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韦晗兮
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Abstract

This paper examines the long-wave problem of interfacial waves in a two-layer fluid
system. We analyze the linear stability of the two-layer fluid interface wave system, establish
its Hamiltonian structure, and extend the Dirichlet-Neumann operator, originally defined for
the lower fluid layer, to the upper fluid layer. Using this extended operator, we derive a novel
set of nonlinear equations. By applying asymptotic expansions of the Dirichlet-Neumann
operator under various approximations and combining them with asymptotic analysis, we
derive a series of long-wave model equations for the two-layer fluid interface waves, including
the KdV equation, the fifth-order KdV equation, the mKdV equation, and the Benjamin
equation. We also performed numerical solutions for these model equations, identifying
notable solitary wave solutions, wave-packet solitary waves, and generalized solitary wave
solutions.

Keywords: Dirichlet-Neumann operator; asymptotic analysis; nonlinear waves; inter-
facial waves
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1 Introduction
This paper investigates the mathematical modeling of interfacial waves in a two-layer fluid

system. Interfacial waves, which commonly occur at the boundary between two fluid layers with
different densities, such as ocean layers of varying salinity and temperature, are significant in both
scientific and practical contexts (Phillips and Hasselmann, 1986). These waves, often referred to
as internal waves, play a crucial role in ocean dynamics, influencing mixing, nutrient transport,
and even climate patterns.

The mathematical modeling and well-posedness of interfacial waves in two-layer fluids have
been extensively studied. Early models, like the Korteweg-de Vries (KdV) equation and Benjamin-
Ono equation, relied on the assumptions of weak nonlinearity and weak dispersion. Experiments
have shown that the KdV equation is widely applicable, particularly for long-wave approximations
in interfacial waves (Grue et al., 1999). For nonlinear waves in deep waters, the KdV equation is
even superior to the Benjamin-Ono equation (Koop and Butler, 1981). However, the KdV model
breaks down when wave amplitudes grow large, and nonlinear effects become more significant,
violating the weakly nonlinear assumption of the KdV framework (Helfrich and Melville, 2006).
Phenomena such as broad wave platforms and conjugate flows, observed in experiments and
oceanographic studies (Benjamin, 1966), are beyond the scope of the KdV equation. The modified
KdV (mKdV) equation, introduced by Lee and Beardsley (1974), resolves these issues, effectively
modeling such structures. In cases where capillarity becomes important, the Benjamin equation
(Benjamin, 1992) predicts wavepacket solitary with decaying oscillatory tails, a phenomenon
numerically computed and analyzed by Calvo and Akylas (2003) and predicted theoretically by
Grimshaw et al. (1994) using a fifth-order KdV equation. The wavepacket solitary, bifurcate
from periodic waves with infinitesimally small amplitudes and are characterized by the nonlinear
Schrödinger equation in the small amplitude regimeAkylas (1993).

However, the derivation of these model equations is based on traditional asymptotic anal-
ysis methods, which unavoidably involve solving the Laplace equation, making the derivation
process cumbersome and computationally expensive. One way to simplify the computation is to
avoid directly solving the Laplace equation. Zakharov (1968) made a significant advancement
by choosing energy as the Hamiltonian and using wave height and surface potential as canonical
variables. This demonstrated that the water wave system in a single fluid layer can be treated
as a Hamiltonian system. However, this method still involves solving the Laplace equation and
applying boundary conditions. Later, Craig and Sulem (1993) expanded the Dirichlet-Neumann
operator using a Taylor series and reformulated the kinematic and dynamic boundary conditions
in terms of the canonical variables introduced by Zakharov (1968). This approach avoids solving
the Laplace equation directly, thereby reducing computational effort. It is important to note that
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the above studies are all based on a single fluid layer. Whether these methods can be extended
to two-layer fluids and used to derive model equations for interfacial waves remains an open
question.

This paper addresses this gap by demonstrating that the two-layer interfacial wave system
retains a Hamiltonian structure. Moreover, we extend the Dirichlet-Neumann operator, tradition-
ally applied to the lower fluid layer, to the upper fluid, enabling the derivation of new nonlinear
equations. Using expansions of the Dirichlet-Neumann operator in conjunction with asymptotic
analysis, we derive a series of long-wave model equations for interfacial waves, including the
KdV, fifth-order KdV, mKdV, and Benjamin equations, and present numerical solutions to these
models.

The structure of the paper is as follows. Section 2 outlines the problem formulation, dis-
cusses dispersion relations, and proves that the two-layer interfacial wave system is Hamiltonian.
We also extend the Dirichlet-Neumann operator to the upper fluid layer, along with its Taylor
expansion. Section 3 derives a series of nonlinear long-wave model equations, while Section 4
provides numerical results for the derived models. Finally, Section 5 concludes with a discussion
of the research findings.
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2 Mathematical Formulation

2.1 Governing equations

Figure 1: Diagram of the Two-Layer Fluid Interface Wave Model

Consider two mutually incompressible, ideal, inviscid fluids as shown in Figure (1). The fluids
are bounded by solid walls above and below. When the fluids are at rest, the thicknesses and
densities of the upper and lower layers are denoted as h± and ρ±, where the superscripts + and
− refer to the upper and lower layers, respectively. We establish a Cartesian coordinate system
with the y-direction aligned with the opposite direction of gravity. The interface between the two
fluid layers when at rest is located at y = 0, and the x-direction is horizontal. We examine the
irrotational flow of the fluids; indeed, for ideal, inviscid, and incompressible fluids, irrotationality
is preserved as long as it is initially present, in accordance with Helmholtz’s theorem (Kundu
et al., 2016). Consequently, the flow is potential, and the potential functions ϕ± for the upper
and lower layers of fluid satisfy Laplace’s equation:

ϕ+
xx + ϕ+

yy = 0, η < y < h+, (1)

ϕ−
xx + ϕ−

yy = 0, −h− < y < η, (2)

6
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where, η = η(x, t) represents the shape of the interface between the two fluid layers. At the inter-
face between the two fluid layers, the kinematic and dynamic boundary conditions are satisfied
as follows:

ηt = ϕ+
y − ηxϕ

+
x , y = η(x, t), (3)

ηt = ϕ−
y − ηxϕ

−
x , y = η(x, t), (4)

ρ−
[
ϕ−
t +

1

2

∣∣∇ϕ−∣∣2 + gη

]
− ρ+

[
ϕ+
t +

1

2

∣∣∇ϕ+
∣∣2 + gη

]
− σηxx

(1 + η2x)
3/2

= 0, y = η(x, t), (5)

where, ∇ :=
(

∂
∂x
, ∂
∂y

)
is gradient operator, σ denotes the surface tension coefficient. At the fixed

wall boundaries of the upper and lower layers, the no-penetration boundary condition is satisfied:

∂ϕ±

∂y
= 0, y = ±h±. (6)

2.2 Linear stability analysis

We first investigate the linear theoretical solution to equations (1)-(6). Without loss of
generality, we consider a linear solution of the form for η:

η = η̂ei(kx−ωt), (7)

Thus, using the method of separation of variables, it is straightforward to solve equations (1),
(2), and (6):

ϕ± = ϕ̂± cosh
(
|k|
(
y ∓ h±)) ei(kx−ωt). (8)

Substituting equations (7) and (8) into the linearized equations (3), (4), and (5), and setting
y = 0, we obtain:

− iωη̂ = −|k|ϕ̂+ sinh
(
|k|h+

)
,

− iωη̂ = |k|ϕ̂− sinh
(
|k|h−) ,

iω
[
ρ+ϕ̂+ cosh

(
|k|h+

)
− ρ−ϕ̂− cosh

(
|k|h−)]+ (ρ− − ρ+

)
gη̂ + σk2η̂ = 0,

(9)

From the above three equations, it is straightforward to derive the dispersion relation:

ω2 =
|k| ((ρ− − ρ+) g + σk2)

ρ− coth (|k|h−) + ρ+ coth (|k|h+)
. (10)

According to linear stability theory, the system is linearly stable when ω2 > 0, while ω2 <

0 indicates linear instability. From the dispersion relation, it is evident that surface tension
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contributes to the stability of the system. When considering gravitational effects, if ρ− > ρ+,
where the density of the lower fluid is greater than that of the upper fluid, gravity acts to stabilize
the system. Conversely, if ρ− < ρ+, with the lower fluid being less dense than the upper fluid,
gravity destabilizes the system, leading to the Rayleigh-Taylor instability. In this latter case, a
critical wavenumber kc exists:

kc =

√
(ρ+ − ρ−) g

σ
, (11)

For wavenumbers k > kc, linear waves are stable, whereas for k < kc, they are unstable. Thus, in
the long-wave limit, where k → 0, the system is stable only if ρ− > ρ+. In the short-wave limit,
where k → ∞, the system remains stable regardless of whether ρ− > ρ+ or ρ− < ρ+.

2.3 Hamilton structure

In this section, we will show that, given equations (1), (2), and (6), the equations (3),
(4), and (5) can be expressed as a Hamiltonian system. Zakharov (1968) first demonstrated
that deep-water gravity waves are equivalent to a Hamiltonian system by utilizing energy as the
Hamiltonian and surface wave height η and surface potential function ξ(x, t) = ϕ (x, η(x, t), t) as
canonical variables. Inspired by Zakharov (1968), we will define the surface potential functions
for the upper and lower fluid layers as ξ± = ϕ± (x, η(x, t), t) and note that:

∂ξ±

∂t
=

(
∂ϕ±

∂t
+

∂ϕ±

∂y
ηt

) ∣∣∣∣
y=η(x,t)

. (12)

Combining equations (3) and (4), we obtain:

∂ϕ±

∂t

∣∣∣∣
y=η(x,t)

= ξ±t − ϕ±
y

(
ϕ±
y − ηxϕ

±
x

) ∣∣
y=η(x,t)

. (13)

Substituting equation (13) into equation (5), we obtain:

ρ−
[
ξ−t +

1

2

(
ϕ−
x

)2 − 1

2

(
ϕ−
y

)2
+ ϕ−

y ϕ
−
x ηx + gη

]
− ρ+

[
ξ+t +

1

2

(
ϕ+
x

)2 − 1

2

(
ϕ+
y

)2
+ ϕ+

y ϕ
+
x ηx + gη

]
− σηxx

(1 + η2x)
3/2

= 0, y = η(x, t).

(14)

The total energy is chosen as the Hamiltonian:

H =
ρ−

2

∫
R

∫ η

−h−
|∇ϕ−|2dxdy + ρ+

2

∫
R

∫ h+

η

|∇ϕ+|2dydx

+
g (ρ− − ρ+)

2

∫
R
η2dx+ σ

∫
R

(√
1 + η2x − 1

)
dx.

(15)

8
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In equation (15), the first two terms represent the kinetic energy, the third term denotes the
gravitational potential energy, and the fourth term signifies the surface tension potential energy.
Applying Green’s theorem, the kinetic energy component of the Hamiltonian can be transformed
into:

Ek =
ρ−

2

∫
R

∫ η

−h−
|∇ϕ−|2dxdy + ρ+

2

∫
R

∫ h+

η

|∇ϕ+|2dydx

=
ρ−

2

∫
l

ξ−
∂ϕ−

∂n
dl − ρ+

2

∫
l

ξ+
∂ϕ+

∂n
dl

=
ρ−

2

∫
R
ξ−

∂ϕ−

∂n

√
1 + η2xdx− ρ+

2

∫
R
ξ+

∂ϕ+

∂n

√
1 + η2xdx

, (16)

where, n = (−ηx, 1)/
√

1 + η2x represents the outward normal direction to the curve in the lower
fluid region, and dl denotes the differential line element along the curve. The normal derivative
can be expressed using the Green’s function for the boundary value problem of the Laplace
equation:

∂ϕ±(l)

∂n
=

∫
G(l, l1)ξ

±(l1)dl1, (17)

where, l and l1 represent points on the interface y = η(x, t). The Green’s function is symmetric,
i.e., G(l, l1) = G(l1, l). Consequently, the variation of the kinetic energy contains four terms:

δEk =
ρ−

2

∫
l

δξ−(l)
∂ϕ−(l)

∂n
dl + ρ−

2

∫
l

ξ−(l)
∂δϕ−(l)

∂n
dl

−ρ+

2

∫
l

δξ+(l)
∂ϕ+(l)

∂n
dl − ρ+

2

∫
l

ξ+(l)
∂δϕ+(l)

∂n
dl.

(18)

Exploiting the symmetry of the Green’s function, Equation (18) can be simplified to:

δEk = ρ−
∫
l

δξ−(l)
∂ϕ−(l)

∂n
dl − ρ+

∫
l

δξ+(l)
∂ϕ+(l)

∂n
dl

= ρ−
∫
R
δξ(x)−

∂ϕ−

∂n

√
1 + η2xdx− ρ+

∫
R
δξ(x)+

∂ϕ+

∂n

√
1 + η2xdx

=

∫
R
δ
(
ρ−ξ−(x)− ρ+ξ+(x)

) ∂ϕ−

∂n

√
1 + η2xdx

=

∫
R
δ
(
ρ−ξ−(x)− ρ+ξ+(x)

) ∂ϕ+

∂n

√
1 + η2xdx.

(19)

Inspired by (19), new canonical variables η and ξ = ρ−ξ− − ρ+ξ+ are introduced. Based on
Equation (15) and Equation (19), the variation of the Hamiltonian with respect to the canonical
variable ξ can be obtained:

δH
δξ

=
δEk

δξ
=

∂ϕ±

∂n

√
1 + η2x = ϕ±

y − ηxϕ
±
x , y = η. (20)

9
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Thus, by combining Equations (3), (4), and Equation (20), we immediately obtain:

ηt =
δH
δξ

. (21)

Next, the variation of the Hamiltonian with respect to η, while keeping ξ constant, is considered.
The variation of the potential energy with respect to η is:

δEp

δη
=

δ

δη

[
g (ρ− − ρ+)

2

∫
R
η2dx+ σ

∫
R

(√
1 + η2x − 1

)
dx
]

= g
(
ρ− − ρ+

)
η − σηxx

(1 + η2x)
3/2

.
(22)

The variation of the kinetic energy with respect to η is:

δEk =
ρ−

2

∫
R
|∇ϕ−|2δηdx+ ρ−

∫
R

∫ η

h−
∇ϕ− · ∇δϕdydx

− ρ+

2

∫
R
|∇ϕ+|2δηdx+ ρ+

∫
R

∫ h+

η

∇ϕ+ · ∇δϕdydx

=
ρ−

2

∫
R
|∇ϕ−|2δηdx− ρ+

2

∫
R
|∇ϕ+|2δηdx

+ ρ−
∫
R

(
−ϕ−

y + ηxϕ
−
x

)
ϕ−
y

∣∣
y=η

δηdx− ρ+
∫
R

(
−ϕ+

y + ηxϕ
+
x

)
ϕ+
y

∣∣
y=η

δηdx.

(23)

Thus, by combining equations (14), (22), and (23), we can obtain:

ξt = − δ

δη
(Ek + Ep) = −δH

δη
. (24)

Therefore, we have demonstrated that the interfacial wave system of a two-layer fluid is a Hamil-
tonian system:

ηt =
δH
δξ

,

ξt = −δH
δη

.

(25)

The earliest proof was given by Benjamin and Bridges (1997), but they did not consider capillary
forces. Here, we take into account the effect of capillary forces and prove that the interfacial wave
system with capillary forces is still a Hamiltonian system.

2.4 Dirichlet-Neumann operator

In this section, the well-known Dirichlet-Neumann (DtN) operator, initially introduced and
expanded by Craig and Sulem (1993), will be discussed. The DtN operator transforms Dirichlet
boundary conditions into Neumann boundary conditions, thereby eliminating the need to solve the

10
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Laplace equation directly. This approach significantly reduces the computational effort involved
in deriving model equations. It is important to note that the DtN operator introduced by Craig
and Sulem (1993) is specific to the lower fluid layer, and an extension to the upper fluid layer is
necessary.

First, the DtN operator for the lower fluid layer will be described. This operator is applied
to the potential function ϕ−(x, y) that satisfies the following boundary value problem:

ϕ−
xx + ϕ−

yy = 0, −h− < y < η,

ϕ−
y = 0, y = −h−,

ϕ− = ξ−, y = η.

(26)

At this point, the Dirichlet-Neumann (DtN) operator for the lower fluid layer is defined as:

G−ξ− =
(
ϕ−
y − ηxϕ

−
x

) ∣∣
y=η(x,t)

=
∂ϕ−

∂n

√
1 + η2x. (27)

Similarly, the Dirichlet-Neumann (DtN) operator for the upper fluid layer is defined for the
function ϕ+(x, y) satisfying the following boundary value problem:

ϕ+
xx + ϕ+

yy = 0, η < y < h+,

ϕ+
y = 0, y = h+,

ϕ+ = ξ+, y = η.

(28)

Thus the DtN operator for the upper fluid is defined as:

G+ξ+ =
(
ηxϕ

+
x − ϕ+

y

) ∣∣
y=η(x,t)

= −∂ϕ+

∂n

√
1 + η2x. (29)

By introducing the Dirichlet-Neumann (DtN) operators for the upper and lower fluids, as defined
in equations (27) and (29), the kinematic boundary conditions (3) and (4) can be rewritten as:

ηt = −G+ξ+ = G−ξ−. (30)

Note，
ξ±x = ϕ±

x + ϕ±
y ηx. (31)

By combining the above with (3) and (4), we obtain:

ϕ±
x =

ξ±x − ηtηx
1 + η2x

, (32)

ϕ±
y =

ηt + ηxξ
±
x

1 + η2x
, (33)

11
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and
ρ−
[
ξ−t +

1

2

(
ϕ−
x

)2 − 1

2

(
ϕ−
y

)2
+ ϕ−

y ϕ
−
x ηx

]
− ρ+

[
ξ+t +

1

2

(
ϕ+
x

)2 − 1

2

(
ϕ+
y

)2
+ ϕ+

y ϕ
+
x ηx

]
= ρ−

[
ξ−t +

1

2

(
ξ−x − ηtηx
1 + η2x

)2

− 1

2

(
ηt + ηxξ

−
x

1 + η2x

)2

+
ξ−x − ηtηx
1 + η2x

· ηt + ηxξ
−
x

1 + η2x
· ηx

]

− ρ+

[
ξ+t +

1

2

(
ξ+x − ηtηx
1 + η2x

)2

− 1

2

(
ηt + ηxξ

+
x

1 + η2x

)2

+
ξ+x − ηtηx
1 + η2x

· ηt + ηxξ
+
x

1 + η2x
· ηx

]

= ρ−

[
ξ−t +

1

2

(
ξ−x
)2 − (ηt + ηxξ

−
x )

2

2 (1 + η2x)

]
− ρ+

[
ξ+t +

1

2

(
ξ+x
)2 − (ηt + ηxξ

+
x )

2

2 (1 + η2x)

]
.

(34)

Therefore, from equations (14) and (34), the new dynamic boundary conditions can be derived
as:

ρ−

[
ξ−t +

1

2

(
ξ−x
)2 − (ηt + ηxξ

−
x )

2

2 (1 + η2x)

]
− ρ+

[
ξ+t +

1

2

(
ξ+x
)2 − (ηt + ηxξ

+
x )

2

2 (1 + η2x)

]
+
(
ρ− − ρ+

)
η − σηxx

(1 + η2x)
3/2

= 0.

(35)

In the previous section, we introduced a pair of new canonical variables:{
η,

ξ = ρ−ξ− − ρ+ξ+.
(36)

It is important to note that ξ−, ξ+, and ξ are not completely independent; ξ− and ξ+ can both
be expressed in terms of ξ. By applying the operators G+ and G− to equation (36) and using the
relationship (30), we can derive:

G+ξ =
(
ρ−G+ + ρ+G−) ξ− ⇒ ξ− =

(
ρ−G+ + ρ+G−)−1

G+ξ, (37)

G−ξ = −
(
ρ−G+ + ρ+G−) ξ+ ⇒ ξ+ = −

(
ρ−G+ + ρ+G−)−1

G−ξ, (38)

where, the operator raised to the power of −1 represents the inverse of the operator. The kinematic
boundary conditions (30) can be rewritten as

ηt = G− (ρ−G+ + ρ+G−)−1
G+ξ. (39)

We now summarize the equations that have been rewritten using the DtN operator(Lannes, 2013):

ηt = G− (ρ−G+ + ρ+G−)−1
G+ξ, (40)

12
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ρ−

[
ξ−t +

1

2

(
ξ−x
)2 − (ηt + ηxξ

−
x )

2

2 (1 + η2x)

]
− ρ+

[
ξ+t +

1

2

(
ξ+x
)2 − (ηt + ηxξ

+
x )

2

2 (1 + η2x)

]
+
(
ρ− − ρ+

)
gη − σηxx

(1 + η2x)
3/2

= 0,

(41)

ξ− =
(
ρ−G+ + ρ+G−)−1

G+ξ, (42)

ξ+ = −
(
ρ−G+ + ρ+G−)−1

G−ξ. (43)

For the DtN operator, if η is less than a certain value, the DtN operator is analytic, which
also means we can perform a Taylor expansion of the DtN operator (Craig and Sulem, 1993).
Following the method of Craig and Sulem (1993), we first expand the operator G−. Consider a
solution to equation (26):

ϕ−
k = cosh

(
k
(
y + h−)) eikx. (44)

It is clear that this solution (44) is a harmonic function that satisfies the boundary condition
ϕ−
y (x, y = −h−) = 0. Substituting equation (44) into equation (27) yields:

G−ξ−k = G−ϕ−
k (x, y = η) =

(
∂ϕ−

k

∂y
− ηx

∂ϕ−
k

∂x

)∣∣∣∣
y=η(x,t)

. (45)

To determine the specific expression for the expansion G−(η) =
∑∞

n=0 G
−
n (η), we perform a Taylor

expansion of cosh(k(η + h−)) and sinh(k(η + h−)) around η = 0. After some calculations, we
obtain: (

∞∑
l=0

G−
l (η)

)(∑
j even

1

j!
(kη)j cosh

(
kh−) eikx +

∑
j odd

1

j!
(kη)j sinh

(
kh−) eikx

)

=
∑
j even

1

j!
(kη)j

(
k sinh

(
kh−)− ikηx cosh

(
kh−)) eikx

+
∑
j odd

1

j!
(kη)j

(
k cosh

(
kh−)− ikηx sinh

(
kh−)) eikx.

(46)

Next, by comparing terms of equal order in η on both sides of the equation, we can derive the
specific expression for the expansion G−(η). For j = 0, we have:

G− (0) eikx = k tanh (kh) eikx. (47)

For a general function ζ(x), according to Fourier analysis, we have

G− (0) ζ(x) = D tanh
(
h−D

)
ζ(x), (48)
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where, D = −i∂x, it is important to note that the DtN operator is actually a pseudodifferential
operator. Understanding this operator should be done in Fourier space. For example, for equation
(48), this should be interpreted as follows:

G− (0) ζ(x) = D tanh
(
h−D

)
ζ(x) =

1

2π

∫ ∞

−∞
k tanh

(
kh−) ζ̂eikxdk, (49)

where, ζ̂ denotes the Fourier transform of ζ, and the operator itself can be represented in Fourier
space. Specifically, the Fourier transform of G−(0) is given by:

Ĝ−(0) = k tanh
(
kh−) . (50)

For higher-order expansions of the operator G−, they can be derived from equation (46). For
j > 0 and even values of j, the expansion is:

G−
j (η) =

1

j!

(
ηjDj+1 tanh (hD)− i

(
ηj
)
x
Dj tanh

(
h−D

))
−

∑
l<j and l even

G−
l (η)

1

(j − l)!
ηj−lDj−l

−
∑

l<j and l odd

G−
l (η)

1

(j − l)!
ηj−lDj−l tanh

(
h−D

)
,

(51)

For j > 0 and odd,

G−
j (η) =

1

j!

(
ηjDj+1 − i

(
ηj
)
x
Dj
)

−
∑

l<j and l odd

G−
l (η)

1

(j − l)!
ηj−lDj−l

−
∑

l<j and l even

G−
l (η)

1

(j − l)!
ηj−lDj−l tanh

(
h−D

)
.

(52)

In deriving equations (51) and (52), the Cauchy product formula was employed:(
∞∑
n=0

an

)
·

(
∞∑
n=0

bn

)
=

∞∑
n=0

n∑
k=0

akbn−k. (53)

In this study, only the first three terms of the DtN operator are considered:

G−
0 =D tanh

(
h−D

)
,

G−
1 =DηD −D tanh

(
h−D

)
η tanh

(
h−D

)
D,

G−
2 =− 1

2
D2η2 tanh

(
h−D

)
D − 1

2
D tanh

(
h−D

)
η2D2

+D tanh
(
h−D

)
ηD tanh

(
h−D

)
ηD tanh

(
h−D

)
.

(54)
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Additionally, it is important to note that the composition of multiple operators is performed from
right to left. For example:

DηDf = (−i∂x) η (−i∂x) f = −∂xη∂xf = (ηfx)x . (55)

A similar approach will be used to expand the operator G+Craig et al. (2010). Consider a solution
to equation (28):

ϕ+
k = cosh

(
k
(
y − h+

))
eikx, (56)

It is evident that this solution satisfies the boundary condition ϕ+
y (x, y = h+) = 0, making it a

harmonic function. Substituting equation (56) into equation (29) gives:

G+ξ+k = G+ϕ+
k (x, y = η) =

(
ηx

∂ϕ+
k

∂x
− ∂ϕ+

k

∂y

)∣∣∣∣
y=η(x,t)

. (57)

To derive the specific expression for the expansion G+(η) =
∑∞

n=0 G
+
n (η), a Taylor expansion of

cosh(k(η−h+)) and sinh(k(η−h+)) around η = 0 is required. After some calculations, the result
is: (

∞∑
l=0

G+
l (η)

)(∑
j even

1

j!
(kη)j cosh

(
kh+

)
eikx −

∑
j odd

1

j!
(kη)j sinh

(
kh+

)
eikx

)

=
∑
j even

1

j!
(kη)j

(
k sinh

(
kh+

)
+ ikηx cosh

(
kh+

))
eikx

−
∑
j odd

1

j!
(kη)j

(
k cosh

(
kh+

)
+ ikηx sinh

(
kh+

))
eikx.

(58)

Next, by comparing terms of the same order in η on both sides of the equation, the specific
expansion expression for G+(η) can be obtained. For j = 0:

G+ (0) eikx = k tanh
(
kh+

)
eikx, (59)

For the higher-order expansion of the operator G+, it can be derived from equation (58). When
j > 0 and j is even:

G+
j (η) =

1

j!

(
ηjDj+1 tanh

(
h+D

)
− i
(
ηj
)
x
Dj tanh

(
h+D

))
−

∑
l<j and l even

G−
l (η)

1

(j − l)!
ηj−lDj−l

+
∑

l<j and l odd

G−
l (η)

1

(j − l)!
ηj−lDj−l tanh

(
h+D

)
.

(60)
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When j > 0 and j is odd:

G+
j (η) =− 1

j!

(
ηjDj+1 − i

(
ηj
)
x
Dj
)

−
∑

l<j and l odd

G+
l (η)

1

(j − l)!
ηj−lDj−l

+
∑

l<j and l even

G+
l (η)

1

(j − l)!
ηj−lDj−l tanh

(
h+D

)
.

(61)

In our study, only the first three terms of the DtN operator expansion are considered:

G+
0 =D tanh

(
h+D

)
,

G+
1 =−DηD +D tanh

(
h+D

)
η tanh

(
h+D

)
D,

G+
2 =− 1

2
D2η2 tanh

(
h+D

)
D − 1

2
D tanh

(
h+D

)
η2D2

+D tanh
(
h+D

)
ηD tanh

(
h+D

)
ηD tanh

(
h+D

)
.

(62)

Additionally, from equations (51), (52), (60), and (61), it is observed that:

G+
(
η;h+

)
=

∞∑
j=0

G+
j

(
η;h+

)
=

∞∑
j=0

(−1)j G−
j

(
η;h+

)
, (63)

Thus, the extension of the DtN operator method from a single-layer fluid to a two-layer fluid
has been successfully accomplished, in line with the approach of Craig and Sulem (1993).The
expansion formula of the DtN operator for the two-layer fluid system was first provided by Craig
et al. (2010). To streamline our discussion, we now proceed with the non-dimensionalization of
equations (40) and (41). Without loss of generality, we select h−,

√
gh−, and

√
g(h−)3 as the

characteristic length, characteristic velocity, and characteristic potential function, respectively.
We introduce the following dimensionless quantities:

h =
h+

h− , ρ =
ρ+

ρ−
, B =

σ

ρ−g (h−)2
, (64)

the three dimensionless quantities introduced are the ratio of the depths of the two fluid layers,
the ratio of the densities of the two fluid layers, and the Bond number, which represents the
ratio of capillary forces to gravitational forces. Consequently, the dimensionless kinematic and
dynamic boundary conditions can be expressed as follows(Lannes, 2013):

ηt = G− (G+ + ρG−)−1
G+ξ, (65)

ξt +
1

2

[(
ξ−x
)2 − (ηt + ηxξ

−
x )

2

(1 + η2x)

]
− ρ

2

[(
ξ+x
)2 − (ηt + ηxξ

+
x )

2

(1 + η2x)

]
+ (1− ρ) η − Bηxx

(1 + η2x)
3/2

= 0, (66)
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ξ− =
(
G+ + ρG−)−1

G+ξ, (67)

ξ+ = −
(
G+ + ρG−)−1

G−ξ. (68)

ξ = ξ− − ρξ+. (69)
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3 Nonlinear Long-Wave Model
In this section, the Dirichlet-Neumann operator expansion method will be employed to derive

a series of nonlinear long-wave models. The derivation assumes a long-wave approximation where
the characteristic wavelength is substantially larger than the depth of the lower fluid layer. This
assumption is quantified by the parameter µ = h−/λ ≪ 1, where h− is the depth of the lower
fluid layer and λ is the characteristic wavelength.

3.1 Shallow(lower layer)-shallow(upper layer) model

Introducing the long wave parameter µ = 1/λ ≪ 1 and assuming that the depth ratio
h = O(1), these two assumptions imply that the depth of the two fluid layers is of the same order
of magnitude, while the wavelength is much larger than the depth of the fluid layers. We first
consider the classical Boussinesq scaling (Johnson):

∂x = O (µ) , ∂t = O (µ) , η = O
(
µ2
)
, ξ = O (µ) , ρ = O (1) , B = O (1) . (70)

Thus, by asymptotically expanding the operator G± in terms of the small parameter µ, and
omitting the detailed mathematical derivations, we obtain:

G−
0 = −∂xx −

1

3
∂xxxx +O

(
µ6
)
,

G−
1 = −∂xη∂x −O

(
µ6
)
,

G+
0 = −h∂xx −

1

3
h3∂xxxx +O

(
µ6
)
,

G+
1 = ∂xη∂x −O

(
µ6
)
,

G− = −∂xx −
1

3
∂xxxx − ∂xη∂x +O

(
µ6
)
,

G+ = −h∂xx −
1

3
h3∂xxxx + ∂xη∂x +O

(
µ6
)
,

G+ + ρG− = − (h+ ρ) ∂xx

(
1 +

h3 + ρ

3 (h+ ρ)
∂xx −

1− ρ

h+ ρ
∂−1
x η∂x +O

(
µ4
))

,

(
G+ + ρG−)−1

= − ∂−1
xx

h+ ρ
+

h3 + ρ

3 (h+ ρ)2
− 1− ρ

(h+ ρ)2
∂−1
x η∂−1

x +O
(
µ2
)
.

(71)

By substituting equation (71) into (67) and (68), we obtain:

ξ− =
h

h+ ρ
ξ +O

(
µ2
)
,

ξ+ = − 1

h+ ρ
ξ +O

(
µ2
)
.

(72)
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By combining equations (65), (66), (71), and (72), and neglecting higher-order terms, we obtain:

ηt +
h

h+ ρ
ξxx +

h2 (1 + hρ)

3 (h+ ρ)2
ξxxxx +

h2 − ρ

(h+ ρ)2
∂x (ηξx) = 0, (73)

ξt + (1− ρ) η − Bηxx +
h2 − ρ

2 (h+ ρ)2
ξ2x = 0. (74)

By combining equations (73) and (74), and eliminating η, we obtain:

ξtt −
h (1− ρ)

h+ ρ
ξxx +

h

h+ ρ

[
B − (h− hρ) (1 + hρ)

3 (h+ ρ)

]
ξxxxx +

h2 − ρ

2 (1 + ρ)2
∂tξ

2
x

+
h2 − ρ

(h+ ρ)2
∂x (ξtξx) = 0.

(75)

We first examine the coefficients of the linear term ξxx and the quartic term ξxxxx:

c2 :=
h (1− ρ)

h+ ρ
, α :=

h

h+ ρ

[
B − (h− hρ) (1 + hρ)

3 (h+ ρ)

]
, (76)

By performing a Taylor expansion of the dispersion relation (10) under the specified scaling, we
find that the first two terms of the expansion align with those in the above expression. Subse-
quently, introducing the coordinate transformation X = x − ct, the new variable τ = µ3t, and
setting H = ξX , we obtain the well-known Korteweg-de Vries (KdV) equation from equation (75):

Hτ −
α

2c
HXXX +

3 (h2 − ρ)

2 (h+ ρ)
HHX = 0. (77)

From equation (73), it can also be deduced that:

η =
h

c (h+ ρ)
H +O

(
µ4
)
. (78)

Substituting equation (78) into (77) yields:

ητ −
α

2c
ηXXX +

3c (h2 − ρ)

2h (h+ ρ)
ηηX = 0. (79)

Thus, the KdV model for wave height in the case of shallow water-shallow water has been derived,
which is known for its solitary wave solution:

η = Asech2

{√
αh (h+ ρ)

36c2 (ρ− h2)
A
[
X +

α

6c
Aτ
]}

, (80)

At this stage, the solitary wave height demonstrates exponential decay. According to equation
(80), it can be observed that if α(ρ− h2) > 0, then A > 0, producing an upward convex solitary
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wave. Conversely, if α(ρ − h2) < 0, then A < 0, resulting in a downward concave solitary wave
(Ramollo, 1996).

It is important to note that the coefficient α in the third-order dispersion term of equations
(77) and (79) can potentially be much smaller than 1. In such scenarios, the asymptotic expansion
method may no longer be valid. Therefore, we need to choose new scaling relations:

∂x = O (µ) , ∂t = O (µ) , η = O
(
µ4
)
, ξ = O

(
µ3
)
, ρ = O (1) , α = O

(
µ2
)
, (81)

Through a derivation similar to that of the KdV equation, we obtain the fifth-order KdV equation
(Ramollo, 1996; Craig et al., 2005):

ητ −
α

2c
ηXXX +

3c (h2 − ρ)

2h (h+ ρ)
ηηX +

β

2c
ηXXXXX = 0, (82)

where,

β =
h

h+ ρ

[
2h3 (1 + h3ρ)

15
c2 − ρ (1− h2)

2

9 (h+ ρ)
c2 − h (1 + hρ)

3 (h+ 1)2
B

]
, (83)

The dispersion relation for the fifth-order KdV equation can be derived as follows:

cp =
α

2c
k2 +

β

2c
k4. (84)

Note that when αβ < 0, the phase speed cp exhibits a global minimum at k =
√

−α/2β. This
indicates the presence of wave-packet solitary waves near this wavenumber (Vanden-Broeck, 2010).
These solitary wave solutions bifurcate from a periodic wave solution with an infinitesimally small
amplitude (Grimshaw et al., 1994). For small amplitudes, such solitary waves can be interpreted
as specific envelope solitary wave solutions to the nonlinear Schrödinger equation (Akylas, 1993).

In addition to the fact that the coefficient α of the third-order dispersion term in equations
(77) and (79) might be much smaller than 1, the coefficient of the nonlinear term 3c(h2−ρ)

2(h2+hρ)
can also

be significantly less than 1. In such cases, the original asymptotic expansion method and scaling
used for deriving the KdV equation are no longer valid. Therefore, a new scaling relationship
must be adopted (Ramollo, 1996).

∂x = O (µ) , ∂t = O (µ) , η = O (µ) , ξ = O (1) , ρ = O (1) ,
3c (h2 − ρ)

2h (h+ ρ)
= O (µ) . (85)

Unlike the derivation of the fifth-order KdV equation, here we need to re-expand the Dirichlet-
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Neumann operator asymptotically:

G− = −∂xx −
1

3
∂xxxx − ∂xη∂x +O

(
µ5
)
,

G+ = −h∂xx −
1

3
h3∂xxxx + ∂xη∂x +O

(
µ5
)
,

G+ + ρG− = − (h+ ρ) ∂xx

(
1 +

h3 + ρ

3 (h+ ρ)
∂xx −

1− ρ

h+ ρ
∂−1
x η∂x +O

(
µ3
))

,

(
G+ + ρG−)−1

= − ∂−1
xx

h+ ρ
+

h3 + ρ

3 (h+ ρ)2
− 1− ρ

(h+ ρ)2
∂−1
x η∂−1

x − (1− ρ)2

(h+ ρ)3
∂−1
x η2∂−1

x +O (µ) .

(86)

Substitute equation (86) into (67) and (68) to obtain:

ξ− =
h

h+ ρ
ξ − (1 + h) ρ

(h+ ρ)2
ηξx +O

(
µ3
)
,

ξ+ =
1

h+ ρ
ξ − (1 + h)

(h+ ρ)2
ηξx +O

(
µ3
)
,

(87)

By combining equations (65), (66), (86), and (87), and neglecting higher-order terms, we obtain:

ηt +
h

h+ ρ
ξxx +

h2 (1 + hρ)

3 (h+ ρ)2
ξxxxx +

h2 − ρ

(h+ ρ)2
∂x (ηξx)−

(1 + h)2 ρ

(h+ ρ)3
∂x
(
η2ξx

)
= 0, (88)

ξt + (1− ρ) η − Bηxx +
h2 − ρ

2 (h+ ρ)2
ξ2x +

(1 + h)2 ρ

(h+ ρ)3
ηξ2x = 0. (89)

Following a similar derivation method to that used for the KdV equation, we obtain the well-
known modified Korteweg-de Vries (mKdV) equation:

ητ −
α

2c
ηXXX +

3c (h2 − ρ)

2h (h+ ρ)
ηηX − 3cρ (1 + h)2

h (h+ ρ)2
η2ηX = 0, (90)

The mKdV equation also admits solitary wave solutions (Ivanov et al., 2022):

η =
A

1 + B cosh ((x− vt)/C)
, (91)

where, A, B, and C depend on the coefficients of the mKdV equation and the wave speed v.

3.2 Shallow(lower layer)-deep(upper layer) model

We now assume that the upper water layer is relatively deep, with its depth comparable
to the wavelength. This implies h = h+/h− ≫ 1 and h ∼ O(λ). Consistent with the previous
discussion, we introduce the small parameter µ = 1/λ and set h = O (1/µ). We also adopt the
following scaling relationships:

∂x = O (µ) , ∂t = O (µ) , η = O (µ) , ξ = O (1) , ρ = O (1) , B = O (1/µ) , (92)

21

20
24

 S
.-T

.Y
au

 H
igh

 S
ch

oo
l S

cie
nc

e A
ward

仅
用
于

20
24
丘
成
桐
中
学
科
学
奖
论
文
公
示



The scaling relationships above effectively assume strong surface tension, with B ∼ O (1/µ). Un-
der these new scaling conditions, we can derive the asymptotic expansions for the DtN operators
G±:

G−
0 = −∂xx −

1

3
∂xxxx +O

(
µ6
)
,

G−
1 = −∂xη∂x −O

(
µ5
)
,

G+
0 = D tanh (hD) ,

G+
1 = −DηD +G+

0 ηG
+
0 = ∂xη∂x +G+

0 ηG
+
0 ,

G− = −∂xx −
1

3
∂xxxx − ∂xη∂x +O

(
µ5
)
,

G+ = G+
0 + ∂xη∂x +G+

0 ηG
+
0 +O

(
µ5
)
,

G+ + ρG− = G+
0 + ∂xη∂x +G+

0 ηG
+
0 + ρ

(
−∂xx −

1

3
∂xxxx − ∂xη∂x

)
+O

(
µ5
)
,(

G+ + ρG−)−1
=
(
G+

0

)−1
+ ρ

(
G+

0

)−1
∂xx
(
G+

0

)−1
+O (µ) .

(93)

It is important to note that G+
0 is a non-local pseudodifferential operator, with its Fourier trans-

form given by Ĝ+
0 = k tanh (kh). Consequently, the Fourier transform of its inverse operator is

̂(
G+

0

)−1
= coth (kh) /k. By combining equations (65), (66), and (93), and neglecting higher-order

small quantities, we obtain:

ηt + ξxx + ∂x (ηξx)− ρK [ξxx] = 0, (94)

ξt + (1− ρ) η +
1

2
ξ2x − Bηxx = 0, (95)

where, K is a pseudodifferential operator, with its Fourier transform given by K̂ = k coth (kh).
By combining equations (94) and (95), and eliminating η while neglecting higher-order terms, we
obtain:

ξtt − c2ξxx + ∂x (ξtξx) +
1

2
∂t
(
ξ2x
)
+Bξxxxx + ρc2K [ξxx] = 0, (96)

where, c2 = 1− ρ. By introducing the new variables X = x− ct and τ = µt, the above equation
can be simplified to:

Hτ +
3

2
HHX − B

2c
HXXX − ρc

2
K [HX ] = 0, (97)

where, H = ξX . This equation is known as the Benjamin equation (Benjamin, 1992). Addition-
ally, from equation (94), it follows that η = H/c+O (µ). Thus, we have:

ητ +
3c

2
ηηX − B

2c
ηXXX − ρc

2
K [ηX ] = 0, (98)

From equation (98), we observe that, compared to the traditional KdV equation, this equation
has an additional term ρcK[ηX ]/2.
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We can also introduce new scaling relationships:

∂x = O (µ) , ∂t = O (µ) , η = O (1) , ξ = O (1/µ) , ρ = O (1) , B = O (1/µ) . (99)

The scaling relationship (99) implies that the wave height is comparable to the depth of the lower
fluid layer. Similarly, we can obtain the asymptotic expansion of the DtN operators G±:

G− = −∂xx − ∂xη∂x +O
(
µ4
)
,

G+ = |D|+ ∂xη∂x + |D|η|D|+O
(
µ3
)
,

G+ + ρG− = |D|+ ∂xη∂x + |D|η|D|+ ρ (−∂xx − ∂xη∂x) +O
(
µ3
)
,(

G+ + ρG−)−1
= |D|−1 − η − ρ− (1− ρ) |D|−1∂xη∂x|D|−1 +O (µ) ,

(100)

where, |D| = (−∂xx)
1/2. By combining equations (65)-(68) with (100), we can obtain:

ξ− = ξ − ρ|D|ξ + ρ|D|−1∂x (ηξx) +O (µ) ,

ξ+ = −|D|ξ + |D|−1∂x (ηξx) +O (µ) ,
(101)

Similarly, by introducing H = ξx, we obtain a strongly nonlinear models:

ηt +Hx − ρ|D|Hx + ∂x (ηH)− ρ∂x (|D|ηH + η|D|H + η|D|ηH) = 0, (102)

Ht + (1− ρ) ηx + ηηx − Bηxxx − ρ∂x (H|D|H)− ρ∂x (H|D|ηH) = 0. (103)

3.3 Deep(lower layer)-shallow(upper layer) model

Next, following the methods of Barannyk et al. (2012, 2015), a long-wave model is constructed
for deep water (bottom layer) over shallow water (top layer). This model introduces a new small
parameter µ2 = h/λ and new scaling relationships:

∂x = O (1) , ∂t = O (µ) , η = O
(
µ2
)
, ξ = O (µ) , ρ = O (1) , B = O (1) , h = O

(
µ2
)
. (104)

At this point, the asymptotic expansion of the DtN operator G± is given by:

G−
0 = D tanh (D) ,

G−
1 = DηD +G−

0 ηG
−
0 = −∂xη∂x −G−

0 ηG
−
0 ,

G+
0 = −h∂xx +O

(
µ4
)
,

G+
1 = ∂xη∂x −O

(
µ6
)
,

G− = G−
0 − ∂xη∂x −G−

0 ηG
−
0 +O

(
µ4
)
,

G+ = −h∂xx + ∂xη∂x +O
(
µ4
)
,

G+ + ρG− = −h∂xx + ∂xη∂x + ρ
(
G−

0 − ∂xη∂x −G−
0 ηG

−
0

)
+O

(
µ4
)
,(

G+ + ρG−)−1
=

1

ρ

(
G−

0

)−1
+O

(
µ2
)
.

(105)
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From equations (65) and (66), we can obtain:

ηt +
h

ρ
ξxx −

1

ρ
∂x (ηξx) = 0, (106)

ξt + (1− ρ) η +
1

2ρ
ξ2x − Bηxx = 0. (107)

Introducing the variable substitution:

η = h (1− Λ) , ξx = −ρ
√
hU, t = τ/

√
h, (108)

we can obtain:
Λτ + ∂x (UΛ) = 0, (109)

ρ (Uτ + UUx)− BΛxxx + (1− ρ)Λx = 0. (110)
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4 Numerical Computation
In this chapter, spectral methods (Trefethen) will be employed alongside the iterative schemes

of Ablowitz et al. (2006) to numerically solve the model equations derived earlier. The numerical
approach will be introduced, noting that the model equations are essentially nonlinear ordinary
differential equations, which can be expressed in the general form:

ηt + L1 [η] +N [η] = 0, (111)

where, L1[η] represents the linear part of the equation, while N [η] denotes the nonlinear part.
To obtain traveling wave solutions, the transformation X = x− ct is introduced to eliminate the
linear part in equation (111), yielding:

−cηX + L1 [η] +N [η] = 0, (112)

By choosing the new linear operator L[η] := −cηX + L1[η], equation (112) can be rewritten as:

L [η] +N [η] = 0. (113)

Applying the Fourier transform to equation (113) yields:

η̂ = −N̂ [η]

L̂
= P [η̂] . (114)

Next, following the method provided by Ablowitz et al. (2006), the numerical solution of equation
(114) can be obtained using the following iterative scheme:

η̂n+1 =

( ∫
|η̂n|2 dk∫

η̂∗nP [η̂n] dk

)m

P [η̂n] , (115)

m is a tunable parameter, and the initial guess for the iteration can be chosen as η = Asech2(X),
where |A| is typically chosen to be relatively small.

4.1 Numerical solution of the KdV equation

In the previous sections, we have derived the form of the KdV equation:

ητ −
α

2c
ηXXX +

3c (h2 − ρ)

2h (h+ ρ)
ηηX = 0. (116)

Applying the transformation X = X − V τ to the KdV equation yields:

−V ηX − α

2c
ηXXX +

3c (h2 − ρ)

2h (h+ ρ)
ηηX = 0. (117)
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Figure 2: The speed-amplitude bifurcation

curve for solitary wave solutions of the KdV

equation when h = 2, ρ = 0.2, and B = 0.1.
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Figure 3: The solitary wave solutions of the

KdV equation for h = 2, ρ = 0.2, and B = 0.1:

The black solid line and the red dashed line

represent the wave profiles at V = 0.8 and

V = 0.2, respectively.

Corresponding to the linear operator:

L = −V ∂X − α

2c
∂XXX , (118)

Its Fourier transform:
L̂ = −iV k + i α

2c
k3. (119)

From equation (114), it can be obtained that:

η̂ = − 1

−iV k + i α
2c
k3

F
[
3c (h2 − ρ)

2h (h+ ρ)
ηηX

]
= PKdV [η̂] . (120)

The iterative scheme for the numerical solution of the KdV equation is:

η̂n+1 =

( ∫
|η̂n|2 dk∫

η̂∗nPKdV [η̂n] dk

)m

PKdV [η̂n] , (121)

We computed the solitary wave solutions of the KdV equation for h = 2, ρ = 0.2, and B = 0.1,
and plotted the bifurcation curve of wave speed versus wave amplitude for KdV solitary waves, as
shown in Figure (2). The numerical results reveal that the wave amplitude η(0) of the KdV solitary
waves is proportional to the speed V , with the wave profile representing a typical single-peaked
solitary wave. Figure (3) illustrates the wave profiles for V = 0.8 and V = 0.2, demonstrating
that the wave amplitude for V = 0.8 is significantly greater than that for V = 0.2.
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4.2 Numerical solution of the fifth-order KdV equation
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Figure 4: The speed-amplitude bifurcation

curve for the wavepacket solitary wave so-

lution of the fifth-order KdV equation with

h = 2, ρ = 0.8, B = 0.1.
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Figure 5: The wavepacket solitary solutions

of the fifth-order KdV equation for h = 2, ρ =

0.2, B = 0.1: The black solid line and red

dashed line represent the wave profiles at

V = −0.3 and V = −0.25, respectively.

The form of the fifth-order KdV equation derived in the previous section is

ητ −
α

2c
ηXXX +

3c (h2 − ρ)

2h (h+ ρ)
ηηX +

β

2c
ηXXXXX = 0. (122)

By applying the transformation X = X − V τ to the fifth-order KdV equation, we obtain:

−V ηX − α

2c
ηXXX +

3c (h2 − ρ)

2h (h+ ρ)
ηηX +

β

2c
ηXXXXX = 0. (123)

By performing a Fourier transform on the equation, we obtain:

η̂ = − 1

−iV k + i α
2c
k3 + i β

2c
k5

F
[
3c (h2 − ρ)

2h (h+ ρ)
ηηX

]
= P5thKdV [η̂] . (124)

Therefore, the iterative scheme for the numerical solution of the 5th KdV equation is:

η̂n+1 =

( ∫
|η̂n|2 dk∫

η̂∗nP5thKdV [η̂n] dk

)m

P5thKdV [η̂n] , (125)

We computed the solitary wave solutions of the fifth-order KdV equation for h = 2, ρ = 0.8,
and B = 0.1, and plotted the velocity-amplitude bifurcation curve for these solitary waves, as
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shown in Figure (4). The numerical results indicate that the wave amplitude η(0) of the solitary
wave is positively correlated with the velocity V . However, unlike the solitary wave solutions
of the KdV equation, the solitary wave solutions of the fifth-order KdV equation are no longer
single-peaked but instead exhibit multi-peaked wave packets. Figure (5) illustrates the wave
profiles for V = −0.3 and V = −0.25, showing that the solitary wave solutions of the fifth-order
KdV equation manifest as multi-peaked wave packets, with the wave amplitude for V = −0.3

being significantly greater than that for V = −0.25. Similar multi-peaked wave packet solutions
were first observed in gravity-capillary waves (Vanden-Broeck and Dias, 1992).

-100 -80 -60 -40 -20 0 20 40 60 80 100
-10

0

10

20

30

40

50

Figure 6: The generalized solitary wave solution of the 5th KdV equation for h = 2, ρ = 0.8, B = 0.1,

and V = 5.

Additionally, we discovered a particularly intriguing numerical solution for the fifth-order
KdV equation with parameters h = 2, ρ = 0.8, and B = 0.1. As illustrated in Figure (6),
for a wave speed V = 5, the numerical solution exhibits both a solitary wave-like pulse and a
non-decaying periodic wave train. This solution represents a superposition of a solitary wave
and a periodic wave, known as a generalized solitary wave solution. The existence of generalized
solitary waves was first proved by Beale (1991) for gravity-capillary waves, and Champneys et al.
(2002) computed these solutions for gravity-capillary waves. Our numerical findings suggest that
generalized solitary waves may also occur in interfacial waves between two fluids.
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4.3 Numerical solution of the mKdV equation

The mKdV equation that we derived has the following form:

ητ −
α

2c
ηXXX +

3c (h2 − ρ)

2h (h+ ρ)
ηηX − 3cρ (1 + h)2

h (h+ ρ)2
η2ηX = 0. (126)

Applying the transformation X = X − V τ to the mKdV equation yields:

−V ηX − α

2c
ηXXX +

3c (h2 − ρ)

2h (h+ ρ)
ηηX − 3cρ (1 + h)2

h (h+ ρ)2
η2ηX = 0. (127)

Applying the Fourier transform to the equation yields:

η̂ = − 1

−iV k + i α
2c
k3

F

[
3c (h2 − ρ)

2h (h+ ρ)
ηηX − 3cρ (1 + h)2

h (h+ ρ)2
η2ηX

]
= P5thKdV [η̂] . (128)

Thus, the iterative scheme for the numerical computation of the mKdV equation is:

η̂n+1 =

( ∫
|η̂n|2 dk∫

η̂∗nP5thKdV [η̂n] dk

)m

P5thKdV [η̂n] . (129)
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Figure 7: The speed-amplitude bifurcation

curve for the solitary wave solutions of the

fifth-order KdV equation with parameters

h = 1, ρ = 0.5, and B = 2.
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Figure 8: The solitary wave solutions of the

mKdV equation for parameters h = 2, ρ = 0.2,

and B = 0.1: the black solid line and the red

dashed line represent the wave profiles for

V = −0.04 and V = −0.02, respectively.

29

20
24

 S
.-T

.Y
au

 H
igh

 S
ch

oo
l S

cie
nc

e A
ward

仅
用
于

20
24
丘
成
桐
中
学
科
学
奖
论
文
公
示



The bifurcation curve of wave speed V versus wave amplitude η(0) for solitary wave solutions
of the mKdV equation with parameters h = 1, ρ = 0.5, and B = 2 is shown in Figure (7).
Numerical results indicate that the wave amplitude η(0) of the mKdV solitary waves is positively
correlated with the wave speed V , and the wave profile is a typical single-peaked solitary wave.
Figure (8) illustrates the wave profiles for V = −0.02 and V = −0.04, where it is evident that
the wave height for V = −0.04 is significantly greater than that for V = −0.02.

4.4 Numerical solution of the Benjamin equation
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0

Figure 9: The bifurcation curve of wave

speed-amplitude for solitary wave solutions

of the Benjamin equation with parameters

h = 100, ρ = 0.5, and B̃ = 1.
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Figure 10: Solitary wave solutions of the

Benjamin equation with parameters h = 100,

ρ = 0.5, and B̃ = 1: The black solid line and

the red dashed line represent wave profiles

at V = −1.41 and V = −1.01, respectively.

The form of the Benjamin equation that we have derived is:

ητ +
3c

2
ηηX − B

2c
ηXXX − ρc

2
K [ηX ] = 0. (130)

Applying the transformation X = X − V τ to the Benjamin equation yields:

−V ηX +
3c

2
ηηX − B̃

2c
ηXXX − ρc

2
K [ηX ] = 0. (131)

Taking the Fourier transform of the equation yields:

η̂ = − 1

−iV k + iB
2c
k3 − iρc

2
k2 coth(kh)

F
[
3c

2
ηηX

]
= PBenjamin [η̂] . (132)

30

20
24

 S
.-T

.Y
au

 H
igh

 S
ch

oo
l S

cie
nc

e A
ward

仅
用
于

20
24
丘
成
桐
中
学
科
学
奖
论
文
公
示



The iterative scheme for the numerical solution of the Benjamin equation is:

η̂n+1 =

( ∫
|η̂n|2 dk∫

η̂∗nPBenjamin [η̂n] dk

)m

PBenjmain [η̂n] . (133)

Finally, the bifurcation curve of wave speed versus wave amplitude for solitary wave solutions
of the Benjamin equation with parameters h = 100, ρ = 0.5, and B̃ = 1 is presented in Figure
(9). Numerical results show that the wave amplitude η(0) of the solitary waves described by the
Benjamin equation is positively correlated with the wave speed V . Figure (10) displays the wave
profiles for V = −1.41 and V = −1.01, clearly illustrating that the wave amplitude for V = −1.41

is significantly greater than that for V = −1.01.
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5 Conclusions
In this study, we systematically investigated the mathematical modeling and numerical com-

putation of nonlinear interface waves in two-layer fluid systems. We began by developing a math-
ematical model for the dynamics of interface waves in two-layer fluids and analyzed their linear
stability using the regular perturbation method. Our findings indicate that the system remains
linearly stable when the density of the lower fluid exceeds that of the upper fluid. Conversely,
Rayleigh-Taylor instability arises when the lower fluid density is less than the upper fluid den-
sity. We then extended the method introduced by Zakharov (1968) and Benjamin and Bridges
(1997) to demonstrate that the two-layer fluid interface wave system with capillary possesses a
Hamiltonian structure. Following this, Craig et al. (2010) extended the Dirichlet-Neumann op-
erator, originally applicable to the lower fluid only, to include the upper fluid. Reformulating
the original equations using this extended Dirichlet-Neumann operator, we derived a new set of
nonlinear equations that circumvent the direct solution of the Laplace equation, further simplify-
ing the problem by making the equations independent of y. Applying long-wave assumptions, we
expanded the Dirichlet-Neumann operator and used asymptotic analysis to derive model equa-
tions for various scenarios, including the KdV equation, the fifth-order KdV equation, the mKdV
equation, the Benjamin equation, and other strong nonlinear models. Our research demonstrates
that the Dirichlet-Neumann operator expansion method is more efficient and computationally
less intensive compared to traditional methods for deriving model equations for two-layer fluid
interface waves. We numerically solved the KdV equation, the fifth-order KdV equation, the
mKdV equation, and the Benjamin equation using spectral methods combined with the iterative
scheme proposed by Ablowitz et al. (2006). Our numerical results revealed a range of solutions,
including traditional single-peaked solitary waves, wave packet-type solitary waves, and notably,
generalized solitary waves in the fifth-order KdV equation.

In the future, the study of interface waves in two-layer fluids is expected to remain a promi-
nent area of research. Building on the findings of this paper, several key directions for future
research are proposed:

1. Investigation of Short-Wave Problems Using the Dirichlet-Neumann Operator Method:
While this study focuses on long-wave phenomena, short-wave problems also play a significant
role in two-layer fluid interface waves. These problems involve phenomena such as three-wave
resonance, long-short wave interactions, and Benjamin-Feir instability, which are governed by
the three-wave resonance equation, long-short wave interaction equations, and the nonlinear
Schrödinger equation. Future research should explore how to adapt the Dirichlet-Neumann op-
erator method to address these short-wave scenarios.

2. Modeling and Numerical Computation of Three-Dimensional Interface Waves: The cur-
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rent study is limited to two-dimensional problems. Three-dimensional interface waves introduce
additional complexities and may be described by equations such as the Kadomtsev-Petviashvili
(KP) equation, the Benjamin-Ono equation, and the Davey-Stewartson equations. Further re-
search is needed to extend the Dirichlet-Neumann operator method to three-dimensional contexts
and develop appropriate numerical techniques.

3. Exploration of Nonlinear Stability and Time-Dependent Dynamics: This paper primarily
examines traveling wave solutions for specific model equations. However, aspects such as nonlinear
stability and time-dependent behavior of these waves have not been fully explored. Future studies
should address the stability of these waves, including both linear and nonlinear stability analyses,
and investigate the time evolution of interface waves to gain a more comprehensive understanding
of their dynamics.
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A Numerical Computation Code

Listing 1: MATLAB Code
1 %% KdV
2 % y_t + a*y_xxx + b*y*y_x = 0
3 clear, clc
4 N = 512*4; L = 150; % half wave length
5 dx = 2*L/N; x = -L:dx:L-dx; x = x';
6 k = pi/L*[0:N/2-1 0 -N/2+1:-1]';
7 h = 2; r = .2; B = .1;
8 c = sqrt(h*(1-r)/(h+r)); alpha = h/(h+r)*(B-(h-h*r)*(1+h*r)/(3*(h+r)));
9 a = -alpha/(2*c); b = 3*c*(h^2-r)/(2*h*(h+r));

10 bif = []; X = []; Y = [];
11 Vf = 0.0004; Vs = 1; dV = (Vf-Vs)/100;
12 % V = -alpha/6c*A alpha(r-h^2)
13 for V=Vs:dV:Vf-dV
14 y = 0.01*exp(-x.^2);
15 yhat = fft(y);
16 err = 1; count = 0;
17 while (err>1e-9)
18 count = count + 1
19 yhat_new = real(b/2*fft(y.^2)./(V+a*k.^2)); %yhat_new(1) = 0;
20 Q = (yhat'*yhat)/(yhat'*yhat_new);
21 yhat_new = Q^2*yhat_new;
22 err = abs(1-Q)
23 yhat = yhat_new;
24 y = real(ifft(yhat));
25 end
26 plot(x,y, 'k','LineWidth',1), drawnow
27 % H_w = y(N/2+1) - y(1)
28 bif = [bif; V, y(N/2+1) - y(1)];
29 X = [X x]; Y = [Y y];
30 end
31 %% 5thKdV
32 clear; clc;
33 % INITIAL SETTTING
34 N = 1024*2; L = 100; % half wave length
35 dx = 2*L/N; x = -L:dx:L-dx; x = x';
36 k = pi/L*[0:N/2-1 0 -N/2+1:-1]';
37 % parameters
38 h = 2; r = .8; B = .1;
39 c = sqrt(h*(1-r)/(h+r));
40 b1 = 2*h^3*(1+h^3*r)*c^2/15;

36
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41 b2 = -r*(1-h^2)^2/(h+r)/9*c^2;
42 b3 = -h*(1+h*r)/(3*(1+h)^2)*B;
43 alpha = h/(h+r)*(B-(h-h*r)*(1+h*r)/(3*(h+r)));
44 beta = h*(b1+b2+b3)/(h+r);
45 % y_t + a*y_xxx + b*y*y_x + a1*y_xxxxx = 0
46 a = -alpha/2/c;
47 b = 3*c*(h^2-r)/(2*h*(h+r));
48 a1 = beta/2/c;
49 kc = linspace(0,.2,1024);
50 figure(1)
51 cp = -a*kc.^2+a1*kc.^4;
52 plot(kc,cp,'k')
53 %%
54 bif = []; X = []; Y = [];
55 Vf = -.4; Vs = -0.004; dV = (Vf-Vs)/1000;
56 for V=Vs:dV:Vf
57 err = 1; count = 0;
58 % INITIAL DATA
59 y = -0.01*exp(-x.^2/10);
60 yhat = fft(y);
61 % c = 1;
62 while (err>1e-7) && (err<1e+3)
63 count = count + 1
64 yhat_new = real(b/2*fft(y.^2)./(V + a*k.^2-a1*k.^4));%yhat_new(1) = 0;
65 Q = (yhat'*yhat)/(yhat'*yhat_new);
66 yhat_new = yhat_new*Q^2;
67 err = norm(yhat_new - yhat)
68 yhat = yhat_new;
69 end
70 y = real(ifft(yhat));
71 %y = [y(N/2+1:end); y(1:N/2)];
72 figure(2)
73 plot(x,y,'k')
74 % plot(x(1:8:end),y(1:8:end), 'ko', 'markersize ', 5)
75 % H_w = y(N/2+1) - y(1)
76 bif = [bif; V, y(N/2+1) - y(1)];
77 X = [X x]; Y = [Y y];
78

79 end
80 %% mKdV
81 clear; clc;
82 N = 512*8; L = 150; % half wave length
83 dx = 2*L/N; x = -L:dx:L-dx; x = x';
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84 k = pi/L*[0:N/2-1 0 -N/2+1:-1]';
85 y = 0.01*exp(-x.^2);
86 yhat = fft(y);
87 h = 1; r = .5; B = 2;
88 c = sqrt(h*(1-r)/(h+r)); alpha = h/(h+r)*(B-(h-h*r)*(1+h*r)/(3*(h+r)));
89 V = -.0106;
90 Vs = -0.01; Vf = -0.07; dV=(Vf-Vs)/100;
91 % y_t + a*y_xxx + b*y*y_x + b1*y^2*y_x
92 a = -alpha/(2*c);
93 b = 3*c*(h^2-r)/(2*h*(h+r));
94 b1 = -3*c*r*(1+h)^2/(h*(h+r)^2);
95 % a = -.1;
96 % b = -1;
97 % b1 = -2;
98 bif = []; X = []; Y = [];
99 for V = Vs:dV:Vf

100 y = 0.01*exp(-x.^2);
101 yhat = fft(y);
102 err = 1; count = 0;
103 while (err>1e-9)
104 count = count + 1
105 yhat_new = (b/2*fft(y.^2) - b1/3*k.^2.*fft(y.^3))./(V+a*k.^2);
106 Q = (yhat'*yhat)/(yhat'*yhat_new);
107 yhat_new = Q^2*yhat_new;
108 err = norm(yhat_new - yhat)
109 yhat = yhat_new;
110 y = real(ifft(yhat));
111 end
112 plot(x,y, 'k')
113 H_w = y(N/2+1) - y(1), drawnow
114 bif = [bif; V, y(N/2+1) - y(1)];
115 X = [X x]; Y = [Y y];
116 end
117 %% Benjamin
118 clear, clc
119 N = 512*4; L = 100; % half wave length
120 dx = 2*L/N; x = -L:dx:L-dx; x = x';
121 k = pi/L*[0:N/2-1 0 -N/2+1:-1]';
122 % y_t + a*y_xxx + b*y*y_x + d*K[y_x] = 0
123 r = 0.5; Bb = 1; h = 100;
124 c = sqrt(1-r);
125 a = -Bb/2/c;
126 b = 3*c/2;
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127 d = -r*c/2;
128 % a = -1; b = 1; d=1;
129 V = -.1;
130 bif = []; X = []; Y = [];
131 Vf = -2; Vs = -0.02; dV = (Vf-Vs)/100;
132 for V=Vs:dV:Vf
133 err = 1; count = 0;
134 y = 0.01*exp(-x.^2);
135 yhat = fft(y);
136 % V = -0.12;
137 % plot(x,y, 'k','LineWidth ',1), drawnow
138 while (err>1e-9)
139 count = count + 1;
140 yhat_new = real((b/2*fft(y.^2))./(V+a*k.^2-d*k.*coth(k*h)));
141 yhat_new(1) = 0;
142 yhat_new(N/2+1) = 0;
143 Q = (yhat'*yhat)/(yhat'*yhat_new);
144 yhat_new = Q^2*yhat_new;
145 err = abs(1-Q);
146 yhat = yhat_new;
147 y = real(ifft(yhat));
148 end
149 hold on
150 plot(x,y,'LineWidth',1), drawnow
151 H_w = y(N/2+1) - y(1)
152 bif = [bif; V, y(N/2+1) - y(1)];
153 X = [X x]; Y = [Y y];
154 end

39
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B The Process of Deriving Mathematical Formulation
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