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ON CHEN’S THEOREM, GOLDBACH’S CONJECTURE AND APPLICATIONS OF
SIEVE METHODS

RUNBO LI

ABSTRACT. Let N denote a sufficiently large even integer, we define D1 2(INV) as the same as those in previous
articles about Chen’s theorem. In this paper, we show that Dy 2(N) > 1.733 (?( 1\)]>2,
record about 93%. We also get some new results on twin prime problem and additive representations of
integers.

improving previous

1. INTRODUCTION

Let N denote a sufficiently large even integer, p denote a prime number, and P denote an integer with
at most two prime factors counted with multiplicity. We define

Dip(N):=[{p:p < N, N—p= P} (1)
In 1973 Chen [8] established his remarkable Chen’s theorem:
C(N)N
Dio(N) 30672 2
1,2(N) 067(10gN)2 (2)
where
2 L0 ) <
=15 (4. Y 3)
o LA s ¥, 1)
p>2

Chen’s constant 0.67 was improved successively to
0.689, 0.7544, 0.81;.0.8285, 0.836, 0.867, 0.899

by Halberstam and Richert [14] [13], Chen{10] [9]; Caiand Lu [7], Wu [29], Cai [3] and Wu [30] respectively.
Chen [11] announced a bettericonstant 0.9j:but this work has not been published. In this paper, we obtain
the following sharper result.

Theorem 1.1.
C(N)N

(log )

One important-significance of our» Theorem 1.1 is to make us truly achieve and exceed the constant 0.9
claimed by Chen [11]."Our eonstant 1.733 gives a 92.7% refinement of Wu’s prior record 0.899. This is the
greatest refinementyon the problem since Chen [8] from 1973.

Furthermore;, for two/relatively prime square-free positive integers a, b, let M denote a sufficiently large
integer thatis relatively prime to both a and b, a,b < M*® and let M be even if a and b are both odd. Let
R (M) denote the number of primes p such that ap and M — ap are both square-free, b | (M — ap), and
@ = P,. In1976, Ross [[26], Chapter 3] established that

D15(N) > 1.733

C(abM)M
> 0. —_—
Ra,b(M) >0 608ab(10g M)Q’ (4)
where
C(abM) H i H ( - 12) : (5)
(p—1)
p\abJV] p>2

p>2

Key words and phrases. Chen’s theorem, Weighted sieve, Distribution level.
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and the constant 0.608 was improved successively to 0.68 and 0.8671 by Li [16] and Li [19] respectively. By
using the same sieve process and methods in [19], we have the following sharper.

Theorem 1.2.

C(abM))M
Rypy(M) > 1.733——F——.
a.b(M) ab(log M )?

Let x denote a sufficiently large integer and define
ma(@) ={p:p<az,p+2="PR}. (6)
In 1973 Chen [8] showed simultaneously that
CQI’
> 0.33b——, 7
7T1,2($) (1ng)2 ( )
where

02;_2H<1—<p_11)2>, (8)

p>2
and the constant 0.608 was improved successively to

0.3445, 0.3772, 0.405, 0.71, 1.015, 1.05, 1.0974, 1.104, 1.123,"1.13,/1.145

by Halberstam [13], Chen [10] [9], Fouvry and Grupp [12], Liu [24], Wu [27]; Cai [2], Wu [29], Cai [3], Cai
[4] and Wu [30] respectively. In this paper, we get the following-sharper.

Theorem 1.3.
Cg.%‘

ma(x) > 1238 5
Chen’s theorem with small primes was first studied by Cai.[1]./For 0 < 6 < 1, we define
DY, (N):=|{p"p <N/, N—p=P}|. 9)
Then it is proved in [1] that for 0.95 < '€ 1, we have
C(N)N*
(log N)?~

Cai’s range 0.95 < 6 < 1 was extended successively to 0.945 < 6 < 1 in [6] and to 0.941 < 6 < 1 in [5]. In
this paper, we obtain the following sharper.

Df,z(N) > (10)

Theorem 1.4. For 0.9409 < 6 < 1,/we have
C(N)Ng
DY — .
1,2( )>> (10gN)2

Again, one can get parallel results on arithmetic progressions or on integers of form ap + bP, with small
p. One can’see [19]*for a detailed €xplanation.

The results proved in the present paper are mainly come from the author’s papers [19] and [21]. One can
also see the‘author’s otherpapers [17], [18] and [20] for more applications of sieve method.

2. LEVELS OF DISTRIBUTION OF PRIMES

We first provide some distribution lemmas which will be used in bounding various sieve error terms later.
The first/two, lemmas come from Pan and Pan’s book [25] which are generalized versions of Bombieri—
Vinogradov. theorem.

Lemma 2.1. (/[25], p. 192, Corollary 8.2]). Let
w(xsk,d, 1) = Z 1

kp<zx
kp=l( mod d)
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and let g(k) be a real function, g(k) < 1. Then, for any given constant A > 0, there exists a constant
B = B(A) > 0 such that

Z max max Z g(k)H (y; k,d, 1) <<1 xA ,

a<a' /2 (og)-2 VST BV L Ch 08 ¥
(k,d)=1
where L )
H(y;k,d,l) =7(y; k,d,l) — —7(y; k,1,1) = Z 1-— Z 1,
o(d) vt p(d) &=
kp=Il( mod d)

1 3
3 < E(x)<z'™, 0<a<l, B(A)= SA+IT.

Lemma 2.2. ([[25], p. 195-196, Corollary 8.8 and 8.4]). Let r1(y) be a positive function depending on x
and satisfying r1(y) < % for y < x. Then under the conditions in Lemma 2.1, we have

x
Z max max Z g(k)H (kri(y); k,dyl)| < —=.
d<ai/* (log z)-B y<z (1,d)=1 K<B(x) logx
(k,d)=1

Let ro(k) be a positive function depending on x and y suchithat kro(k)' << o' for k < E(x) , y < z. Then
under the conditions in Lemma 2.1, we have

x
max max g(k)H (kra(k); k,d,1)| < ———.
dgxl/%;gx)B y<z (1,d)=1 EE:(x) log” x
1

The next lemma was first proven by Wu [28],%and it ig‘a ”short interval” versions of Lemmas 2.1-2.2.

Lemma 2.3. (/[28], Theorem 2]). Let g(k) be a real function such that

2(k
Z 2% < og® x
k<L

for some C > 0. Then, for any.given constant A > 0, there exists a constant B = B(A,C) > 0 such that

t

_ T

max . max max g(k)H (y,h, k,d,1)| < —5—,

dga:t_l%ogx)_Ba:/2$y§$(l,d)—1h<xt kgﬂ log” x
(k,d)=1

where _
H(y,h, k,d,l) = (7(y + h; k, d, 1) — 7(y; k, d, 1))

b1 = (el k1, 1)

¢(d)
1
= 1——— 1,
> RS
y<kp<y+h y<kp<y+h
kp=Il( mod d)
3 5t —3

S<t<l, 0<f<——, B(A,C)=3A+C + 34.

In [5],"Cai'said that we faced the difficulty which cannot be surmounted that our Lemma 2.3 are not
sufficient to.deal with some of the sieve error terms involved. Actually the function g(k) cannot be well-
defined torcontrol the sieve error terms involved in evaluation of some terms, so we need a new distribution
theorem to overcome that. The next lemma is a new distribution theorem for products of large primes over
short intervals and it was first proven by Cai [5].



Lemma 2.4. ([[5], Lemma 8]). Let

Fi= {mp1p2p3p4 . (p1p2p3ps, N) =1, N 11 T <py <p2<ps<ps<Nws,

N — N? N _
——<m < ————, (m,p; 'NP (ps)) = 1},
P1p2pP3pa P1p2pP3pa
1 1 4.5863 .
Fo = {mp1p2p3p4 : (p1papspa, N) = 1, N1 < py <py <p3 < N88 <py < N 13 pgh
N - N? N _
g m g ) (m7p1 1NP (pQ)) = 1} )
P1p2p3pa DP1p2pP3pPa

then for j = 1,2 and any given constant A > 0, there exists a constant B = B(A) >0 _such that

1 $0'9409
E max E 1-— W E 1| <« el
1,d)=1
d<x0-9409-1/2(Jog )~ B (1) mp1p2p3pa€F; ¥ mp1pap3ps€F; og
mp1p2p3pa=l( mod d) (mp1p2pspa;d)=1

3. LICHTMAN’S NEW DISTRIBUTION.EEVELS

In 2023, Lichtman [23] got some new distribution levels on some special conditions. He also used this to
get great improvement on the upper bound of Goldbach representations. The distribution level of his results
is much better than Lemma 2.1 and Lemma 2.2. In this paper. we focus on the/lower bound instead, but his
results are still very useful.

We present the new results of Lichtman [23] in thisseetion. Puts4, B*> 0, § = -5 from Kim-Sarnak
[15], and we define the functions ¥, (t1) and 9, (t1,t2,t3) with @ =0'or 1 as the same as those in [23]. We
consider the analogous set of well-factorable vectofs DYl

DYY(D) = {(Ds,...,Dy) Dy Dy_4D2 <D for all m < r} .
Lemma 3.1. Let (Dy,...,D,) € D¥*Y(D) and write D:= N¥®,D; = N% fori <r. If 9 < 91(t1) — ¢, then
N) N
A (g ( (N: q, ult ) < . i
2 2 M= ©(q) (log N)A 2

b=p1--pr ¢ q=bc<D

9% P(p )
i<PiS B (q,N)——l

Moreover if t, < =2 and r > 3y then (i) holds if 9. < 91 (t1,ta,t3) — €.

1
If 9 < 91(t1) — € and r = 2, then
m(N N
> MM (g ( (N;q,N) — (( ))) < g A" (ii)
bSpipe asbe<D o o8
D1<p1<D1+5 c|P(N*)
1469 (g:N)=1
D2 <p2<D;

Moreover ift; < 152, then (ii) holds if O < 01 (t1,t2,u) — €.
If 9 < Y1(t1) 75 andr =, then

N N
> > Mg ( (N;q,N) — m{ )) < e (iif)
= e v(q) (log N)
£ CP Nu
Di<p1< D1+ (11]57) )

Moreover/if 1 < 14;‘9, then (iii) holds if ¥ < 91 (t1,u,u) — €.
If r=0andu= this simplifies as

T+ . _ m(N) N iv

19101
q< N 32000

q|P(N1/5°0)
(¢,N)=1

_L
5007




Lemma 3.2. Let (D1,...,D,) € D¥(D) and write D = 2%, D; = at fori <r. If 9 < 9o(t1) — ¢, then

S 0 (ree-2- 1) < ot
b, D v(q)) — (logx)
€ c|P r
Di<pi<p} e Fie)
Moreover if t; < 41%3‘90 and r > 3, then (v) holds if 9 < 9o(t1,t2,t3) — €.
If 9 < 9o(t1) — € and r = 2, then

3 (g ( (g, —2) - w<x>><< p
b%:;vz q;D ¢(q) (logz)4
Di<pr<p+<” dPE")

Da<pa<DLt’ (@2)=

Moreover if t; < 41_;399, then (vi) holds if 9 < Yo(t1,t2,u) — €.
If 9 < 9o(t1) — e and r =1, then
Z Z)\i <xq, —2) — w(x)><<le
= e ©(q) (log x)
D1<p1<D1+E c|P(;c“)
(¢,2)=

Moreover if t; < =5, then (vii) holds if 9 < Yo(t1, u,u) —e.
Ifr=0and u=

this simplifies as

Tt i, 3 om(z) x
>R (- S S
q<a 36750

q|P(zl/500)

(g,2)=1

L
500’

(v)

(vii)

(viii)

Lemma 3.3. Let (Dy,...,D,) € DY (DYwand write!D = N?, D; = N% fori < r. Let ¢ > 0 and real

numbers 1, ..., = € such that Zigk gi =1, and’let A =1+ (logN)"B. If 9 < 9:(t1) — ¢, then

~ 1 N
Z > (g > 1——— > 1 < log VA

q

b=p}-pl. q=bc<D p1--pg=N('mod q) # (@) (prepr,N)=1

D; <;01<D1+E (Clljv() ") N [A<p; KNT Vigk N /A<p; <N Vigk
q

Moreover if t1 < % andwr > 3, then{ix)holds if 9 < Y1(t1,ta,t3) — €.
If 9 < 91(t1) — € and.r = 2, then

. 1 N
Z Z )\i(Q) Z 1-— @ Z 1| <« 4(logN)A'

b=p P g=bes D p1-pr=N(mod q) (p1-pr,N)=1
D, < <pite’ c|P(N™) N%i /A<p; <N Vi<k N®i /A<p; <N Vi<k
1SPISTA (g, N)=1
Do<ph<Dyte

Moreover if ty/ <252 then (z) holds if 9 < 91(t1,ta,u) — €.
If 9 < 9(t1)—evand r = 1, then

_ N
Z Z M (q) Z oL Z 1 <<W

b=p] g=bes D p1--pr=N( mod q) #(4) (p1--pr,N)=1
D1<p,<D1+E9 C\P(N“ N /A<p;<N®i Vi<k N%i /A<p; <N Vi<k
1NF1 0 (¢,N)=

Moreover if t; < %‘9, then (xi) holds if 9 < 91 (t1,u,u) — €.
5
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Ifr=0and u = 5—(1)0, this simplifies as

T 3 ) P ) 1| < @mg]\]fw' (i)

LN p1-pe=N( mod q) (p1-pr,N)=1
Q\I;(NI/E)OD) N®i/A<p;<N®i Vi<k N®i/A<p;<N®t Vi<k

(¢,N)=1

Lemma 3.4. Let (D1,...,D,) € DY(D) and write D = z¥,D; = z* for i < r. /Let € > 0 and.real
numbers €1, ..., = € such that Zigk gi=1, and let A =1+ (logz)~B. If 9 < 9¢(t1) =&, then

3 3 M) 3 P 3 1< @. (xiii)

b=p}---pl.  q=bc<D p1-pr=2(mod q) #(a) (p1-+Pk,2)=1
' i <2 Vi i <2 Vi
Dz:<;0,/i<Dil+59 ?IPZ()p"l) 2% JA<p; <z Vi<k z%i /A<p;<z®i Vigk
q,4)=

Moreover if t; < 41_;399 and r > 3, then (ziii) holds if 9 < Yo(t1,1t2,t3)~ &
If9 < 9(t1) — € and r = 2, then

Y Y DR L SN s ] I S

b=pipy  4=besSD p1--pr=2(mod ) #a) (1 p,2)=1
Dy <p! <pi+e? cIPE") z%i [A<p;<a®i Vi<k ai [A<pisa’t ik
PSS (g.2)=1
Do<ph<Dy e

Moreover if t; < 41_;399, then (ziv) holds if 9 <Oo(t1,t3,u) — &
If 9 < 9o(t1) — e and r =1, then

Z Z Xi(q) Z 1- > Z 1]l < 7(10;;)14. (xv)

b=p} q|:£€§li)) p1-+-Pr=2(mod.q) #(9) (p1---pk,2)=1
, 149 ¢|P(z" 21/ A<p; <z Vik z% JA<p; <z Vigk
Dl <p1<D1 € (q72):1 S <X 1= X
Moreover if t; < 155, then (zv)holds if 9'< Bo(tr, u,u) — €.
Ifr=0and u= 5—(1)0, thisssimplifies as

ST k(g Y P > 1| < @. (xvi)

plq

4<z 26750 p1-+pr=2( mod q) (9) (p1-+pK,2)=1

11|1;(x1/50°) 2% [A<p; <zt Vigk @i /A<p; <zt Vik
(g,2)=1

4. WEIGHTED SIEVE METHOD
Let" A, B and C denote finite sets of positive integers, P denote an infinite set of primes and z > 2. Put

A={N-p:p< N}, B={p+2:p<z}, C={N-p:p< N},

P={p:(p,2)=1}, Plg)={p:peP,(p,q) =1},

P(z):Hp, As={a:a€ A,a=0(modd)}, S(A;P,z)= Z 1.

pEP ac€A
p<z (a,P(z))=1



Lemma 4.1. (/[30], Lemma 2.2]). We have

1

4D 2(N) > 35 (A P(N), N7 ) + 8 (A4 P(N), N¥7)
-2 Y S (AP, N

1 25
N 13.27 <p< N 128
(p,N)=1

1 1
N 1327 Lpa<pi <N 824
(p1p2,N)=1

1
+ > S (ApiayPN), N7 )
NT337 <p2<Nﬁ <p1<N%
(p1p2slN)=1

1
+ > S (Apypai PV), N5 )
L _ 1 25 57
N 1327 <pa <IN 8:22 <IN 128 <py <
1

(p1p2,N)=

¥ > S(Aplpz;P(N)vNﬁ)

57

N 1527 gp2<N84124 <N 222
(pap2,N)=

:

<p1<N% 13.27
1

=2 Z S (Ap,p,; P(Np1), p2)
N2~ TIhy <pa< ()2

P1
(p1ip2,N)=1

2 > S (Apipes P(Np1), p2)
1 1 1
NI3.27T <p1<N 3 <pa<(37) 2
(p1p2,N)=1

- ) s (Aplm;P(an, ( pf;);)

1 1__3_ N1
NB82Z2Lp;<N2 13.27 <p2<(ﬁ) 2
(p1p2,N)=1

N Z S (Ap1p2p3p4§7)(N);p2)

1 1
N 1327 <p1 <p2<p3<ps<N 824
(P1p2p3pa,N)=1

N Z S (AIJ1P2P3P4; 'P(N), p2)

1 1 12
NT3.27 <p1<p2<p3<NB2ELps<NZ T3.27p; "
(p1p2pspa,N)=1
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+0 (Nﬁé;)
=351+ 52 — 253 — 254 — 255 — S — S7+ Sz + 59
+ S10 + S11 _2512_513_514_515_516‘1’0(N%)-
Lemma 4.2. ([[4], Lemma 3.2]). We have

4y o(z) > 38 (B;P,xﬁ) + S (B;p’m%z>

T Z S (Bp1pz§7)a$%)

1 1 25
212 <p2<x 7.2 <p1<x 107
1
+ S (Bplpzvpaxlz)
1 1 25 2 17,
12 {p2<z7-2 <z 107 <p1<min(z 7 ,z42p, )
E & 1
-2 S BP,P,Z‘12 -2 E S(BW’]D’le)
1 25 25 2.
12 <p<x 107 210P<p<a T
= 1
- S(BP,P,mm)— E S(Bp;P,xlz)
2 2 20, 20,
x7 <p<x 7 7 <p<a100
1
_ S(BP,P,J:H)— E S(pr’P’mm)
20 1. , 3
el Sp<es @3 F p<us

Pl
-2 S (Bpips; P(p1), p2)
2 1
TP <p2<(35).2
- E : S (Bp1p2p3p4§ 73(;01),]92)
1 1
12 <p1<p2<p3<ps<z 72
- Z S (BP1P2P3;D4; P(pl)aPQ)
1 5 1 2
212 p1<p2<p3<x 12 <x 7.2 <ps<z7
- E S (BP1P2P3:D4; P(pl)aPZ)
1 5 1 17
@12 <p1<pa<w 2 <p3<z 73 pa<z @ py
- E S (B;Dlpzps;m;; P(pl)ap2)
B 5 1 17
12 Lp1<x 22 LP2<p3<z7-2 Lpa<z 42 pg
- § S (Bivlpzpam; P(pl)aPZ)
5 1

w7 <py <pa<ps<zTI <pa<z I py
+0 (xll)
=35, + S, + S, + 8, + S, — 28, —28L — Sk — S, — Sh, — Si,
— S1a — 813 — 2814 — S5 — S16 — S17 — Sis —519—&-0(1‘%).

-

)
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Lemma 4.3. (/[5], Lemma 9]). We have

1 1
NTiLp;<p2<NBE
(p1p2,N)=1
1
T S (CP1P2;P7N14)
L 1 4.5863 _
NTILp;<N88Lpo<N ™ 14 p)
(p1p2,N)=1
1
- ) S (CyiP, N )
1 4.08631
N12Lp<N 14
(p,N)=1
1
— E S (Cp; ’P7 N 14)
1 3.5863
NTiLp<N 14
(p,N)=1
B Z 5.(Cpip,; Plpa),p2)
1 1 N L
NTiLp;<N31 <p2<(ﬁ) 2
(p1p2,N)=1

- > S (Cplm;?’(pl), <pf\7p2> é)

. 1 N L
N388Lp <N3.7 <p2<(ﬁ) 2
(prp2,N)=1
1
— E S (Cp; 737 N14>
4.08631

1
T4 p<N3.T
(p,N)=1

N ST sep )

3.5863 1
N 14 Lp<N37
(p,N)=1

N Z S (CPIP2P3P45P(p1)7p2)

ol 1
NTa<p1 <p2<p3<pa<NB8S8
(p1p2p3pa,N)=1

1 Z S(CP1P2P3P4;P(p1)ap2)

4.5863 _;
1 p

1 1
N1 p1<p2<ps<NB8BLps<N
(p1p2p3pa,N)=1

-2 > S (Cprpsi P(p1), p3)

1 N
N3T<p1<p2<(37)
(p1p2,N)=1

-2 Z S (Cpips; P(p1),p2) + O (N%
Nﬁ<p1<pz<(%)
(p1p2,N)=1
=35] + 55 + 85 + 5 — S — S¢ — 57
— Y 84 — Sty — Sty — Sty — 251 — 281, + O (NH).
9
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5. PROOF OF THEOREM 1.1

In this section, sets A and P are defined respectively. Let v denote the Euler’s constant, F'(s) and f(s)
are determined by the following differential-difference equation

{F(s)z’g”, fs) =0, 0<s<2,
(sF(s)) = f(s=1), (sf(s))=F(s=1), s5>2

and w(u) denote the Buchstab function determined by the following differential-difference.equation

wlu) =1, 1<u<2,
(uw(u)) = w(u —1), u > 2.
We first consider S; and Ss. By Buchstab’s identity, we have
=5 (AP, N =) = 5 (APWIN),NF ) = 30 N (A PN N
N30 <p< N 1537
(p,N):l
+ 3 S (ApupaiP(N) N7 )
N 500 <p2<p1<Nﬁ
(p1p2,N)=1
- Z s ('AP1P2:D3 ; P(N)ap3) (11)
N'500 <p3<p2<p1<Nﬁ
(p1p2p3sN)=1
and
Sy =5 (A,P(N) N) — 5 (A;P(N),Nﬁ) =0 K (AP;P(N),Nﬁ)
N 500 <p< N 5.2
(p,N)=1
+ Y. S (Apupai P(N), N5
N500 <pi<pr oN 523
(p1p2,N)=1
- Z S (Apipops; P(N), p3) - (12)

s
NBOOLp3<p2<p1 <N 821 24
(p1p2p3,N)=1

By Lemma 3.1, Iwaniec’s linear sieve method and arguments in [22] and [23] we have

w2 F(500(91(t, 54, 555) — 1)

2
1= 0(1)) = <500f (5000ﬁ) - 500/1 > dt

500

s/ [ £(500(91 (1, to, t—t
+500/1 f (91 (f1, 12 50) — 2) gt dts

t1to

50

4 / X / ) F(wl(tht%t?’t)ﬁﬂ%t?’))dt dtydty | SN (13)
o 2 t1tat? sen (log N)?

500

and

w31 F(500(91(t, 555, 55) — t
500f 500195—})0)—500/824 (500(91 ( iOO 500) — 1))

522(1"-0 dt

2
7

/N

500
w3 U f(500(01 (b, be, 255) — t1 — t2))
t1ts

10

-+ 500

dtadty
1 1
500 500



4 191 (t1,t2,t3)— t1*t2*t3)) C(N)N
t3
dtsdtadty | ——2— (14)
/53)0 / /5 t1tat? (log N)?

égooo By numerical calculations we get that

where 19 1
500

C(N)N
> .
S > 14.901125 (log N2 (15)
and
C(N)N
> 9. —_—
Sy > 9.228483 (Tog N2 (16)

For S3, we can either use Buchstab’s identity and Lichtman’s method te estimate.Sg with a better
distribution level as in [23] or use Chen’s double sieve technique as in*[30]. The first option leads to

3 S(AP;P(N),Nﬁ): Z S(AP,P NY; z)

p
(p.N)=1 (n.5)=1
1
- Z S('APle;P(N)aNk)
Pp1
N% <p2<Nﬁ
(pap2,N)=1
+ p S (Apipopa; P(N), ps) (17)

pr
1 1
N& <p3<pe<N13.27
(p1p2p3,N)=1

for some k > 13.27, while the second ©ption createsia small saving on Sj itself. We can also use Chen’s
double sieve on the first two sums on the.right-hand\side of (17) after applying Buchstab’s identity. We
don’t know which of these options,gives a smaller value, hence we take a minimum. By Lemma 3.1, Iwaniec’s
linear sieve method and arguments in [22] and [23] we have

25
128 F(1327(91(t1, 557+ T5.97) — ¢
S5 < (bt of1)) 27 (/ " in (13.27 (13-27(9: (1, . ) — 1)
€ 1
13.27
([ 26.54¢7H(13:27(3 — 1)) in kF(k(fz?l(tl, T E) —t1))
(13.27(3 = t1))t1  13.27<k<500 t
 2keVH (k(3 — t1)) k/l;” Fk(01(t1,t2, ) —t1 — t2)) o
k(5 —t1))ta 1 tito 2
k(L —t, —t
PP ymect /13 27 (1 1 2)) it
(k(5 —t1 —t2))t1to
i 2 F ((ﬂl(tl,tg,tst)g—tl—ta—ts))dt B B CN)N
+/,£ /; t1tot2 se2 '] (log N)?
C(N)N
< 14. —
< 14192163 s (18)

where we choose k = 14.4 and H(s) = Hy5(s) and h(s) = hy/3(s) are defined as the same in [30]. We have
used the following lower bounds of H(s) and h(s) for 2.0 < s < 4.9. These values can be found at Tables 1
11



and 2 of [30]. We remark that we have Hy(s) > Hj o(s) and hg(s) = hya(s) for 9 > 3

0.0223939, 20<s<22, 0.0025551, 3.5 <5< 3.6,
0.0217196, 22 <s<23, 0.0020972, 3.6 <s<3.7,
0.0202876, 2.3 <s< 24, 0.0017038, 3.7<5<3.8,
0.0181433, 24 <s< 2.5, 0.0013680, 3.8<s< 3.9,
0.0158644, 2.5 <s5<2.6, 0.0010835, 3.9 <5 <4.0,
0.0129923, 2.6 <s<27, 0.0008451, 4.0 < s <41,
H(s) > 0.0100686, 2.7 < s <28, 0.0006482, 4.1 < s <42
0.0078162, 2.8 <s<2)9, 0.0004882, 4.2 <543,
0.0072943, 29<s5<3.0 0.0003602, 4.3 <s <44,
0.0061642, 3.0 <s <31, 0.0002592, 4.4/7<ps < 4.5,
0.0052233, 3.1<s5<3.2, 0.0001803, 4.5 < s <4.6,
0.0044073, 3.2<s5<3.3, 0.0001187, 4.6 <ws'<4.7,
0.0036995, 3.3 <s<34, 0.0000702, 4.7 <5 £A4.8;
0.0030860, 3.4 <s5<3.5, 0:0000313; 4.8 <'5/</4.9,

0.0232385, s = 2.0, 0.0030123, 3.4<s
0.0211041, 2.0 < s < 2.1, 0.0023901; 3.0<s
0.0191556, 2.1 <5 <2.2, 0.0018997; 3.6 <s
0.0173631, 2.2 <523, 0.0015336, 3.7<s
0.0157035, 2.3 <'s <24, 0:.0012593, 3.8<s
0.0141585, 2.4'<’s < 2.5, 0.0010120, 39<s
0.0127132, 2.5 <5< 2.6, 0.0008099, 4.0<s
h(s) = ¢ 0.0113556, 2.6 < 5 <2.7, 0.0006440, 41<s
<28 ]

<29 s

< 3.0 s

< 3.1 S

<32 S

< 3.3 s

<34 S

0.0100756, %2.7 < s/<’2.8;. | 0.0005084, 4.2 <
0.0088648, 2.8 < §<2.9, |0.0003980, 4.3 <
0.0077612, 29%s<3.0, |0.0003085  4.4<
0.0066236, 3.0<s<3.1, |0.0002365, 4.5 <
00055818, 3.1.<'s . lo.o001791, 46 <
0.0046164, / 32< s . |o.0001396, 4.7<
0.0037529,.. 33 <s . |0.0000981, 4.8<

i N e i e e o e
© 00N W O NS Lt

INCIN NN N CIN N N N N N N N NN

Similarly, for S; and S5 we have

Sy <1+ 0(1))% (/4 (13 5 F13.27(01 (1) —t)) 26.54¢7H (13.27(3 — t1))

2 t (13.27(3 —t))ts
— v L
min kF(k(191(t1) t1))  2ke H(k(3 — 1))
18.27<k <500 t (k(3 —t1)t
1 (91 (t1)—t1—t2)

4 /13.27 f (#) &t it C(N)N

t1t3 2 "] (log N)?
< 3. 721794( GV

N

N2

57

% ( ' min (13.27F(13'27(i1(t1) —t)
1

Ss < (14 o(1

12



min

(91(t2)—t1—ts)
F(k(91(t) — 1)) f( BEre— ) C(N)N
k _ diy | | at, | 222
13.27<k<500 tq 1

t1t3 (log N)?
C(N)N

(log )2

We shall use Chen’s double sieve to gain a small saving on Sg. By the discussion in [30], we know that [[30]
Proposition 4.4] can be used to handle the following sum:

3 S (AP;P(N),Nﬁ) . 23)

1_ .29 1
N2 1327 p<N3
(p,N)=1

By the same process as in [30] we get that

Se < (1 Jro(l));Y <13.27/:; F(13.27t(% - t>)dt> (Cl'o(g]\[]z]])\g e

< 0.282907 (22)

224

C(N)N
< (5.265577 — 0.031029) (V)

(log N)?
C(N)N
< 5.234548 —— 24
(log N)? 29
where
9.2 2 + 017/) (1 3.8+O.2i)
G, =8| log <1327> Uy(2.3) lg< _ “271 Wy (2 + 0.14)

T i ) e 2R (T (- 20)
(2-+0.11) (1 £ 2205) > ) conn

+ - iroorny | Wi(24-010) | ———, (25)
2" (ot o N

where Uy (s) and \Ilg(s) are defined as_the same in/{[29);Lemmas 5.1-5.2] and we have used the following
lower bounds of them. These values can be found at Table 1 of [29].
0.009405211, 5= 2.6,

0.015247971, 5= 2.3
0.006558950, s = 2.7,

Ws(s) = < 0.013898757, s=24 Uy(s) > (26)
0.003536751, s =238,
0.011776059, s =12.5,
0.001056651, s=2.9.
Similarly, for S; we have
1 _3
2 2w F(13.27(% —t)) C(N)N
Sy < (L+o(1))— | 13.27 2 dt
7 ( +0( ))6 ( /2524 t (10gN)2
C(N)N
< 1:256371 ———. 27
(log N )2 27

For Sg we can take a maximum of the lower bounds obtained by those two methods we used on the
estimation ‘of Ss¢

so1 [ 13.27(91 (ty, tg, —=5n) — t, —t
Sg.> (1+0(1))% (/ / max <13.27f( 3-21(91 (11, b2, 3.37) — t — 2)
e

1 1 t1t
13.27 13.27 12

26.54¢7h(13.27(3 — t1 — t2)) (03270t b5, Ly —t1 — 1))
(13.27(5 —t1 — t2))tity ' 13.27<k<500 tito
O (t1,t0,t3)—t1 —to—t
2ww@t1mp/@FC(zilzﬂﬁ ) canw
(K(E —t1 — t2))t1ts . t1tot? 8 > (log N)2

13



C(N)N

> 1.691493 ——-—. 28
(log N)? X
Similarly, for Sg—S11 we have
25 1
s [E 13.27(01 (t1,t, —55) —t1 — ¢
So > (1+0(1)= (/ ® 7 max (13.27f( @ity b ) — 0 — t2)
eY 1 1 t1to
8.24 13.27
26.54e7h(13.27(5 — t1 — t2)) kf(13.27(191(t1,t2, $) —t1 —12))
max
(13.27(3 —ty — t2))taty  13.27<k<500 tits
V1 (ty,ta,t3)—ty—to—t
le’Yh(k(% ty —t3)) = F(( 1(t1,to 3t)3 1—ty 3)) (NN
—/ y dts || dtzdty | 7———
(k( tl — tg))tltg 1 t1t2t3 (log N)
C(N)N
> 3.367923 ——— 29
(log N2 @)
2 55 f(13.27(01(t1) — 41— t
S104 S11 = (14 0(1) (13 27/ / F(13.27(9(t1) — 2))dt2dt1
t1to
12 13.27
1327 824f1327*—t1 t)) C(N)N
dtodt, | ———= 4 G
+ 13. 27/227 / ity 20ty (Tod V)2 + G2
( )N
> (1.462 0.041633) —~—
(1.462958 + )(logN)2
C(N)N
> 1.504591 ——— (30)
(log N)2’
where
1
3 h(13.27(5 1 — ¢
Gy =413, 27/2 / L= )
s (13.27(3% t1 “to))tits
3 N T 13 27( — tg)) C(N)N
13.27 dtodty | ——L—. 31
i / /1327 (13.27( f—tl—tQ))tth #7) (log N)2 (3D

For the remaining terms, we can use Chen’s switching principle together with Lichtman’s distribution
level to estimate them. Namely, for S;»2 we have

S12 7 p S (Apupsi P(Np1), p2) = S (A5 P(N), N, (32)
Né*ﬁémﬂud%)%
(p1p2,N)=1

where the set A’ is defined as
1__3 1
A= {prlpzm INETEE <py <py < (N/p1)E, p | m=p >pyory :pl}-

We niote that each m aboye must be a prime number since 1 — —2_ > %. By Buchstab’s identity, we have

2 13.27
Sz =48 (A';P(N),N%) <S (A’;P(N),N%>

=5 (AP), N ) = ST S (A P(N), N
N 500 <p' <N 158
(', N)=1
+ 3 S (Apy 3 PIN), N80 )



- > (A; s P(N ),pé) : (38)

L 25
N 500 pj <ph<pj <N 128
(pyp5p3,N)=1

Then by Lemma 3.3, Iwaniec’s linear sieve method and arguments in [22] and [23] we have

2C(N)|A'|

28 f(500(’l91( 70007 (1)0) _t))
S12 < (1+ (1)) €7 log N <5OOF (5001957%0) "0 ‘/00 ! Y
Bt P(500(01 (b, ¢ bt
+500/128/ o t27t500) 2))dt2dt1
500 e

(191(t1 st2,tz)—t1—ta—t3)

TN
dtsdtodty
2
L t1tat3

<(1+ o(1))2% </2 log(t; l)dt> g()(gN]\)]])VQ

C(N)N

< 0.498525 :
(log N)?

(34)

where

1 (50091 (1, sh50555) — 1)

o~

1

00
s 1 F(500(9 (b, to, =22) A~ £ =t
+500/ / ( ““’f’tzoo) 15%) bty
= I

Gy = 500F (50019ﬁ) 500 /

(91(t1,to,t3)—t1—ta—t3)

i
. dtsdtydt; . (35)
ol 55 F1tatg

Similarly, for S13—S16 we have

S13 < (14 0(1))

t
2

e (log N)?

C(N)N

< 4514343~
(logN)?

1027 3
2G; /7 24 log ( 27 T it ) " C(N)N
ev 1927 t (log N)?

S1a < (1+0(1))

C(N)N
< 4. —
<4.576860 Tog 9.

1 t— t2 ts— t4)

2G; [ /57 w C(N)N
S 1 1)—= dtydtsdtadt] | ————
15 <.(1+ of )) o /# /t1 /t2 /t?, t1t2t3t4 aatzdtadiy (log V)2

C(N)N
(log N)2’

1 1 1 1 2 1—t1—ta—t3—ty
2 §2d (§2d [§=d [ e BW\ T NN
S1e < (14 o(1 ))& / / / / ( i )dt4dt3dt2dt1 CINN

ev T t 1 t1t3tsty (log N)2

13.27 8.24

<.0.090595

C(N)N

< 0.499530 —— 2"
(log V)2

15



Finally, by Lemma 4.1 and (11)—(39) we get

N)N
351 + 59 + Sg + Sg + S10 + S11 = 60495865&7
(log N)?
C(N)N

255 + 254+ 285 + S+ 51+ 2512 + 51 + 51 + 515+ Sio < 535630257 s

4D1,2(N) > (351 + S5 + Sg + Sg + Sip + 511)
— (253 + 254 + 255 + Sg + S7 4+ 2512 + S13 + S14 + Si5 + 516)
C(N)N
> 6.932——,
(log N)?
C(N)N
(log N)?*
Theorem 1.1 is proved. The detail of the proof of Theorem 1.2 is similar.to those of Theorem 1.1 and
Theorem 1.1 in [19] so we omit it in this paper.

Dy 5(N) > 1.733

6. PROOF OF THEOREM 1.3

In this section, sets B and P are defined respectively. For S] and S5, by Buchstab’s identity, we have
St =5(BPat) =5 (BPastn) - (N S(BfiPa)

- Z 5 (BP1P2P35P7P3) (40)

1

p3<p2a<pi<z iz

m‘.-.
VAN

and

S5 =5 (B Pa2 )= (B Pl | - S (Byi P27 )

/0 S (B
2 500 <;Dz<p1<z7+2
- Z S (Bpypaps; Psp3) - (41)

1 1
2500 Kp3<p2<p1<z7-2

By Lemma 3.2, Iwaniec’sdinear sieve method and arguments in [22] and [23] we have

12 F(500(9 , , t
S12 (1+o0)) (500f (5000' )7500/ (500(9o(*, 500> 500) — 1) ,
500 El ¢
p. 500/12 31 F(500((t1, ta, W%O) —t — tZ))dtZdtl
ti1to
Lt ts F ((’190(151,t2,1‘/3t)3 tl—tg—tg)) o
- / / — dtgdtadty | =2
500 ¥ 505 ¥ 500 1t213 (log x)
CQ(E
> 6.737438 ———— "
(log )2 (42)

and

1 72 F(500(F0(t, £, 1) — ¢
S5 > (1+o(1)= <500f (50019’5%) —500/ (500(90 (%, 55+ 505) — ¥))

500

~+

16



t £(500(90(t1, ty —t
+500/ / f 0 1, 27500) 2))
50!

dtodt

e 2dty
(Do (t1,ta,ts)—t1 —ta—t3)
/ // F<0123t3123)dtdtdt _CGaz
g t1tat? 3T (log 2)?
Cox
> 1008831 7 s, (43)
_ 16483

where 19} = 56750-

For 55-S7, by Lemma 3.2, Iwaniec’s linear sieve method and above discussion, we have

8> (1+0(1) = (/ /“max(uf(”(ﬂo(“vfzvszl—tz))

1 t1to '

12

( J(E(9o( t17t27k) t1 —t2))
max k
12<k<500 t1to

1 (Yo (t1,ta,t3)—t1—ta—t3)
/2 ts

Jun

1

) ng
k a2 dts dtadty (log 22
Cox
(logx)?’

(44)
842 (1+0(1) (/ . max<12 (2ol f; 35) —t1 —12))

s tyts ’
( F(E(Qo(tr, t2, ) — ta— t2))
max k

12< k<500 tits
1

/ﬁ F ( (190(751-,t2,t3t)3—t1—t2—t3)

1

) c
p) dts dtadty 27
L £ tot2

(logx)?
o

> 0.874702 ———

> 1. 704764

(45)

71 mm % %*tl) f(12(190(t2) — 1t — tQ)) C2x
dtodty

107 t1t2 (log .’13)2

S (I1+o(1

ia

2.0. 448166

(46)
Se. < (1+ o1 ( m
F(k '90(’517 % 1) —t) _k/llz f(k(Bo(tr, t2, ) — t1 — t2))

mln (12(190(t1’ 127%) tl))
min ( dts
12k <500 tito
k

tq ’
ty F 190 t1,t2, tst)3 t1—to— ts))
/ / dtsdts

CQJJ
dt; | ——
tytot3 '] (log z)2
Cox

(log )% (7
Sy < (1 +o(1))e% (/7 min (12F(12(190(t1) —t))

25 t1 ’

17

< 6.953322 ——

107



B 1 f((ﬂo(tl)*tlftz)
min k_F(k(ﬁO(tl) tl)) - /12 t;
12<k<500 tq 1 t1t5
< 1.300939—22%
(log z)?

) dto dtq

CQIL'

(log z)?

(48)

For S15,—S19, by Chen’s switching principle, Lemma 3.4 and above arguments on estimating S12-S16 we

have

U
12

!
13

/
14

15

16 =

U
17

/
S1s

U
19

11 log (2 — 2+
< (L4 o(1) &t / ( t tﬂ)dt (100;36)2
(& 2 X
< 1.981662(106;;2;)2,
3.5
G (o2l (25-2%) \ o
< (1+0(1)22 dt
(14 o ))67 /2'5 t (log x)?
C
< 1.717054@,
Gy [ [*Plog(t—1) Cox
<a +O(1))€7'Y </2 t dt (log z)?
0153821 )2,
1 1-ty~ta—tz—ta t2 t
Lv’
/ / / /” ditydtsdtydty 0212
ts t1t2t3t4 (log )
0051713 )2,
1 1—t1—to—t3—1t4 tz ts—1t4
< ( Ci / / / / )dt4dt3dt2dt1 02‘752
e t1 Jta ol t1t2f3t4 (log )
0101840 )2,
1 1—t1—to—t3—t4
42 5ts w to CQ.’I?
dtydtsdtadt
- /t / / 111315t ) (log z)?
0118478 )2,
1 1ty —to—t3z—ty
42 3ts w to CQ.I
< dtydtsdtodt
/ / / / t1t3t3t T (log )2
<0.042337—2" T x)Q’
T g,tg,w(m)
< (1+0(1) /72 /72 /72 /42 = dtydtsdtsdty 02:1;2
2 oJu Jw S t1t5tsty (log z)
C.
< 0.005901&.

18

(51)

(52)



where

/ F(500(90(t, 565, 555) = 1))
t

500
21
o7 F(500(0¢(t1,t0, soc) —t1 — t
+ 500 /107/ ( (1 2 500) 1 2))dt2dt1
1

tita

G4 = 500F (50019’55 ) 500

500

2y t f < o (t1,t2, tzt)B tl*t2*t3))
—/ dtsdtadty.

1 L titat?
506 Y 500 ¥ 500 1%2%3

For the remaining terms, by the arguments in [4] and [30], we have
802:17
(log )%
12 (7-2)12 F(t c
Sy < (L+o(1) = (/ O 4 < 0.111050-2"
(

u_209152x 121 (logz)?’

Sy <

20
12 (-2 P C
Sy < (1+0(1)—= / #dt < 111696962
eV \J—iy2 g5 X 124¢ (log x)
ECQQS‘
Sl
1 (log @)
Finally, by Lemma 4.2 and (40)—(61) we get
Cs
3]+ Sy o+ Sj+ 8 5 Sz AT o2 g§)2,

256 + 255 + S + Sg # Sjet Siy + Sio 4 Sis
0233
2514 + 815 + Sig + S Sigf 5 < 22.295884
A7y o0(x) = (355 .55 + Sy 4S5 4 SL)

— (2554 2SL 3854 S) + Sho + Sty + Sia + St

+281 4+ 5154+ St + S17 + Sis + Sio)

> 4,952 228
(log z)?
Ogl‘
>1.238———.
m2(2) (log x)?

Theorem 1.3 is proved.

7. PROOF OF THEOREM 1.4

In this section, sets C.and P are defined respectively. The details of calculation in this section can be
found in [[19], Section 7]. Let 6 = 0.9409 in this section. For S7-S{, by Lemma 2.3 and Iwaniec’s linear

sieve we have

s s+1

(log N
C(N)N?
(log N)?”

0 76—2 _ _
Sus (14 0(1));320(N)N)2 <1og(79 ~1) +/ log(s 1) 1o 78 1ds>
2

> 16.70802

0 1402 _ B
SY > (14 o1)) S NN )N)2 <1og(4.49 R

62(log N

C(N)Ne
(log V)2

9 S s+1

> 10.340342

19



4.5863

13 " Jog (760 — 1) — 14 (t; +t
S:I),/-FSZ > (14 0(1)) 1 (/88/ o8 ( ) (hs + 2))dtzdh
gN t1

tito (9 -2 (tl + tQ))

C(N)N?
5914688 1 o
8C/(N)N? 4.08631(146 — 2)
1" < 1 1 1
S5 < (o)) a0 N2 146 — 8.17262
702 _ _ —1—
+/ log(s — 1) log (76 —1)(70 — 1 S)ds
) P s+1
70—4 _ 702 _ - — oy
+/ Mds/ 11 -1 log (76— D)7 — Jg By
9 S s+2 t S +1 b+l
C(N)N?
< 24. 1 AT\9
63508 71Ny (%)
8C(N)N? 3.5863(140 — 2)
Sg < (1+ 0(1))02(10g N)2 lo 146 — 7.1726
702 _ - -1=
. s s+1
70—4 _ 762 _ — =1 -
+/ M(ﬁ/ llogt \ log WO t)dt
2 s sy2 U s+ 1 &
N)N?
< 21.808021((’1((%])\[)2. (6

For S7, S§, Si5 and SY,, by Chen’s switching principle, Lemma 2.3 and similar arguments as those in
estimation of S15, we have

S

0 130og (2.1 — 24 78 log (2.7 — 2L
SY 48U < (14 o(1) oo WX 1 ( +1>d8+/ s (27 3),
2 2

(20 —1)(log N )2 N\, s 7 s
C(N)N?
< 13. et A
3.95353 (0N 2 (67)
S// _|_ S// < (1 _|_ (1)) 8C(N)N6 /2'1 log(s B 1)d _|_ /2'7 1Og(5 B 1)d
13T m= 7 ab(260/— 1)(logN)? \ Jy s ’ 9 s ’
C(N)N?
< 0771273 ——=—.
0.771273 3 5 (68)
For SY; and S{5¢by Chen’s switching principle and Lemma 2.4 we have
So(N st 1 ty— t2 ty— t4>
"< (1 1 dtydtsdtadt
n S (1o ))(29 Z1)( logN / /tl /tz /td t1t2t3t4 4ttt
C(N)N*
< 0.115178ﬁ, (69)
80 8178 4.515‘%163 —t3 W <1ft17tt27t37t4>
S (T4 o(1 ' : dtydtzdtadt
12 < (T4 of ))(29_1 logN / / / /8%8 413050 4at3dtaaty
N)N?
< 06531925 (70)

(log N)%~
20



For the remaining S§ and S7;, by Lemma 2.4 and the methods used in [6

and [19] we have

1 1
" 1" SGSC(N)NG /ﬁ dt /ﬁ dt
< SEsCINV )Y _dt _dt
Sy + S0 < (1+ 0(1)) 0(log N)? wonost 16 — 21) + s 00— 20)
C(N)N9
< 3.67T————
< 3.67 (log N)? ) (71)

where

2.675 log(t — 1) 1 [2:675 log (2.675 — 3)5&715) 0 (6.175 log %é ¢ 2.35)
Gs =1+ —_— - )
2 1

dt — = t
t 2 /15 t * 1.763(20 — 1)

Finally, by Lemma 4.3 and (62)—(72) we get

C(N)N?
1! 1/ 1 1
> 66.379—————
357 + 55 + S5 + Sy > 66.379 oz V)2
Sy + Sg + 57 + 5§ + S + 51

C(N)N?

+ U+ STy + 287 + 287, < 66.378W,

AD],(N) > (38) + 55 + 85 + 5Y)
(84 + S+ Sy 4 SEH Sy + 8
S+ St & 25y + 257y)

C(N)N?
> 0.001 SN
(log'N )2
C(V ) N®.
DY 5(N) >0.00025-———~ .
172( ) = (log N)2
Theorem 1.4 is proved.
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