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Coloring Problems on the Triangular
Lattice

He Yao

Abstract

Denote the triangular lattice with n rows by Tn. Let f(n) be the
minimum number of colors needed to color the n-row triangular lattice
such that no three points constituting the vertices of an equilateral
triangle each receive the same color. In a recent work of Brouwer et
al. [1], they show that the limits limn→∞ f(n) diverges to ∞ and
limn→∞

f(n)
n ≤ 1

3 . In this paper, we show that f(n) ≥ 1
4 log log n.

Keywords: Triangular Lattice, Minimal coloring

1 Introduction

Denote the triangular lattice with n rows by Tn.

Recently, Brouwer et al. [1] studied the following problem:

Question 1. What is the minimum number of colors needed to color the
n-row triangular lattice such that no three points constituting the vertices of
an equilateral triangle each receive the same color?
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Let f(n) be the minimum number of colors needed to color the points of n-
row triangular lattice Tn such that no three points constituting the vertices
of an equilateral triangle each receive the same color.

It is easy to find that f(2) = f(3) = 2 and the first non-trivial case is n = 4

for f -function.

Theorem 1 ([1]). f(4) = 3.

The following coloring of Tn will give f(n) ≤ ⌊n2 ⌋ + 1([1]). One color class
consists of points in the middle column of Tn; Other color classes consist of
points lying on pairs of lines which make a pi

3 angle with the horizontal and
intersect in a point in the middle column. See Figure 1 for such a coloring
of T5.

Brouwer et al. [1] construct a (n3 +O(1))-coloring of Tn without monochro-
matic equilateral triangle, which shows that f(n) ≤ n

3 +O(1), an non-trivial
upper bound f(n).

Theorem 2 ([1]). limn→∞
f(n)
n ≤ 1

3 .

In the triangular lattice of Tn, we call an equilateral triangle horizontal, if
its bottom side is horizontal.

Definition 1. Let h(n) be the minimum number of colors needed to color the
points of n-row triangular lattice Tn such that no three points constituting
the vertices of a horizontal equilateral triangle each receive the same color.

In an REU [2] conducted by Neil Lyall and Akos Magyar in 2005, h(n) is
proposed as a potential topic for student research.

By the definition of f(n) and g(n), we have h(n) ≤ f(n).

It is obvious that h(2) = h(3) = h(4) = 2 and the first non-trivial case is
n = 5 for g-function. We will show that h(5) = 3.

The famous van der Waerden’s Theorem states that for any positive integers
r and k, there exists an integer N , such that any coloring of the integers
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1, 2, . . . , N with r colors is guaranteed to contain a monochromatic arith-
metic progression of length k. The minimum such N is typically denoted
as the van der Waerden number W (r, k). Brouwer et al. [1] show that the
limit limn→∞ f(n) diverges to ∞ by van der Waerden’s Theorem. The same
proof also holds for h-function.

Theorem 3 ([1]). The limits limn→∞ f(n) and limn→∞ h(n) diverges to ∞.

Proof. We will prove that for any positive integer r, there exists an integer
N = Nr such that h(N) ≥ r by induction on r. The base case r = 1 is
obviously true. Assume the statement holds for r − 1, that is, there exists
an integer Nr−1 such that h(Nr−1) ≥ r − 1. Let Nr = W (r − 1, Nr−1 +

1). To prove that h(Nr) ≥ r, we just need to prove that for any (r − 1)-
coloring of TNr , there must exits a monochromatic equilateral triangle. Now
consider the Nr-st layer LNr , by van der Waerden’s Theorem, there are
Nr−1+1 points of LNr whose coordinates form a monochromatic arithmetic
progression of length Nr−1 + 1. Denote such points set by P and the color
used in P by c. Also, there is a unique isomorphic copy Q of TNr−1+1

containing P . Q\P forms a copy of TNr−1 and the points of Q\P could not
be colored by c, otherwise such a point with two point from P will form a
monochromatic equilateral triangle. Thus, we may assume that the points
of Q \ P are colored by r − 2 colors. By induction hypothesis, there is a
monochromatic equilateral triangle in Q \ P .

Graham and Solymosi [3] proved that for any coloring of the N × N grid
using fewer than log logN colors, one can always find a monochromatic
equilateral right triangle, a triangle with vertex coordinates (x, y), (x+d, y),
and (x, y + d). Their method can be used to show that h(n) ≥ 1

4 log log n.
It follows that f(n) ≥ 1

4 log log n.
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2 Our Results

Theorem 4. h(5) = 3.

Proof. It is obvious that T5 can be colored with three colors such that there
is no monochromatic horizontal equilateral triangles (See Figure 1).

Figure 1: A three-coloring of T5 without monochromatic horizontal equilat-
eral triangles

Suppose on the contrary that h(5) < 3, and T5 can be colored with two colors
red and blue such that there is no monochromatic horizontal equilateral
triangles.

Claim 1. The coordinates of the monochromatic points in the 5-th layer,
L5, can not form an arithmetic progression of length at least 3.

Proof. Suppose there are three points v1, v2, v3 colored with red and their
coordinates form an arithmetic progression. There is a unique homomor-
phism copy of T3 containing v1, v2, v3. Let the other three points be u1, u2

and u3.

None of u1, u2 and u3 can be colored with red, otherwise such a red point
with two points from {v1, v2, v3} will form a red horizontal equilateral tri-
angle. Thus, all of u1, u2 and u3 must be colored with blue and form a blue
horizontal equilateral triangle.
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v1 v2 v3

u1 u2

u3

Figure 2: An example for Claim 1

Now without loss of generality, we assume that the most popular color used
in L5 is red. By symmetry and Claim 1, we only need discuss the following
four cases depending on the coloring of L5.

Case 1. There are four points in L5 are colored with red and only the third
point is colored with blue (See Figure 3).

v1 v2 v3 v4 v5

v6 v7 v8 v9

v10 v11 v12

v13 v14

v15

Figure 3: Case 1

Since v1, v4, v13 form a horizontal equilateral triangle, and v1, v4 are colored
with red, it follows that v13 must be colored with blue. Since v2, v5, v14 form a
horizontal equilateral triangle, and v2, v5 are colored with red, it follows that
v14 must be colored with blue. Now in the horizontal equilateral triangle
v1v5v15, the point v15 must be colored with blue. But in the horizontal
equilateral triangle v13v14v15, the point v15 must be colored with red, which
is a contradiction.

Case 2. There are three points in L5 colored with red and the first and third
points are colored with blue (See Figure 4).
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v1 v2 v3 v4 v5

v6 v7 v8 v9

v10 v11 v12

v13 v14

v15

Figure 4: Case 2

Since v1, v3, v10 form a horizontal equilateral triangle, and v1, v3 are colored
with blue, it follows that v10 must be colored with red. Since v2, v4, v11

form a horizontal equilateral triangle, and v2, v4 are colored with red, it
follows that v11 must be colored with blue. Since v4, v5, v9 form a horizontal
equilateral triangle, and v4, v5 are colored with red, it follows that v9 must
be colored with blue. Since v2, v5, v14 form a horizontal equilateral triangle,
and v2, v5 are colored with red, it follows that v14 must be colored with blue.
Since v7, v9, v14 form a horizontal equilateral triangle, and v9, v14 are colored
with blue, it follows that v7 must be colored with red. Since v6, v7, v10 form a
horizontal equilateral triangle, and v7, v10 are colored with red, it follows that
v6 must be colored with blue. Since v6, v9, v15 form a horizontal equilateral
triangle, and v6, v9 are colored with blue, it follows that v15 must be colored
with red. Now in the horizontal equilateral triangle v10v12v15, the point
v12 must be colored with blue. But in the horizontal equilateral triangle
v11v12v14, the point v12 must be colored with red, which is a contradiction.

Case 3. There are three points in L5 are colored with red and the first and
fourth points are colored with blue (See Figure 5).

Since v1, v4, v13 form a horizontal equilateral triangle, and v1, v4 are colored
with blue, it follows that v13 must be colored with red. Since v2, v3, v7 form a
horizontal equilateral triangle, and v2, v3 are colored with red, it follows that
v7 must be colored with blue. Since v2, v5, v14 form a horizontal equilateral
triangle, and v2, v5 are colored with red, it follows that v14 must be colored
with blue. Since v3, v5, v12 form a horizontal equilateral triangle, and v3, v5
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v1 v2 v3 v4 v5

v6 v7 v8 v9

v10 v11 v12

v13 v14

v15

Figure 5: Case 3

are colored with red, it follows that v12 must be colored with blue. Since
v11, v12, v14 form a horizontal equilateral triangle, and v12, v14 are colored
with blue, it follows that v11 must be colored with red. Since v10, v11, v13

form a horizontal equilateral triangle, and v11, v13 are colored with red, it
follows that v10 must be colored with blue. Since v6, v7, v10 form a horizontal
equilateral triangle, and v7, v10 are colored with blue, it follows that v6 must
be colored with red. Since v10, v12, v15 form a horizontal equilateral triangle,
and v10, v12 are colored with blue, it follows that v15 must be colored with
red.

Now in the horizontal equilateral triangle v7v9v14, the point v9 must be
colored with blue. But in the horizontal equilateral triangle v6v9v15, the
point v9 must be colored with red, which is a contradiction.

Case 4. There are three points in L5 are colored with red and the second
and third points are colored with blue (See Figure 6).

v1 v2 v3 v4 v5

v6 v7 v8 v9

v10 v11 v12

v13 v14

v15

Figure 6: Case 4
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Since v2, v3, v7 form a horizontal equilateral triangle, and v2, v3 are colored
with blue, it follows that v7 must be colored with red. Since v1, v4, v13 form a
horizontal equilateral triangle, and v1, v4 are colored with red, it follows that
v13 must be colored with blue. Since v1, v5, v15 form a horizontal equilateral
triangle, and v1, v5 are colored with red, it follows that v15 must be colored
with blue. Since v4, v5, v9 form a horizontal equilateral triangle, and v4, v5

are colored with red, it follows that v9 must be colored with blue. Since
v6, v9, v15 form a horizontal equilateral triangle, and v9, v15 are colored with
blue, it follows that v6 must be colored with red. Since v6, v7, v10 form a
horizontal equilateral triangle, and v6, v7 are colored with red, it follows that
v10 must be colored with blue.

Now in the horizontal equilateral triangles v10v11v13, v10v12v15, and v13v14v15,
all the points v11, v12 and v14 must be colored with red, and we find a red
horizontal equilateral triangles v11v12v14, which is a contradiction.

Theorem 5. h(n) ≥ Ω(log log n).

Proof. For 1 ≤ i ≤ n, denote the points set of the i-th layer by Li. Suppose
that the points of Tn are colored by r colors and there is no monochromatic
horizontal equilateral triangle. Examine the coloring of the points in Ln.

Select the most popular color, denoted by c1.

The set of points in Ln with color c1 is denoted by S1. |S1| ≥ n
r .

Let R1 be the set of points which can form a horizontal equilateral triangle
with two points from S1. Since there is no monochromatic horizontal equi-
lateral triangle, the points of R1 can not be colored by c1. Also, |R1| =

(|S1|
2

)
.

Now, there is a layer which contains many points of R1. Let Lj1 be a layer,
where 1 ≤ j1 ≤ n− 1, such that

|Lj1 ∩R1| ≥
|R1|
n

.
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Select the most popular color used in Lj1 ∩R1, say c2. The set of points in
Lj1 ∩R1 with color c2 is denoted by S2. Since the points set R1 avoids the
color c1, we have

|S2| ≥
|Lj1 ∩R1|

r − 1
≥ |R1|

n(r − 1)
.

Let R2 be the set of points which can form a horizontal equilateral triangle
with two points from S2. Note that R2 ⊂ R1. Since there is no monochro-
matic horizontal equilateral triangle, the points of R2 can not be colored by
c1 and c2. Also, |R2| =

(|S2|
2

)
.

For i ≥ 1, we define the color ci+1, the point sets Si+1, and Ri+1 recursively,
based on ci, Si and Ri.

Suppose the points set Ri avoids the colors c1, c2, . . . , ci.

There is a layer which contains many points of Ri. Let Lji be a layer, where
1 ≤ ji ≤ ji−1 − 1, such that

|Lji ∩Ri| ≥
|Ri|
n

.

Select the most popular color used in Lji ∩Ri, say ci+1. The set of points in
Lji ∩ Ri with color ci+1 is denoted by Si+1. Since the points set Ri avoids
the color c1, c2, . . . , ci, we have

|Si+1| ≥
|Lji ∩Ri|

r − i
≥ |Ri|

n(r − i)
.

Let Ri+1 be the set of points which can form a horizontal equilateral tri-
angle with two points from Si+1. Note that Ri+1 ⊂ Ri. Since there is no
monochromatic horizontal equilateral triangle, the points of Ri+1 cannot be
colored by c1, c2, . . . , ci+1. Also, |Ri+1| =

(|Si+1|
2

)
.

Claim 2. We have |Sr| < 2.

Proof. If |Sr| ≥ 2, then |Rr| =
(|Sr|

2

)
≥ 1, but there is no colors for the

points of Ri, which is a contradiction.
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Claim 3. n ≤ (2r)2
r .

Proof. Note that |S1| ≥ 2 and |Sr| < 2. Let k = min{i : |Si| < 2}. We have
for all integer 1 ≤ i ≤ k − 1, |Si| ≥ 2. It follows that(

|Si|
2

)
=

|Si|(|Si| − 1)

2
≥ |Si|2

4
.

Thus, for 1 ≤ i ≤ k − 1, we have

|Si+1| ≥
|Ri|

n(r − i)
≥ |Si|2

4rn
.

It follows that

|Sk| ≥
|Sk−1|2

4rn
≥ 1

4rn

1

(4rn)2
|Sk−2|2

2

≥ 1

4rn

1

(4rn)2
1

(4rn)22
|Sk−3|2

3

· · · · · ·

≥ 1

4rn

1

(4rn)2
1

(4rn)22
· · · 1

(4rn)2k−2 |S1|2
k−1

=
1

(4rn)1+2+22+···+2k−2 |S1|2
k−1

≥ 1

(4rn)2k−1−1

(n
r

)2k−1

=
n

22k−2r2k−1 .

Thus, we have n ≤ 22
k−2r2

k−1 |Sk| ≤ 22
k−1r2

k−1 ≤ (2r)2
r .

By Claim 3, we have r ≥ 1
4 log log n.

3 Some Counting Results

Proposition 1. The number of equilateral triangles in Tn is n4+2n3−n2−2n
24 .
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Proof. The number of equilateral triangles which contains the k-th point of
the n-th layer is k(n− k + 1)− 1.

The number of equilateral triangles which contains two point of the n-th
layer is

(
n
2

)
.

Thus, the number of equilateral triangles which contains at least one point
of the n-th layer is

n∑
k=1

[k(n− k + 1)− 1]−
(
n

2

)
=

n3 − n

6
.

Thus, the number of equilateral triangles in Tn is
n∑

k=1

k3 − k

6
=

n4 + 2n3 − n2 − 2n

24
.

Proposition 2. The number of horizontal equilateral triangles in Tn is
n3−n

6 .

Proof. For 2 ≤ k ≤ n, the number of horizontal equilateral triangles whose
bottom points are in the k-th layer is

(
k
2

)
.

Thus, the number of horizontal equilateral triangles in Tn is
n∑

k=2

(
k
2

)
= n3−n

6 .

4 Further Questions

The equilateral triangle can be viewed as a isomorphic copy of T2, then
similar questions can be proposed for Tk where k ≥ 2.

Problem 1. How many isomorphic copies of Tk are there in Tn?

Problem 2. What is the minimum number of colors needed to color the
points of n-row triangular lattice Tn such that there is no monochromatic
Tk?
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