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Abstract

In this paper, we focus on the explicit expression of an extended version of Riemann
zeta function. We use two different methods, Mellin inversion formula and Cauchy’s residue
theorem, to calculate a Mellin-Barnes type integral of the analytic function regarding z:
Γ(z)Γ(s − z)u−z (u ∈ (0, 1), s ∈ C) whose result contains Gamma function. We provide
the necessary background on the analytic properties of Gamma and Riemann zeta function
to confirm the absolute convergence of this Mellin-Barnes integral. Next, we represent
the extended version of Riemann zeta function

∑∞
m=1

∑∞
n=1 (m+ n)−s using the following

complex integral where the real part of s is larger than 2 and c > 1 is chosen to make ℜ(s)−c
also larger than 1.

Γ(s)

∞∑
m=1

∞∑
n=1

(m+ n)−s =
1

2πi

∫ c+i∞

c−i∞
ζ(z)ζ(s− z)Γ(z)Γ(s− z) dz

We provide the evaluation of this integral by changing the integration path from straight
line ℜ(z) = c into a rectangular contour whose left side is positioned at negative infinity.
The connection of this result with other intricate integrals and its application to Barnes zeta
function are discussed as well.

Keywords: Gamma function, Riemann zeta function, Hurwitz zeta function, Cauchy’s residue
theorem, Mellin-Barnes integral
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1 Introduction
Gamma function Γ(s), which was originally introduced by Leonhard Euler in 1729 in his

letter to Goldbach [7], is defined as an infinite product: for all s ∈ C,

1

Γ(s)
= s

∞∏
n=1

(
1 +

1

n

)−s (
1 +

s

n

)
(1)

Later, Daniel Bernoulli derived an integral representation of Gamma function for all complex
number s where the real part of s is larger than 0:

Γ(s) =

∫ ∞

0
ts−1e−tdt

Gamma function is then analytically continued to a meromorphic function which is holo-
morphic over the entire complex plane except for its simple poles at zero and negative integers.
It plays an important role in mathematical analysis for calculating factorials and serves as a
powerful tool in solving intricate integrals. Likewise, Riemann zeta function, which is equally
important in modern mathematics especially analytic number theory, is originally defined by
Lenohard Euler in 1737 as:

ζ(s) =

∞∑
n=1

1

ns

where s is a real number. Subsequently, Bernhard Riemann extended s in Euler’s definition
to a complex variable [11], proved its meromorphic continuation and functional equation, and
intensively studied its deep connection with the distribution of prime numbers. Riemann zeta
function and Gamma function are closely related through the following integral [1]:

Γ(s)ζ(s) =

∫ ∞

0

xs−1

ex − 1
dx (2)

Historically, mathematicians are interested in studying complex integrals involving Gamma
and Riemann zeta function. In 1908 and then 1910, Ernest William Barnes studied two types of
integrals involving solely a product of Gamma functions, known as the first and second Barnes
lemma [2]:

1

2πi

∫ i∞

−i∞
Γ(a+ s)Γ(b+ s)Γ(c− s)Γ(d− s) ds

1

2πi

∫ i∞

−i∞

Γ(a+ s)Γ(b+ s)Γ(c+ s)Γ(1− d− s)Γ(−s)

Γ(a+ b+ c− d+ 1 + s)
ds

In 1997, Masanori Katsurada studied complex integrals involving both Gamma and Riemann
zeta function [10]:

1

2πi

∫ σ+i∞

σ−i∞

Γ(a+ s)Γ(−s)

Γ(b+ s)
ζ(c+ s)(−z)sds

Their work has provided important explicit expressions for complicated integrals or infi-
nite sums, establishing connections with other special functions, such as digamma function,
hyperbolic function, and hypergeometric function.

In section 2.2 of this paper, we first derive an identity containing a Mellin-Barnes type
integral:

Γ(s)(1 + u)−s =
1

2πi

∫ c+i∞

c−i∞
Γ(z)Γ(s− z)u−z dz (3)
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Then, in section 2.3 we get an important relationship between a double sum version of Rie-
mann zeta function and a complex integral involving both Gamma and Riemann zeta function:

Γ(s)
∞∑

m=1

∞∑
n=1

(m+ n)−s =
1

2πi

∫ c+i∞

c−i∞
ζ(z)ζ(s− z)Γ(z)Γ(s− z) dz (4)

In section 2.4, we apply the analytic properties of both Gamma and Riemann zeta function
and Cauchy’s residue theorem to evaluate this complex integral (4). In the last section 3, we
discuss the applications of this result and its efficacy for further research.

2 Main manipulations
In this section, we tackle the integral (4).

2.1 Preliminaries on absolute convergence
We first introduce a few analytic properties of Gamma function, including its asymptotic

approximation, analytic behavior in vertical strips, and upper bound, which are necessary tools
for our work in the subsequent sections. Later, we use these results to derive several propositions
regarding the Mellin-Barnes type integral (3).

Lemma 2.1. Let 0 < δ < π. Then for −π + δ < arg s < π − δ,

logΓ(s) =
(
s− 1

2

)
log s− s+ log

√
2π +O

(
|s|−1

)
, |s| → ∞ (5)

Proof. By Euler’s definition of Gamma function (1), for −π < arg s < π we have:

logΓ(s) = − log s+
∞∑
n=1

{
s log

(
1 +

1

n

)
− log

(
1 +

s

n

)}

= − log s+ lim
N→∞

{
s logN −

N∑
n=1

log
(
1 +

s

n

)} (6)

By partial summation,

N∑
n=1

log
(
1 +

s

n

)
= log(1 + s) +

∫ N

1
log
(
1 +

s

u

)
d[u] (7)

Note that [u] = u− 1
2 + ρ(u) where ρ(u) = 1/2− {u}. Thus the above integral becomes∫ N

1
log
(
1 +

s

u

)
du+

∫ N

1
log
(
1 +

s

u

)
dρ(u)

We have:∫ N

1
log
(
1 +

s

u

)
du = N log

(
1 +

s

N

)
− log(1 + s) +

∫ N

1

s

u+ s
du

= N log
(
1 +

s

N

)
− (s+ 1) log(1 + s) + s log(N + s)

and ∫ N

1
log
(
1 +

s

u

)
dρ(u) =

1

2
log
(
1 +

s

N

)
− 1

2
log(1 + s)−

∫ N

1
ρ(u)

(
1

u+ s
− 1

u

)
du

3
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Thus, we get:

N∑
n=1

log
(
1 +

s

n

)
=−

(
s+

1

2

)
log(1 + s) +

(
N + s+

1

2

)
log
(
1 +

s

N

)
+ s logN −

∫ N

1
ρ(u)

(
1

u+ s
− 1

u

)
du

Back to (6), we get:

logΓ(s) =
(
s+

1

2

)
log(1 + s)− log s+

∫ ∞

1

ρ(u)

u+ s
du−

∫ ∞

1

ρ(u)

u
du

− lim
N→∞

(
N + s+

1

2

)
log
(
1 +

s

N

)
The last limit is equal to s. Thus,

logΓ(s) =
(
s+

1

2

)
log(1 + s)− log s− s+

∫ ∞

1

ρ(u)

u+ s
du+ c0 (8)

we write
σ(x) =

∫ x

1
ρ(u)du =

{x}
2

− {x}2

2

Then ∫ ∞

1

ρ(u)

u+ s
du =

∫ ∞

1

σ(u)

(u+ s)2
du ≪

∫ ∞

1

du

|u+ s|2
(9)

One has∣∣∣∣∫ ∞

1

du

|u+ s|2

∣∣∣∣ ≤ ∫ ∞

1

du

u2 + |s|2 − 2u|s|| cos δ| =
1

|s|

∫ ∞

1
|s|

dt

1 + t2 − 2t| cos δ| .

Note that:
1 + t2 − 2t| cos δ| = (1− t| cos δ|)2 +

(
1− | cos δ|2

)
t2

Hence for |s| > 1,∫ ∞

1

du

|u+ s|2
≪ 1

|s|

∫ 1

1
|s|

dt

(1− t| cos δ|)2 +
1

|s|

∫ ∞

1

dt

(1− | cos δ|2) t2 ≪δ
1

|s|
(10)

This shows that ∫ ∞

1

ρ(u)

u+ s
du = Oδ

(
1

|s|

)
Since

log(1 + s) = log s+ 1

s
+Oδ

(
1

|s|2

)
, |s| → ∞

we get from (8)–(10) that

logΓ(s) =
(
s− 1

2

)
log s− s+ c0 + 1 +Oδ

(
|s|−1

)
Taking s = n, n+1/2, 2n and using the Legendre’s duplication formula we get c0 = log

√
2π.
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Lemma 2.2. For α ≤ σ ≤ β, there holds

Γ(σ + it) =
√
2π|t|σ+it− 1

2 e−
π|t|
2

−it+iπ
2 (σ−

1
2) sgn(t) (1 +O

(
|t|−1

))
, |t| → +∞

where the implied constant depends on α and β.

Proof. By (5) we get
Γ(s) =

√
2πe(s−

1
2) log s−s

(
1 +O

(
|s|−1

))
Let s = σ + it. For |t| > |σ| we have

log s = log it+ log
(
1 +

σ

it

)
=

πi sgn(t)
2

+ log |t|+ σ

it
+O

(
|t|−2

)
where the O-constant depends on α and β. Thus(
s− 1

2

)
log s− s =

πi sgn(t)
2

(
σ + it− 1

2

)
+

(
σ + it− 1

2

)
log |t|+

(
σ + it− 1

2

)
σ

it
− σ − it+O

(
|t|−1

)
=

πi sgn(t)
2

(
σ − 1

2

)
− π|t|

2
+

(
σ + it− 1

2

)
log |t| − it+O

(
|t|−1

)
Therefore,

Γ(σ + it) =
√
2π|t|σ+it− 1

2 e−
π|t|
2

−it+iπ
2 (σ−

1
2) sgn(t) (1 +O

(
|t|−1

))
(11)

Lemma 2.3. For all σ ≥ 1
2 , there is a constant C(σ) such that

|Γ(x+ iy)| ≤ C(σ)e−|y|
(
1

2
≤ x ≤ σ, y ∈ R

)

Proof. By (11) we get:

Γ(x+ iy) =
√
2π|y|x+iy− 1

2 e−
π|y|
2

−iy+iπ
2 (x−

1
2) sgn(y) (1 +O

(
|y|−1

))
=
√
2π|y|x−

1
2 e−

π|y|
2 ei

π
2 (x−

1
2) sgn(y)

(
|y|
e

)iy (
1 +O

(
|y|−1

))
Hence,

|Γ(x+ iy)| =
√
2πe−

π|y|
2 |y|x−

1
2 |
(
1 + C0(σ)|y|−1

)
|

If |y| ≥ 1 and x ≤ 3
2 , then we have:

|Γ(x+ iy)| ≤ C(σ)e−|y|

where the C(σ) =
√
2π (1 + |C0(σ)|).

If |y| ≥ 1 and x ≥ 3
2 , then we have:

|y|x−
1
2 ≤ |y|σ−

1
2 ≤ C1(σ)e

(π
2
−1)|y|

Thus, we have:
|Γ(x+ iy)| ≤ C(σ)e−|y|

where the C(σ) =
√
2π| (1 + C0(σ)) |C1(σ).

If |y| ≤ 1, then we have:
|Γ(x+ iy)| ≤ C(σ)e−|y|

where the C(σ) =
√
2π (1 + |C0(σ)|).
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Lemma 2.4. For a positive integer k, we have

Γ(z − k)Γ(s− z + k) = (−1)kΓ(z)Γ(s− z)
∏

1≤j≤k

(
1 +

s− 1

j − z

)
.

Proof. We apply the functional equation of Gamma function: for s ∈ C, sΓ(s) = Γ(s+ 1).
Hence

(z − k)(z − k + 1)...(z − 1)Γ(z − k) = Γ(z)

and
(s− z)(s− z + 1)...(s− z + k − 1)Γ(s− z) = Γ(s− z + k)

Thus

Γ(z − k)Γ(s− z + k) =
Γ(z)

(z − k)(z − k + 1) · · · (z − 1)
· (s− z)(s− z + 1) · · · (s− z + k − 1)Γ(s− z)

= Γ(z)Γ(s− z) · (−1)k
(1− z + s− 1)(2− z + s− 1) · · · (k − z + s− 1)

(k − z)((k − 1)− z) · · · (1− z)

= Γ(z)Γ(s− z) · (−1)k
∏

1≤j≤k

j − z + s− 1

j − z

= (−1)kΓ(z)Γ(s− z)
∏

1≤j≤k

(
1 +

s− 1

j − z

)

Lemma 2.5. Given s = σ + it satisfying σ = ℜ(s) > 2, if ℜ(z) = c ≥ 1
2 and ℜ(s) − c ≥ 1

2 ,
there is a constant M(s) > 0 such that

|Γ(z − k)Γ(s− z + k)| ≤ M(s)kσ−1e−|y| (k ≥ 1, y = ℑ(z))

Proof. By lemma 2.3 and lemma 2.4 we get:

|Γ(z − k)Γ(s− z + k)| = |Γ(z)||Γ(s− z)|
∏

1≤j≤k

∣∣∣∣1 + s− 1

j − z

∣∣∣∣
≤ C1e

−|y|C2(s)e
−|t−y|

∏
1≤j≤k

∣∣∣∣1 + s− 1

j − z

∣∣∣∣ (12)

Due to the identity Γ(z) = Γ(z) and |z| = |z|, the signs of ℑ(z) or ℑ(s) do not impact the
value of the modulus of Gamma function. Hence, we can assume both t and y are larger than
0.

We know that
|1 + w| ≤ eℜ(w)+O(|w|2)

so we have: ∣∣∣∣1 + s− 1

j − z

∣∣∣∣ ≤ e
ℜ( s−1

j−z
)+O(| s−1

j−z
|2)

6
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We calculate the real part of s−1
j−z and estimate the error term:

ℜ
(
s− 1

j − z

)
=

(σ − 1) + it

(j − c)− iy

=
(σ − 1)(j − c)− ty

(j − c)2 + y2

≤ (σ − 1)(j − c)

(j − c)2 + y2

≤ σ − 1

j − c

and

O

(∣∣∣∣s− 1

j − z

∣∣∣∣2
)

= O

(
|(σ − 1) + it|2

|(j − c)− iy|2

)

= O
(
(σ − 1)2 + t2

(j − c)2

)
= M0(s)

which is a constant only dependent on s.
Hence, we can get:

k∏
j=1

∣∣∣∣1 + s− 1

j − z

∣∣∣∣ ≤ exp


k∑

j=1

ℜ
(
s− 1

j − z

)
+O

 k∑
j=1

∣∣∣∣s− 1

j − z

∣∣∣∣2


≤ exp


k∑

j=1

σ − 1

j − c
+M0(s)


≤ exp{(σ − 1) log(k) +M1(s)}

for some constant M1(s) dependent on s. Here, we use the upper bound for harmonic number
Hk =

∑k
j=1

1
j ≤ log(k) + 1. Thus, from (12), we get:

|Γ(z − k)Γ(s− z + k)| ≤ C1e
−|y|C2(s)e

−|t−y|e(σ−1) log(k)+M1(s)

≤ C1C2(s)e
M1(s)kσ−1e−|y|

= M(s)kσ−1e−|y|

where M(s) = C1C2(s)e
M1(s).

So far, we have finished the properties related to Gamma function, we will then deduce two
propositions about the Mellin-Barnes type integral (3) we are concerned about. The first one
validates the absolute convergence of this type of integral, and the second evaluates its value
after shifting the integration path to negative infinity.

Proposition 2.6. For s ∈ C, ℜ(s) > 2, u ∈ (0, 1), k ≥ 1, c ≥ 1
2 , and ℜ(s) − c ≥ 1

2 , the
following complex integral

1

2πi

∫ c−k+i∞

c−k−i∞
Γ(z)Γ(s− z)u−zdz

converges absolutely.

7
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Proof. We substitute z in the integrand by z − k:

1

2πi

∫ c−k+i∞

c−k−i∞
Γ(z)Γ(s− z)u−zdz =

1

2πi

∫ c+i∞

c−i∞
Γ(z − k)Γ(s− z + k)u−z+kdz

Use the upper bound given by lemma 2.5, we get:∣∣∣∣ 1

2πi

∫ c−k+i∞

c−k−i∞
Γ(z)Γ(s− z)u−zdz

∣∣∣∣ = ∣∣∣∣ 1

2πi

∫ c+i∞

c−i∞
Γ(z − k)Γ(s− z + k)u−z+kdz

∣∣∣∣
≤ 1

2πi

∫ c+i∞

c−i∞

∣∣∣Γ(z − k)Γ(s− z + k)u−z+kdz
∣∣∣

≤ 1

2π

∫ +∞

−∞
M(s)kσ−1e−|t|u−c+kdt

=
1

π

∫ ∞

0
M(s)kσ−1u−c+ke−tdt

=
1

π
M(s)kσ−1u−c+k

which is < ∞.

Proposition 2.7. Under the same condition as proposition 2.6,

lim
k→∞

1

2πi

∫ c−k+i∞

c−k−i∞
Γ(z)Γ(s− z)u−zdz = 0

Proof. Proposition 2.6 states:∣∣∣∣ 1

2πi

∫ c−k+i∞

c−k−i∞
Γ(z)Γ(s− z)u−zdz

∣∣∣∣ ≤ 1

π
M(s)u−ckσ−1uk

Since u ∈ (0, 1),
lim
k→∞

kσ−1uk = 0

for σ = ℜ(s) ≥ 1. Thus, as k approaches infinity,

lim
k→∞

1

2πi

∫ c−k+i∞

c−k−i∞
Γ(z)Γ(s− z)u−zdz

tends to zero.

2.2 Transition to complex integral
Now, we introduce an important lemma that links a power function (1+u)−s and the Mellin-

Barnes integral we have discussed in the previous section.

Lemma 2.8. For s ∈ C, ℜ(s) ≥ 1, u, c ∈ (0, 1), we have

Γ(s)(1 + u)−s =
1

2πi

∫ c+i∞

c−i∞
Γ(z)Γ(s− z)u−z dz (13)

Throughout section 2.2, we use two different approaches to prove the above lemma. Some
of the techniques involved are paramount for our subsequent work.

8
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2.2.1 First proof using Mellin transform

The Mellin transform of a function f(x) is given by:

M{f(x)}(s) = F (s) =

∫ ∞

0
xs−1f(x) dx

where s is a complex variable.

Theorem 2.9 (Mellin inversion formula). Followed from the definition of Mellin transform,
the Mellin inversion formula is derived to recover the original function f(x) from its Mellin
transform F (s). The inversion formula is given by:

f(x) =
1

2πi

∫ c+i∞

c−i∞
x−sF (s) ds

where c is chosen such that the contour path of the complex integration lies within the region of
convergence of F (s).

Proof. See section 2.1.2 of [3].

Definition 2.10 (Beta function). The Beta function, denoted by B(x, y), is defined by the
following integral for two real or complex numbers x and y with positive real parts:

B(x, y) =

∫ 1

0
tx−1(1− t)y−1 dt

The next theorem states an important relationship between Beta function and Gamma
function.

Theorem 2.11. For x, y ∈ C where ℜ(x),ℜ(y) > 0,

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)

Proof. See Theorem 0.8 in Chapter II.0. of [13].

After introducing some preliminaries, we begin to prove lemma 2.8. Mellin transform and
its inversion formula derives that if

M{f(u)}(z) = F (z) =

∫ ∞

0
uz−1f(u)du

then,

M−1{F (z)}(u) = f(u) =
1

2πi

∫ c+i∞

c−i∞
F (z)u−z dz (14)

Hence, we suppose F (z) is the Mellin transform of f(u),∫ ∞

0
uz−1f(u)du = F (z) = Γ(z)Γ(s− z) (15)

Since we have verified the absolute convergence of Γ(z)Γ(s− z) as integrand in proposition
2.6. Thus, for any c such that c ≥ 1

2 and ℜ(s)− c ≥ 1
2 , we have:

f(u) =
1

2πi

∫ c+i∞

c−i∞
Γ(z)Γ(s− z)u−z dz
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and our main goal is to get an explicit expression for f(u).
Theorem 2.11 gives us:

Γ(z)Γ(s− z)

Γ(s)
= B(z, s− z) = B(s− z, z) =

∫ 1

0
ts−z−1(1− t)z−1 dt

We first substitute t with 1
w :

Γ(z)Γ(s− z)

Γ(s)
=

∫ 1

∞

(
1

w

)s−z−1(
1− 1

w

)z−1 (
−dw

w2

)
=

∫ ∞

1
w−s(w − 1)z−1dw

We then substitute w with u+ 1, which gives:

Γ(z)Γ(s− z) =

∫ ∞

0
(u+ 1)−sΓ(s)uz−1du

From (15):

Γ(z)Γ(s− z) =

∫ ∞

0
(u+ 1)−sΓ(s)uz−1du =

∫ ∞

0
f(u)uz−1du

Therefore, a possible expression of f(u) is Γ(s)(1+u)−s. A well-known property states that
Mellin transform is injective, which means if M{f(x)}(z) = M{g(x)}(z), then f(x) and g(x)
must be the same (See Theorem 2.1.2 [3]). Therefore, f(u) can only be Γ(s)(1 + u)−s, which
finishes the proof.

2.2.2 Second proof using Cauchy’s residue theorem

In this method, we avoid the use of Mellin transform. We directly evaluate the complex
integral by shifting the integration path and analyzing its isolated singularities.

First, we adjust the linear integration path to a rectangular contour [c − iT, c + iT ], [c +
iT, c − k + iT ], [c − k + iT, c − k − iT ], [c − k − iT, c − iT ] where c ≥ 1

2 and ℜ(s) − c ≥ 1
2 . By

Cauchy’s residue theorem,

1

2πi

[∫ c+iT

c−iT
+

∫ c−k+iT

c+iT
+

∫ c−k−iT

c−k+iT
+

∫ c−iT

c−k−iT

]
Γ(z)Γ(s− z)u−zdz (16)

equals to the sum of the residues of all isolated singularities within the rectangular contour.
Next, we need to calculate the sum of the residues. The following theorem gives us an

overview to the singularities of Gamma function:

Theorem 2.12. The function Γ(s) initially defined for ℜ(s) > 0 has an analytic continuation to
a meromorphic function on C whose only singularities are simple poles at the negative integers
s = 0,−1, . . .. The residue of Γ(s) at s = −n is (−1)n

n! .

Proof. See Theorem 1.3 in Chapter 6 of [12].

Hence, within the given rectangular contour where k approaches infinity, the integrand
F (z) = Γ(z)Γ(s − z)u−z can be considered as a meromorphic function with simple poles at
all non-positive integers. For each integer −n, n ≥ 0, the residue of F (z) at z = −n can be
calculated:

Res
[
Γ(z)Γ(s− z)u−z, z = −n

]
=

(−1)n

n!
Γ(s+ n)un

10
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From (16) we can get:

1

2πi

[∫ c+iT

c−iT
+

∫ c−k+iT

c+iT
+

∫ c−k−iT

c−k+iT
+

∫ c−iT

c−k−iT

]
Γ(z)Γ(s−z)u−zdz =

∞∑
n=0

(−1)n

n!
Γ(s+ n)un (17)

To the vertical integration at negative infinity [c−k+iT, c−k−iT ], as T approaches infinity,
proposition 2.7 states that:

lim
k,T→∞

1

2πi

∫ c−k−iT

c−k+iT
Γ(z)Γ(s− z)u−zdz = 0 (18)

To the horizontal integration [c+ iT, c− k+ iT ], as T approaches infinity, lemma 2.3 states
that: ∣∣∣∣∫ c−k+iT

c+iT
Γ(z)Γ(s− z)u−zdz

∣∣∣∣ ≤ ∫ c−k+iT

c+iT

∣∣Γ(z)Γ(s− z)u−z
∣∣ · |dz|

≤
∫ c−k

c
C1e

−TC2(s)e
−|ℑ(s)−T |u−σdσ

≤
∫ c−k

c
C1e

−TC2(s)e
−T+ℑ(s)u−σdσ as T → ∞

→ 0

Thus,

lim
k,T→∞

1

2πi

∫ c−k−iT

c+iT
Γ(z)Γ(s− z)u−zdz = 0 (19)

Similarly, consider the horizontal integration [c− k − iT, c− iT ], as T approaches infinity,

lim
k,T→∞

1

2πi

∫ c−iT

c−k−iT
Γ(z)Γ(s− z)u−zdz = 0 (20)

Combine the above results, we derive

1

2πi

∫ c+i∞

c−i∞
Γ(z)Γ(s− z)u−z dz =

∞∑
k=0

Γ(s+ k)

k!
(−u)k (21)

Newton’s generalized binomial theorem gives that,

(1 + u)−s =

∞∑
k=0

(
−s

k

)
uk

Thus,

Γ(s)(1 + u)−s =
∞∑
k=0

(
−s

k

)
Γ(s)uk

=
∞∑
k=0

(−s)(−s− 1)...(−s− k + 1)

k!
Γ(s)uk

=
∞∑
k=0

(−1)k · s(s+ 1)...(s+ k − 1)Γ(s)

k!
uk

=
∞∑
k=0

(−1)k
Γ(s+ k)

k!
uk

Hence, from (21), we finish the proof:

1

2πi

∫ c+i∞

c−i∞
Γ(z)Γ(s− z)u−z dz =

∞∑
k=0

Γ(s+ k)

k!
(−u)k = Γ(s)(1 + u)−s
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2.3 Representation of
∑∞

m=1

∑∞
n=1 (m+ n)−s

In this section, we deduce an integral representation of the double sum version of Riemann
zeta function

∑∞
m=1

∑∞
n=1 (m+ n)−s, which we will further evaluate in the next section.

Lemma 2.13. For a, b ∈ [1,∞), c ≥ 1
2 , and ℜ(s)− c ≥ 1

2 , we have

Γ(s)

(a+ b)s
=

1

2πi

∫ c+i∞

c−i∞

Γ(z)Γ(s− z)

azbs−z
dz (22)

Proof. If a = b, the result follows naturally by choosing u = 1 in (13). Otherwise, without the
loss of generality, we assume a < b. Thus, we substitute u in (13) by a

b since a
b ∈ (0, 1):

Γ(s)
(
1 +

a

b

)−s
=

1

2πi

∫ c+i∞

c−i∞
Γ(z)Γ(s− z)

(a
b

)−z
dz

Hence,

Γ(s)

(a+ b)s
= b−sΓ(s)

(
1 +

a

b

)−s

=
1

2πi

∫ c+i∞

c−i∞
Γ(z)Γ(s− z)

(a
b

)−z
b−s dz

=
1

2πi

∫ c+i∞

c−i∞

Γ(z)Γ(s− z)

azbs−z
dz

Lemma 2.14. Given complex number s satisfying ℜ(s) > 2, choose c such that c > 1, and
ℜ(s)− c > 1, we have

Γ(s)
∞∑

m=1

∞∑
n=1

(m+ n)−s =
1

2πi

∫ c+i∞

c−i∞
ζ(z)ζ(s− z)Γ(z)Γ(s− z) dz

where ζ denotes the Riemann zeta function.

Proof. The result from lemma 2.13 gives that,

Γ(s)

(m+ n)s
=

1

2πi

∫ c+i∞

c−i∞

Γ(z)Γ(s− z)

mzns−z
dz

Hence,
∞∑

m=1

∞∑
n=1

Γ(s)

(m+ n)s
=

∞∑
m=1

∞∑
n=1

1

2πi

∫ c+i∞

c−i∞

Γ(z)Γ(s− z)

mzns−z
dz

=
1

2πi

∫ c+i∞

c−i∞
Γ(z)Γ(s− z)

( ∞∑
m=1

∞∑
n=1

1

mzns−z

)
dz

=
1

2πi

∫ c+i∞

c−i∞
Γ(z)Γ(s− z)

( ∞∑
m=1

1

mz

)( ∞∑
n=1

1

ns−z

)
dz

=
1

2πi

∫ c+i∞

c−i∞
ζ(z)ζ(s− z)Γ(z)Γ(s− z) dz

which gives the desired result. Lastly, we need to verify the absolute convergence of the in-
tegrand, and validate the interchanging of summation and integration within the procedure
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above. Riemann zeta function ζ(s) has the abscissa of absolute convergence σa = 1, which
means that the series converges absolutely when the real part of its complex variable s is larger
than 1. Thus, when ℜ(z) = c > 1 and ℜ(s)− c > 1, ζ(z)ζ(s− z) converges absolutely. Gamma
function Γ(s) converges absolutely in the half-plane ℜ(s) > 0. Hence, when ℜ(z) = c > 1 and
ℜ(s) − c > 1, the integrand F (z) = ζ(z)ζ(s − z)Γ(z)Γ(s − z) converges absolutely. Due to
Lebesgue’s dominated convergence theorem, it is valid to interchange summation and integra-
tion in the above derivation.

2.4 Evaluation of the complex integral
Similar to what we have done previously in section 2.2.2, we first need to adjust the linear

integration path to a rectangular contour [c− iT, c+ iT ], [c+ iT, c− k+ iT ], [c− k+ iT, c− k−
iT ], [c − k − iT, c − iT ] where c > 1, ℜ(s) − c > 1, and T, k approaches infinity. By Cauchy’s
residue theorem,

1

2πi

[∫ c+iT

c−iT
+

∫ c−k+iT

c+iT
+

∫ c−k−iT

c−k+iT
+

∫ c−iT

c−k−iT

]
ζ(z)ζ(s− z)Γ(z)Γ(s− z) dz (23)

equals to the sum of the residues of all simple poles within the rectangular contour.

2.4.1 Sum of appropriate residues within the rectangular contour

Next, we need to calculate the sum of the residues. Since we have been acquainted with
the analytic properties of Gamma function in the previous proofs, we now need some basic
properties of Riemann zeta function.

Theorem 2.15 (Analytic continuation of Riemann zeta function). The Riemann zeta function,
defined for σ > 1 by the series

ζ(s) =

∞∑
n=1

1

ns
,

has an analytic continuation to a function defined on the half-plane σ > 0 and is analytic in
this half-plane with the exception of a simple pole at s = 1 with residue 1, given by

ζ(s) =
s

s− 1
− s

∫ ∞

1
{x}x−s−1dx (σ > 0) (24)

Proof. See Theorem 4.11 in Chapter 4 of [9].

Theorem 2.16. For each n = 1, 2, 3, ...,

ζ(−2n) = 0

These are the so-called trivial zeros of Riemann zeta function.

Proof. This follows naturally from the functional equation of Riemann zeta function (See The-
orem 12.7 in Chapter 12 of [1]):

ζ(1− s) = 2(2π)−sΓ(s) cos
(πs
2

)
ζ(s) (25)

because cos
(
π
2 (2n+ 1)

)
= 0 for each positive integer n.

In order to calculate the sum of residues, we need to analyze the set of simple poles for the
integrand F (z) = ζ(z)ζ(s − z)Γ(z)Γ(s − z) within the rectangular contour. Since c is larger
than 1, ζ(z) yields a simple pole at z = 1 and a set of zeros at all even negative integers. Since
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Γ(z) yields simple poles at all non-positive integers, the only simple poles for F (z) are at 1, 0,
and {−2m− 1}∞m=0. Hence, the residues can be calculated:

Res [ζ(z)ζ(s− z)Γ(z)Γ(s− z), z = 1] = lim
z→1

(z − 1)ζ(z)ζ(s− z)Γ(z)Γ(s− z)

= ζ(s− 1)Γ(1)Γ(s− 1)

= ζ(s− 1)Γ(s− 1)

Res [ζ(z)ζ(s− z)Γ(z)Γ(s− z), z = 0] = lim
z→0

zζ(z)ζ(s− z)Γ(z)Γ(s− z)

= lim
z→0

ζ(z)ζ(s− z)Γ(z + 1)Γ(s− z)

= −1

2
ζ(s)Γ(s)

since ζ(0) = −1
2 can be calculated using (25):

−1 = lim
z→1

(1− z)ζ(z) = lim
z→1

(1− z)2zπz−1 sin
(πz

2

)
Γ(1− z)ζ(1− z)

= lim
z→1

Γ(2− z)2zπz−1 sin
(πz

2

)
ζ(1− z)

= 2ζ(0)

Res [ζ(z)ζ(s− z)Γ(z)Γ(s− z), z = −2m− 1] = lim
z→−2m−1

(z + 2m+ 1)ζ(z)ζ(s− z)Γ(z)Γ(s− z)

= lim
z→−2m−1

(z + 2m+ 1)(z + 2m)...zΓ(z)

(z + 2m)(z + 2m− 1)...z
ζ(z)ζ(s− z)Γ(s− z)

= lim
z→−2m−1

Γ(z + 2m+ 2)

(z + 2m)(z + 2m− 1)...z
ζ(z)ζ(s− z)Γ(s− z)

= − 1

(2m+ 1)!
ζ(−2m− 1)ζ(s+ 2m+ 1)Γ(s+ 2m+ 1)

Thus, combine the above residues and (23), we get:

1

2πi

[∫ c+iT

c−iT
+

∫ c−k+iT

c+iT
+

∫ c−k−iT

c−k+iT
+

∫ c−iT

c−k−iT

]
ζ(z)ζ(s− z)Γ(z)Γ(s− z)dz

=ζ(s− 1)Γ(s− 1)− 1

2
ζ(s)Γ(s)−

∞∑
m=0

1

(2m+ 1)!
ζ(−2m− 1)ζ(s+ 2m+ 1)Γ(s+ 2m+ 1)

(26)

2.4.2 Evaluation of the horizontal integral

In this section, we evaluate the horizontal integral on [c+ iT, c−k+ iT ] and [c−k− iT, c− iT ]
by using the upper bound of Gamma and Riemann zeta function in each assigned region. We
first prove a few lemmas about the bound for zeta function under two different conditions.

Lemma 2.17 (Bound for zeta function on the left half-plane σ < 0). In any vertical strip on
the left half-plane σ < 0, we have:

|ζ(σ + it)| = O
(
|t|

1
2
−σ
)

Proof. The functional equation of Riemann zeta function (25) derives:

ζ(s) = 2sπs−1 sin
(πs
2

)
Γ(1− s)ζ(1− s)
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Since σ < 0, we have

|ζ(1− σ − it)| =

∣∣∣∣∣
∞∑
n=1

1

n1−σ−it

∣∣∣∣∣ ≤
∞∑
n=1

1

n1−σ
= ζ(1− σ)

converges to a fixed value. Hence, combine the above results and Lemma:

|ζ(σ + it)| = O
(
e

π
2
|t||t|1−

1
2
−σe−

π
2
|t|
)
= O

(
|t|

1
2
−σ
)

Lemma 2.18 (Bound for zeta function in the vertical strip 0 < σ < 1). Given 0 < δ < 1, for
δ ≤ σ < 1 and |t| ≥ 2, we have:

|ζ(σ + it)| = O(|t|1−δ)

Proof. Lemma 5.4 in Chapter 5 of [9] states:

ζ(s) =
N∑

n=1

1

ns
− N1−s

1− s
− s

∫ ∞

N

{x}
xs+1

dx

for some integer N . Hence, for σ ≤ δ, we have:

|ζ(σ + it)| ≤

∣∣∣∣∣
N∑

n=1

1

ns

∣∣∣∣∣+
∣∣∣∣N1−s

1− s

∣∣∣∣+ ∣∣∣∣s ∫ ∞

N

{x}
xs+1

dx

∣∣∣∣
=

N∑
n=1

1

nδ
+

N1−δ

1− δ
+ |σ + it|

∫ ∞

N
x−δ−1dx

= O(N1−δ) +
|σ + it|
δN δ

We choose N = ⌊|t|⌋, then it gives the desired result:
|ζ(σ + it)| = O(|t|1−δ)

After introducing all necessary results, we first evaluate the horizontal integral on [c+iT, c−
k+ iT ]. We spilt the integral into two segments in terms of the range of the variable in Riemann
zeta function. ∣∣∣∣ 1

2πi

∫ c−k+iT

c+iT
ζ(z)ζ(s− z)Γ(z)Γ(s− z) dz

∣∣∣∣
≤ 1

2π

∫ c

c−k
|ζ(σ + iT )ζ(s− σ − iT )Γ(σ + iT )Γ(s− σ − iT )| dσ

=
1

2π

[∫ 0

c−k
+

∫ c

0

]
|ζ(σ + iT )ζ(s− σ − iT )Γ(σ + iT )Γ(s− σ − iT )| dσ

≪ 1

2π

[∫ 0

c−k
T

1
2
−σζ(s)C1e

−Tdσ +

∫ c

0
Tζ(s− 1)C2(s)e

−Tdσ

]
=

1

2π

[
T

1
2
−c(T k − T c)

log(T ) C1ζ(s)e
−T + cTζ(s− 1)C2(s)e

−T

]
(27)

As T approaches infinity, equation (27) tends to 0. Hence,

lim
T→∞

1

2πi

∫ c−k+iT

c+iT
ζ(z)ζ(s− z)Γ(z)Γ(s− z) dz = 0

Similarly, on the horizontal segment [c− k − iT, c− iT ], we can derive:

lim
T→∞

1

2πi

∫ c−iT

c−k−iT
ζ(z)ζ(s− z)Γ(z)Γ(s− z) dz = 0
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2.4.3 Evaluation of the vertical integral

Finally, we need to evaluate the integral on the vertical segment [c−k+ iT, c−k− iT ]. Before
handling this integral, we introduce an important limit regarding Riemann zeta function.

Lemma 2.19. Suppose σ = ℜ(s), then we have:

lim
σ→∞

ζ(s) = 1

Proof. Due to the definition of Riemann zeta function when the real part of s is larger than 1:

lim
σ→∞

ζ(s) = lim
σ→∞

∞∑
n=1

1

ns

Tannery’s theorem [6] allows us to interchange the limit and summation. Hence,

lim
σ→∞

∞∑
n=1

1

ns
=

∞∑
n=1

lim
σ→∞

1

ns

Since
lim
σ→∞

∣∣∣∣ 1ns

∣∣∣∣ = lim
σ→∞

1

nσ
= 0 (n > 1)

then,
lim
σ→∞

ζ(s) = 1

Then, we solve the integral by first substituting the variable z by z − k:

1

2πi

∫ c−k−iT

c−k+iT
ζ(z)ζ(s−z)Γ(z)Γ(s−z) dz =

1

2πi

∫ c−iT

c+iT
ζ(z−k)ζ(s−z+k)Γ(z−k)Γ(s−z+k)dz

Using the functional equation of Riemann zeta function:

=
1

2πi

∫ c−iT

c+iT
2z−k(π)z−k−1 sin

(π
2
(z − k)

)
ζ(1−z+k)ζ(s−z+k)Γ(1−z+k)Γ(z−k)Γ(s−z+k)dz

We use the Euler’s reflection formula Γ(z)Γ(1 − z) = π
sin(πz) to substitute sine function by

Gamma function:

=
1

2πi

∫ c−iT

c+iT
(2π)z−kζ(1− z + k)ζ(s− z + k)

Γ(1− z + k)Γ(z − k)Γ(s− z + k)

Γ( z2 − k
2 )Γ(1−

z
2 + k

2 )
dz

We then use Legendre’s duplication formula Γ(2z) = 22z−1π− 1
2Γ(z)Γ(z + 1

2) to substitute
Γ(1− z + k) and Γ(z − k) in the above equation:

=
1

2πi

∫ c−iT

c+iT
(2π)z−kζ(1− z + k)ζ(s− z + k)

Γ(12 − z
2 + k

2 )Γ(1−
z
2 + k

2 )Γ(
z
2 − k

2 )Γ(
1
2 + z

2 − k
2 )Γ(s− z + k)

2πΓ( z2 − k
2 )Γ(1−

z
2 + k

2 )
dz

=
1

2πi

∫ c−iT

c+iT
(2π)z−k−1ζ(1− z + k)ζ(s− z + k)Γ

(
1

2
− z

2
+

k

2

)
Γ

(
1

2
+

z

2
− k

2

)
Γ(s− z + k)dz

Using lemma 2.19 limℜ(s)→∞ ζ(s) = 1, we can simplify the expression as k approaches
infinity:

= lim
k→∞

1

2πi

∫ c−iT

c+iT
(2π)z−k−1Γ

(
1

2
− z

2
+

k

2

)
Γ

(
1

2
+

z

2
− k

2

)
Γ(s− z + k)dz (28)
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Hence, our next step is to solve this expression. In order to handle it, we introduce Hurwitz
zeta function, which is defined as:

ζ(s, a) =

∞∑
n=0

1

(n+ a)s

for ℜ(s) > 1 and a ̸= 0, 1, 2, .... In [1], T.M.Apostol expresses Hurwitz zeta function using
periodic zeta function

∑∞
n=1 e

2πina/ns:

ζ(s, a) =
Γ(1− s)

(2π)1−s

[
e−πi(1−s)/2

∞∑
n=1

e2πina

n1−s
+ eπi(1−s)/2

∞∑
n=1

e−2πina

n1−s

]

Alternatively, we can represent Hurwitz zeta function by a complex integral using lemma
2.13:

Γ(s)

(n+ (a− 1))s
=

1

2πi

∫ c+i∞

c−i∞

Γ(z)Γ(s− z)

nz(a− 1)s−z
dz

for some n ≥ 1 and a ≥ 2. Summing n from 1 to infinity:

Γ(s)ζ(s, a) =

∞∑
n=0

Γ(s)

(n+ a)s
=

∞∑
n=1

Γ(s)

(n+ (a− 1))s
=

1

2πi

∞∑
n=1

∫ c+i∞

c−i∞

Γ(z)Γ(s− z)

nz(a− 1)s−z
dz

Lebesgue’s dominated convergence theorem allows us to interchange the summation and
integration:

Γ(s)ζ(s, a) =
1

2πi

∫ c+i∞

c−i∞

∞∑
n=1

Γ(z)Γ(s− z)

nz(a− 1)s−z
dz

=
1

2πi

∫ c+i∞

c−i∞
ζ(z)Γ(z)Γ(s− z)(a− 1)−s+zdz

On one hand, this complex integral equals to Γ(s)ζ(s, a). On the other hand, we can shift the
integration path to a rectangular contour to evaluate it. Same to what we have done previously,
we choose the rectangle [c−iT, c+iT ], [c+iT, c−k+iT ], [c−k+iT, c−k−iT ], [c−k−iT, c−iT ]
where c > 1, ℜ(s)− c > 1, and T, k approaches infinity. By Cauchy’s residue theorem,

1

2πi

[∫ c+iT

c−iT
+

∫ c−k+iT

c+iT
+

∫ c−k−iT

c−k+iT
+

∫ c−iT

c−k−iT

]
ζ(z)Γ(z)Γ(s− z)(a− 1)−s+z dz (29)

equals to the sum of the residues of all isolated singularities within the rectangular contour.

Res[ζ(z)Γ(z)Γ(s− z)(a− 1)−s+z, z = 1] = lim
z→1

(z − 1)ζ(z)Γ(z)Γ(s− z)(a− 1)−s+z

= Γ(1)Γ(s− 1)(a− 1)−s+1

= Γ(s− 1)(a− 1)−s+1

Res[ζ(z)Γ(z)Γ(s− z)(a− 1)−s+z, z = 0] = lim
z→0

zζ(z)Γ(z)Γ(s− z)(a− 1)−s+z

= lim
z→0

ζ(z)Γ(z + 1)Γ(s− z)(a− 1)−s+z

= −1

2
Γ(s)(a− 1)−s
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Res[ζ(z)Γ(z)Γ(s− z)(a− 1)−s+z, z = −2m− 1] = lim
z→−2m−1

(z + 2m+ 1)ζ(z)Γ(z)Γ(s− z)(a− 1)−s+z

= lim
z→−2m−1

(z + 2m+ 1)...zΓ(z)

(z + 2m)...z
ζ(z)Γ(s− z)(a− 1)−s+z

= lim
z→−2m−1

Γ(z + 2m+ 2)

(z + 2m)...z
ζ(z)Γ(s− z)(a− 1)−s+z

= − 1

(2m+ 1)!
ζ(−2m− 1)Γ(s+ 2m+ 1)(a− 1)−s−2m−1

Hence, from (29) we get:

1

2πi

[∫ c+iT

c−iT
+

∫ c−k+iT

c+iT
+

∫ c−k−iT

c−k+iT
+

∫ c−iT

c−k−iT

]
ζ(z)Γ(z)Γ(s− z)(a− 1)−s+zdz

=Γ(s− 1)(a− 1)−s+1 − 1

2
Γ(s)(a− 1)−s −

∞∑
m=0

1

(2m+ 1)!
ζ(−2m− 1)Γ(s+ 2m+ 1)(a− 1)−s−2m−1

(30)
Using the same bound for Gamma and Riemann zeta function in section 2.4.2, we can show

that as T approaches infinity, the integrals on the horizontal segments tend to zero. Thus, the
integral along the vertical segment at negative infinity can be represented as:

lim
k,T→∞

∫ c−k−iT

c−k+iT
ζ(z)Γ(z)Γ(s− z)(a− 1)−s+z = Γ(s− 1)(a− 1)−s+1 − 1

2
Γ(s)(a− 1)−s

−
∞∑

m=0

1

(2m+ 1)!
ζ(−2m− 1)Γ(s+ 2m+ 1)(a− 1)−s−2m−1 − Γ(s)ζ(s, a)

(31)

Next, we rewrite the integral at negative infinity by substituting z in the integrand by z−k:∫ c−k−iT

c−k+iT
=

∫ c−iT

c+iT
ζ(z − k)Γ(z − k)Γ(s− z + k)(a− 1)−s+z−kdz

Using the functional equation of Riemann zeta function:

=

∫ c−iT

c+iT
2z−kπz−k−1 sin

(π
2
(z − k)

)
ζ(1−z+k)Γ(1−z+k)Γ(z−k)Γ(s−z+k)(a−1)−s+z−kdz

As k approaches infinity, we use the limit limℜ(s)→∞ ζ(s) = 1 to simplify the equation:

=

∫ c−iT

c+iT
2z−kπz−k−1 sin

(π
2
(z − k)

)
Γ(1− z + k)Γ(z − k)Γ(s− z + k)(a− 1)−s+z−kdz

Use Euler’s reflection formula and Legendre’s duplication formula, we further simplify the
result:

=

∫ c−iT

c+iT
(2π)z−k−1Γ

(
1

2
− z

2
+

k

2

)
Γ

(
1

2
+

z

2
− k

2

)
Γ(s− z + k)(a− 1)−s+z−kdz

Combine equation (31), we derive:

lim
k,T→∞

∫ c−iT

c+iT
(2π)z−k−1Γ

(
1

2
− z

2
+

k

2

)
Γ

(
1

2
+

z

2
− k

2

)
Γ(s− z + k)(a− 1)−s+z−kdz

=− 1

2
Γ(s)(a− 1)−s − Γ(s)ζ(s, a)−

∞∑
m=0

1

(2m+ 1)!
ζ(−2m− 1)Γ(s+ 2m+ 1)(a− 1)−s−2m−1

(32)
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which is what we need to solve in equation (28). Choose a = 2:

lim
k,T→∞

1

2πi

∫ c−iT

c+iT
(2π)z−k−1Γ

(
1

2
− z

2
+

k

2

)
Γ

(
1

2
+

z

2
− k

2

)
Γ(s− z + k)dz

=Γ(s− 1)− 1

2
Γ(s)−

∞∑
m=0

1

(2m+ 1)!
ζ(−2m− 1)Γ(s+ 2m+ 1)− Γ(s)ζ(s, 2)

which gives us the evaluation of complex integral of ζ(z)ζ(s−z)Γ(z)Γ(s−z) at negative infinity.

2.4.4 Finalize the evaluation

Equation (26) gives us:

1

2πi

[∫ c+iT

c−iT
+

∫ c−k+iT

c+iT
+

∫ c−k−iT

c−k+iT
+

∫ c−iT

c−k−iT

]
ζ(z)ζ(s− z)Γ(z)Γ(s− z) dz

= ζ(s− 1)Γ(s− 1)− 1

2
ζ(s)Γ(s)−

∞∑
m=0

1

(2m+ 1)!
ζ(−2m− 1)ζ(s+ 2m+ 1)Γ(s+ 2m+ 1)

Hence, as T approaches infinity:

1

2πi

∫ c+i∞

c−i∞
= lim

k→∞

[
1

2πi

∫ c−k+i∞

c−k−i∞

]
+ ζ(s− 1)Γ(s− 1)− 1

2
ζ(s)Γ(s)

−
∞∑

m=0

1

(2m+ 1)!
ζ(−2m− 1)ζ(s+ 2m+ 1)Γ(s+ 2m+ 1)

= −Γ(s− 1) +
1

2
Γ(s) +

∞∑
m=0

1

(2m+ 1)!
ζ(−2m− 1)Γ(s+ 2m+ 1) + Γ(s)ζ(s, 2) + ζ(s− 1)Γ(s− 1)

− 1

2
ζ(s)Γ(s)−

∞∑
m=0

1

(2m+ 1)!
ζ(−2m− 1)ζ(s+ 2m+ 1)Γ(s+ 2m+ 1)

=
1

2
Γ(s)ζ(s, 2) + Γ(s− 1)ζ(s− 1, 2)−

∞∑
m=0

1

(2m+ 1)!
ζ(−2m− 1)ζ(s+ 2m+ 1, 2)Γ(s+ 2m+ 1)

(33)

3 Application and further discussion
In the last section, we discuss how the result from section 2 can be connected with some other
integrals. We first derive an integral representation of power function using the definition of
Gamma function:

x−s =
1

Γ(s)

∫ ∞

0
e−λλs−1x−sdλ

We substitute λ with xt:

x−s =
1

Γ(s)

∫ ∞

0
e−xt(xt)s−1x−sxdt

=
1

Γ(s)

∫ ∞

0
e−xtts−1dt

Hence, the double sum in section 2.3 can be rewritten in another integral form:
∞∑

m=1

∞∑
n=1

(m+ n)−s =

∞∑
m=1

∞∑
n=1

1

Γ(s)

∫ ∞

0
e−(m+n)tts−1dt

19

20
24

 S
.-T

.Y
au

 H
igh

 S
ch

oo
l S

cie
nc

e A
ward

仅
用
于

20
24
丘
成
桐
中
学
科
学
奖
论
文
公
示



Lebesgue’s dominated convergence theorem allows to interchange the summation and inte-
gration:

=
1

Γ(s)

∫ ∞

0

∞∑
m=1

∞∑
n=1

e−(m+n)tts−1dt

=
1

Γ(s)

∫ ∞

0

ts−1

(et − 1)2
dt

Therefore, ∫ ∞

0

ts−1

(et − 1)2
dt = Γ(s)

∞∑
m=1

∞∑
n=1

(m+ n)−s

Equation (33) gives us the representation of this integral when s is complex number whose
real part is larger than 1:∫ ∞

0

ts−1

(et − 1)2
dt =

1

2
Γ(s)ζ(s, 2)+Γ(s−1)ζ(s−1, 2)−

∞∑
m=0

1

(2m+ 1)!
ζ(−2m−1)ζ(s+2m+1, 2)Γ(s+2m+1)

Alternatively, equation (33) can be expressed in another integral form. Similar to the prod-
uct formula of Gamma and Riemann zeta function (2), a generalized formula of Gamma and
Hurwitz zeta function is famously known as:

Γ(s)ζ(s, a) =

∫ ∞

0

xs−1e−ax

1− e−x
dx

Hence,

Γ(s)ζ(s, 2) =

∫ ∞

0

xs−1e−2x

1− e−x
dx =

∫ ∞

0

xs−1

ex(ex − 1)
dx

Γ(s− 1)ζ(s− 1, 2) =

∫ ∞

0

xs−2

ex(ex − 1)
dx

Substitute Γ(s)ζ(s, 2) and Γ(s − 1)ζ(s − 1, 2) by their integrals in equation (33). Also, we
use the representation of Riemann zeta function at negative order in terms of Bernoulli number
[8]: ζ(−n) = (−1)nBn+1

n+1 where Bn+1 is the n+ 1-th Bernoulli number. We can then get:

1

2πi

∫ c+i∞

c−i∞
=

∫ ∞

0

xs−1

2ex(ex − 1)
dx+

∫ ∞

0

xs−2

ex(ex − 1)
dx+

∞∑
m=0

B2m+2

(2m+ 2)!

∫ ∞

0

xs+2m

ex(ex − 1)
dx

=

∫ ∞

0

xs−1

2ex(ex − 1)
dx+

∫ ∞

0

xs−2

ex(ex − 1)
dx+

∫ ∞

0

( ∞∑
m=0

B2m+2 · x2m+2

(2m+ 2)!

)
xs−2

ex(ex − 1)
dx

=

∫ ∞

0

xs−1 + 2xs−2

2ex(ex − 1)
dx+

∫ ∞

0

( ∞∑
m=1

B2m · x2m

(2m)!

)
xs−2

ex(ex − 1)
dx

=

∫ ∞

0

xs−1 + 2xs−2 + (x coth(x2 )− 2)xs−2

2ex(ex − 1)
dx

=

∫ ∞

0

xs−1(coth(x2 ) + 1)

2ex(ex − 1)
dx

Here, Lebesgue’s dominated convergence theorem validates the interchange of summation
and integration. We also use the Taylor expansion of hyperbolic cotangent function:

x

2
coth

(x
2

)
=

∞∑
n=0

B2nx
2n

(2n)!
= B0 +

∞∑
n=1

B2nx
2n

(2n)!
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where B0, according to the definition of Bernoulli number, equals to 1.
In summary, the evaluation of the complex integral (4) provides us with broad connection

with integrals involving special function, like exponential function and hyperbolic function.
Further research can focus on the generalizations of this double sum version of Riemann zeta
function:

∞∑
m=1

∞∑
n=1

1

(m+ n)s

to triple sum, and eventually to any arbitrary number of sum. It is also valuable to study on the
explicit expression of Barnes zeta function, an exotic extended version of ζ(s), which is defined
as:

ζN (s, w|a1, a2, ..., aN ) =

∞∑
n1=0

...

∞∑
nN=0

1

(w + a1n1 + ...+ aNnN )s

where w and ai have positive real parts and s has real part larger than N .
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The motivation of this research project comes from an exercise (with no solutions) in Chapter
II.0. of G. Tenenbaum’s monograph [13]. In that problem, an integral involves both Gamma
and Riemann zeta function, similar to the following, is introduced:

1

2πi

∫ c+i∞

c−i∞
ζ(z)ζ(s− z)Γ(z)Γ(s− z)dz (34)

However, no evaluation of this type of integral is derived. Hence, in this paper, the author
first fully explains the validity of this integral and then gives an approach to get its explicit
expression. When tackling this integral, the author was greatly inspired by strategies from
[5] and [4] which rely heavily on the use of Cauchy residue theorem to solve related integrals.
Ultimately, the author finds a unique method to solve (34) after introducing Hurwitz zeta
function. In the last section, the author discovers the application of this result, which can be
valuable for further research.
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