first tile must be blue.

For example, b; = 1 because there is just one way to tile a strip of length 1

if we are only able to use a blue tile. Likewise, by direct calculation, b = 3 and
b3 = 8 and so on.

12



Here are some values for b, :

The first few values for b,,.

n‘O 1
1

2 3 4 5 6 7 8 9 10
bo |1 1 3 8

22 60 164 448 1224 3344 9136

This is a sequence in the OEIS! It’s right here: A155020.

Theorem 12. Forn > 3,

2b, 1+ 2b,_o = b,.

Proof. How many tilings of a (n)-board exist when the first tile must be blue?
Answer 1: By definition, there are b,, such tilings.

Answer 2: We consider the last tile. It is either a red or blue square (and
if we remove that square, then we have b,_1 ways to tile the rest), or it is a red
or blue domino (and if we remove that domino, then we have b, _» ways to tile
the rest). Summing up these four cases gives us 2b,_1 + 2b,_2 in all.

Comparing the two answers gives us b, = 2b,,_1 + 2b,,_2, as desired.

Theorem 13. Forn > 1,

Proof. How many tilings of a (n)-board exist when the first tile must be blue?
Answer 1: By definition, there are b,, such tilings.
Answer 2: We consider the tilings of the first two or three cells.

With the restriction that the first cell must be blue, there would be three
ways to tile them (starting with a blue square and followed by a square or
starting with a blue domino.) and g,,—2 ways to tile the rest of the strip or two
ways to tile them (starting with a blue square followed by a domino.) with g,_3
ways to tile the rest of the strip. In total, there are 3g,_2 + 2¢g,—3 ways to tile
the strip. According to the identity:

For n > 2,
2971—1 + 29n—2 = Gn-

We have b, = 3¢n—2 + 2¢n—3 = gn—1 + gn—2. So, we have b, = %

13
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il |
L1 |
L |
N |

Figure 10: Tilings for a strip of length n with the first cell blue.

2.3 The sequence s,

Let’s define s, to be the number of ways to tile a strip of length n with our two
colors of squares and dominoes, but with the added restriction that the first tile
must be square.

For example, s; = 2 because there are two ways to tile a strip of length 1
(with two colors of square.) Likewise, by direct calculation, so = 4 and s3 = 12
and so on.

Here are some values for s, :

The first few values for s,,.

n ‘0 1 2 3 4 5 6 7 8 9 10
sn‘O 2 4 12 32 88 240 656 1792 4896 13376

This is a sequence in the OEIS! It’s right here: A028860.

Theorem 14. Forn > 2,

28p-1+ 2872 = Sp.

Proof. How many tilings of a (n)-board exist when the first tile must be a
square?

Answer 1: By definition, there are s, such tilings.

14
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Answer 2: We consider the tilings of the first cell. With the restriction
that the first cell must be square, there would be two ways to tile them and
Jn—1 Ways to tile the rest of the strip. According to the identity:

For n > 2,

2971—1 + 29n—2 = 0gn-
We have 2g,,_1 = 4¢g,,_2 + 49, 3. According to the identity: s, = 2¢g,_1
We have 2s,_1 + 28,_9 = S,.

O

Similarly, the ways of tiling the strip of a (n)-board with the restriction of
the first tile must be a domino will also get the sequence of s,, but with a
starting value of s1=0 and so=2.

Theorem 15. Forn > 1,

Sn4+1 = 29n = 4by,.

Proof. How many tilings of a (n + 1)-board exist when the first tile must be a
square?

Answer 1: By definition, there are s,1 such tilings.

Answer 2: We first exclude the first cell of the board and consider the
tilings of the rest of the board which is g, according to definition. Considering
the color of the first tile, in total there are 2g,, ways to tile the board. According
to the identity:

Forn > 1,

bn = 59n

We have s, 11 = 2¢g, = 4b,.

2.4 The sequence c,

Let’s define ¢, to be the number of ways to tile a strip of length n with four
colors of squares and two colors of dominoes. For convenience, we will say that

15



the four colors of dominoes are red, blue, , and brown. The two colors of
squares are still red and blue.

For example, ¢; = 2 because there are two ways to tile a strip of length 1
(with two colors of square.) Likewise, by direct calculation, co = 8 and ¢3 = 24
and so on.

Here are some values for ¢, :

The first few values for c,.

n|0 1 2 3 4 5 6 7 8 9 10
ca |1 2 8 24 80 256 832 2088 8704 28160 91136

This is a sequence in the OEIS! It’s right here: A063727.

Theorem 16. Forn > 2,

2Cp_1 +4cp_2 = cp.

Proof. How many tilings of a (n)-board exist when there are two colors of
squares (of width 1) and four colors of dominoes (of width 2) ?

Answer 1: By definition, there are ¢,, such tilings.

Answer 2: We consider the tilings ending with squares. There will be f,,_1
ways to tile the rest of the strip. With the two colors of squares available, there
will be 2¢,,—1 ways to tile the strip. Alternatively, we consider all tilings ending
with a domino. There will be ¢,,_s ways to tile the rest of the tiling. With two
colors of dominoes available, there will be 4¢,,_o ways to tile the strip. Together,
we get 4¢,_o + 2¢,_1 ways of tiling.

We have 4c¢,,_o + 2¢,,_1 = ¢y,

O

According to the direct combinatorial approach used in proving theorems in
gn, we can similarly get the following identities of ¢,,.

For n > 0, we have
2 2
4c;, + €1 = Conyo-

For n > 0, we have

n

E cf ATV 2 =¢p - cpya-
i=0

16
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For n > 0, we have

Cop — 4" =2. (01477'71 -+ 0347172 + 0547173 + 4 CQn_341 + CQn_14O).

For n > 0, we have

n
§ 4277 g = ¢ppg — 272
=0

For n > 0, we have

ZZ‘V”(”]— Z) N (n;j) 2= Cony1-

i>0 j>0

2.5 The sequence i,

Let’s define t,, to be the number of ways to tile a strip of length n with four
colors of squares and four colors of dominoes. For convenience, we will say that
the four colors of dominoes are red, blue, , and brown, so as the square.

For example, t; = 4 because there are four ways to tile a strip of length 1
(with four colors of square.) Likewise, by direct calculation, to = 20 and t3 =
96 and so on.

Here are some values for ¢, :

The first few values for t,.

2 3 4 ) 6 7 8 9

n ‘ 1
4 20 96 464 2240 10816 52224 252160 1217536

tn |

0
1

This is a sequence in the OEIS! It’s right here: A057087.

Theorem 17. Forn > 2,

dt, 1 +4t, o =t,.

Proof. How many tilings of a (n)-board exist when there are four colors of
squares (of width 1) and four colors of dominoes (of width 2) ?

Answer 1: By definition, there are t¢,, such tilings.

Answer 2: We consider the tilings ending with squares. There will be ¢,,_1
ways to tile the rest of the strip. With the four colors of squares available, there

17
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will be 4t,,_1 ways to tile the strip. Alternatively, we consider all tilings ending
with a domino. There will be t,_o ways to tile the rest of the tiling. With four
colors of dominoes available, there will be 4¢,,_5 ways to tile the strip. Together,
we get 4t,_1 + 4,2 ways of tiling.

We have 4t,,_1 + 4t,,_o = t,.

O

According to the direct combinatorial approach used in proving theorems in
gn, we can similarly get the following identities of %,.

For n > 0, we have
42 + 12,1 = tonso.

For n > 0, we have

n
St AT =ty tg.
=0
For n > 0, we have
ton — 4™ = 114" 4+ 134" 4 15472 4 o toy 342 + o, 147

For n > 0, we have

n

Z 47’L7i+1 . tl — tn—‘,—? _ 4n+2’
=0

For n > 0, we have

For n > 0, we have

Zz4n—i (TLJZ) A (TLZ]> R

i>0 j>0

3 Future Work

[1] There is a possible application of the algebraic identities of the sequences
interpreted in this paper which is discovering the number-theoretic aspects of

18



sequences. Below is one proposal waiting to be proven valid in the future in
terms of number theory.

For integers a and b, the greatest common divisor, denoted by gcd(a, b), is
the largest positive number dividing both a and b. It is easy to see that for any
integer x.

ged(a, b) = ged(b, a — bx).

since any number that divides both a and b must also divide b and (a-bx), and
vice versa.

ged(a, b) = ged(b, a — b).

‘We propose,

n—1

For n > 1 and n is odd, gcd(G,, 2G,_1) =272 .

For n > 1 and n is even, ged(G,, 2G,,_1) = 2%.

4 Conclusion

In conclusion, we see that we can use a few common techniques (taken from
Benjamin and Quinn’s book) such as:

1. Looking at location of last colored tile,
Counting how many tilings have at least one square,

Looking at the location of the last fault of two tilings,

Ll

Considering the breakability of the middle cell,

5. Discussing the number of squares or dominoes in the first n tiles.

These gave us a number of different theorems and equations, thus showing that
Benjamin and Quinn’s formulas of the Fibonacci sequence can be applied to
many other different sequences.

Using those combinatorial approach introduced in Benjamin and Quinn’s
book can create identities that can be fit into numerous sequences that only
need to change a few coefficients depending on the combinatorial definition of
the sequence.
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In particular, here’s one nice formula that I discovered and that I added to
the OEIS at A099156.
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https://oeis.org/A099156

References

[1] Arthur T. Benjamin, Naiomi T. Cameron, and Jennifer J. Quinn. Fibonacci
determinants—a combinatorial approach. Fibonacci Quart., 45(1):39-55,
2007.

[2] Arthur T. Benjamin and Jennifer J. Quinn. Proofs That Really Count, vol-
ume 27 of The Dolciani Mathematical Ezxpositions. Mathematical Associa-
tion of America, Washington, DC, 2003. The art of combinatorial proof.

[3] Neil J. A. Sloane and The OEIS Foundation Inc. The On-Line Encyclopedia
of Integer Sequences, 2020, http://oeis.org/.

Acknowledgements

Through out the whole process of writing and polishing this paper, I have re-
ceived a great deal of support.

I want to thank Prof.Greg Dresden, it was because of reading his work on the
integer sequences that stimulated me to start reading books in related fields such
as "Proof that really counts” and deciding to start doing a study individually
about a certain integer sequence. In order to thank him for the inspiration, I
added his name when publishing my formula of g,, on the OEIS.

I would also like to deeply thank Dr.Lingyin Wang in giving me suggestions
on how to order the structure of a complete and appropriate paper in mathe-
matics. The guidance she provided was insightful, which kept motivating me to
came up with new ideas.

Last but not least, I want to thank my parents and darling friends for giving
me constant support whenever I met obstacles in the writing process.

21


http://oeis.org/

	Abstract
	Introduction
	New Theorems
	The sequence gn
	The sequence bn
	The sequence sn
	The sequence cn
	The sequence tn

	Future Work
	Conclusion
	Bibliography
	Acknowledgements

