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Abstract

We study the geometry of the moduli space of planes in a general cubic 5-fold. «We. show
that this moduli space is a smooth projective surface whose canonical ‘bundle is ample. We
also calculate the Betti numbers and the Hodge numbers of this sutface.
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1 Introduction

The moduli space of linear subspaces in a projective hypersurfaces has been extensively studied
in the litterature [BD85, DM98, Voi04], starting from the classical result of Cayley and Salmon
which ‘states that every smooth projective cubic surface has exactly 27 lines. In the language of
moduli spaces; it says that the moduli space of lines in a cubic surface is a finite set of 27 points..
Another important example is the moduli space of lines in a cubic 4-fold. As is proven in [BD85],
this moduli space is a hyper-Kéahler manifold, a fundamental building block in the classification of
algebraic’ varieties.



In this article, we consider the following explicit moduli space of such type. Let Y C P be‘a
general cubic 5-fold. Let X be the moduli space of planes in Y. As is proved in Section 2, X.is'a
smooth projective surface of general type. The study of the surface ¥ is motivated by a result of
Iliev and Manivel [IM08, Proposition 4], which states that the surface ¥ is a Lagrangian‘subvariety
of the Fano variety of lines of a cubic 4-fold.

Our first result is the calculation of the Betti numbers of the smooth surface 3.

Theorem 1.1 (Theorem 4.18). The Betti numbers of the surface ¥ are as follows.
(i) bp(X) = by(X) = 1.
(i) b1(X) = b3(X) = 42.
(iii) bo(X) = 13123.

Since Y is a smooth projective surface, its cohomology groups admits.a/Hodge decomposition
(Section 3.2). Our second result is the calculation of the Hodge numbers.

Theorem 1.2 (Theorem 4.19). The Hodge numbers of the surface’s are a$.follows.
(i) h?0 () = h02(X) = 3233.
(ii) h11(X) = 6657.
(iii) h1O(X) = hO1(X) = 21.

Let us briefly present the method for the above results.

As ¥ parametrizes the planes in a general cubic 5-fold Y C PS, we may regard ¥ as a subvariety
of the Grassmannian Gr(3,7) defined as the zero locus of a general section of the vector bundle
Sym>U", where U is the tautological subbundlé of G (3,7)./Since Gr(3,7) is of dimension 12 and
Sym>UY is of rank 10, the dimension of 3 is'2. Therefore; the tangent bundle T%; fits into the
following short exact sequence

0= Ts = Tarnls = Sym’UY|s — 0, (1)
which gives an expression of the canonical bundle.Ks, of ¥ as follows
Ky =(Kgr@ip ®det Sym UV |s.

The right-hand side can be'easily seen/tosbe ample (Proposition 2.4).
To calculate the Betiti numbers of surface X, we first calculate the Euler characteristic of ¥ (note
that ¥ is a compact aanifold of/real dimension 4):

By the Hopf-Poincaré theorem, e(X) is equal to the top degree Chern class co(X) of the tangent
bundle of Ty, viewed asian‘integer via the natural identification [, : H*(X,Z) = Z. Basic theory
of Chern classes is:briefly recalled in Section 3.1. By the exact sequence (1), we can calculate the
Chern class ¢2(2) as follows

(X)) = (c1(Sym*UY)* — e1(UY @ Q) - e (Sym*UY) + e2(UY @ Q) — ¢a(Sym®UY)) - c10(Sym*U").

By the Schubert calculus that we will briefly recall in Section 4.1, the right-hand-side can be
calculated by combinatorial methods (see Section 4 for explicit calculations) and the result is 13041.



Now that we know the Euler characteristic, to calculate all the Betti numbers, it suffices to know
either by or by. However, a result of Collino [Col86] shows that b (X) = 42. This gives all the Betti
numbers of X.

Finally, to calculate the Hodge numbers of 3, we use the Noether’s formula

X(O5) = 55(@(9) + ex(2).

As the calculation of c3(X) illustrated in the previous paragraph, ¢;(X)? can be ¢alculated by tising

Schubert calculus and the result is 25515. Hence, x(X) = 3213. By the resultwof Collino again, we
get h1:0(X) = 21. Thus, h%°(X) = 3233. Combined with the calculations of the Betti numbers, we
finally obtain h'1(X) = 6657. All Hodge numbers are thus calculated.

2 Moduli space of planes in a general cubic 5-feld

Let Y C PS be a general cubic 5-fold. The moduli space ¥ of planes in ¥ can be viewed as a
subvariety of the Grassmannian Gr(3,7) in the following way: Let U be the tautelogical subbundle
of Gr(3,7). The defining polynomial f of Y induces a global section/a# of the vector bundle
Sym>UY. A plane P C P% is contained in Y if and only.if the section 0 ¢ vanishes at the point
xp € Gr(3,7) representing the plane P. Hence, the moduli space X is exactly the zero locus of the
section oy, and thus it is a projective variety. {I'herefore, in order-to understand the geometry of
¥, it is essential to study the vector bundle Sym 24 .

V.

Proposition 2.1. The vector bundle Sym>U“vis globally generated of rank 10 and every section

has a zero.

Recall that a vector bundle E on awariety X is/called globally generated, if for any = € X, the
evaluation map

H(X/E)— E|,
is surjective. Now we proceéd. tosthe proof.

Proof. As the rank of U“is 3, the rank of-Sym3U" is (3+§_1) = 10. Now consider a point
x € Gr(3,7), corresponding to a 3-dimensional subspace W, C C7. The fiber Sym®UV|, is the
space of homogeneous polynomials of degree 3 on W, i.e.,

Sym®UV |, = {homogeneous polynomials of degree 3 on W, }.

On the other hand, the global sections of Sym®V, denoted by H°(Gr(3,7), Sym®U"), are isomor-
phic to the space of homogeneous polynomials of degree 3 on C”:

H°(Gr(3, 7);Sym®1") = {homogeneous polynomials of degree 3 on C7}.

The evaluation map
H°(Gr(3,7), Sym®*u") — Sym*u"|,

is simply the restriction of these global polynomials to the subspace W,. Since the restriction map
is surjective, we conclude that Sym®V is globally generated.



Let I = {(z,0) € Gr(3,7) x H°(Gr(3,7),Sym*U") : o(z) = 0} be the incidental variety and let
q: I — H°(Gr(3,7),Sym*U") be the second projection map. It is shown in [Bor90, Proposition
2.1] that the map ¢ is surjective. The latter means exactly that any global section of Sym>%{¥ has
a zero.

This concludes that Sym3/V is globally generated and that every section has a zero.
O

To proceed, we will use the following classical result in algebraic geometry. We write down a
proof for completeness.

Proposition 2.2. Let X be a projective variety of dimension n. Let E dbe a“globally generated
vector bundle of rank r > n on X such that any global section on it has a zere. ‘Let s € H°(X, B) be
a general global section of E. Then the zero locus of s is a smooth subvariety of dimension.n — r.

Proof. Let
I={(z,s) € X xPH"(X,E): s(z)= 0k

Let p: I — X and ¢ : I — PH°(X, E) be the two projections. We claim that the fibers of p are
projective linear subspaces of PH?(X, E) of codimension 7. In fact, since’E is'globally generated,
for any z € X, the evaluation map

evy : HY(X,E) — B, ~C"
is surjective. This implies that
dim I = n+ dimRH (X, E)~ r.

by a dimension theorem [Har77, Ex.I1.3:22(c)}../On the/other hand, the fact that every global
section has a zero implies that the prejection map 'q is surjective. Hence, by the alge-
braic Sard’s theorem [Har77, Corollary IIL10.7], ‘the general fiber of ¢ is smooth of dimension
dimI — dimPHY(X,E) = n — r, as désired. O

Since Gr(3,7) is a smooth prejective variety.of dimension 12, and Sym3U" is a globally gen-
erated vector bundle of rank 10 such that‘every global section has a zero, by Proposition 2.1 and
Proposition 2.2, we have the following result

Corollary 2.3. The moduli space X2 of ‘planes in a general cubic 5-fold Y is a smooth projective
surface.

Finally, we want to study the canonical bundle of the surface ¥. We have
Proposition 2.4. /The canonical bundle of the surface X is ample.
Proof. As Ysis.a smooth subvariety of Gr(3,7), by the adjunction formula, we have

Ky, = (K(;r ® det(SymSL{V)) |2 ,

where K, uis the canonical bundle of Gr(3,7), and det(Sym3Z/{V) is the determinant line bundle
associated with the vector bundle Sym®/V. The canonical bundle of the Grassmannian Gr(3,7) is
given by:

Kar = ¢ Op(pscry(—=T7)
where ¢ : Gr(3,7) — P(A\®C7) is the Pliicker embedding. Since deti¥ = ¢*Op(1), a formal

virtual reot calculation shows that det Sym®U¥ = Op(10). Hence, Kx = (¢*Op(3))|s, which is the
restriction of an ample line bundle, and is hence ample. O



3 Relations of Hodge numbers and Chern classes

3.1 Chern classes

Theorem 3.1 (Grothendieck [Gro58]). There exist Chern classes ¢;(E) € H*(X,Z) for any vector
bundle E of rank r of any smooth algebraic variety X, which are uniquely determined by the following
properties

(i) (Vanishing) If k > r, then c,(E) = 0.

(i) (Whitney Sum) For a short exact sequence

0—-FE - E—E"—0,
the total Chern classes satisfy the property
c(E) = c(E")e(E").

In particular, ¢1 (E) = c1(E') + c1(E").
(#ii) (Projective Bundle Formula) For a vector bundle Evover X ,“the 4otal Chern class of the
projective bundle P(E) is given by

«(B(E)) = ' (E)Y ¢

where 7 : P(E) — X is the projection, £ ='¢1(Op)(1))5and r/is the rank of E.
(iv) (Pull-back) For a morphism [ : Y = X and a vector bundle E over X, the Chern classes
satisfy
c(fTE) = fc(E).

(v) (Normalization) If L is a line bundle oneX, then its first Chern class is given by

where D 1is the divisor of a'general rational section of L.

The Chern characteriof a vector bundle F is another invariant of F that can be defined by
combinations of Chern'classes of E« The Chern character has the following expansion (dropping E
from the notation for simplicity):

(¢} —3cico + 3e3) + - -

[

1
ch(E).=1k + c; + 5(0? —2¢9) +

We refer the readers to[Har77, A.4] for strict definition of the Chern characters and the following
useful property.

Proposition 3.2. Let E, E’ be vector bundles on X. Then we have

ch(E ® E') = ch(E).ch(E").



3.2 Kahler Manifolds and Hodge Numbers

The best way to discuss Hodge theory is through Kahler geometry. In this section, we follow closely
the presentation of [Voi02, Chapter 6] to present the Hodge theory

Definition 3.3. A Kihler manifold is a complex manifold X equipped with a Hermitian metric
whose associated 2-form is closed.

Definition 3.4. For a Kahler manifold X, the Dolbeault cohomology groups H"4 (X) consist
of equivalence classes of differential forms of type (p, ¢), modulo d-exact forms:

Fpa(x) = Kerd s APIX) — AP (X)
 imd: Ara—1(X) — APa(X),)

where AP*?(X) denotes the space of smooth differential forms of type (p, q).
Theorem 3.5 (Hodge decomposition ([Voi02])). Let X be a compact Kahler. manifold. Then there

s a canonical decomposition of the de Rham cohomology of X as follows.

H*X,C)= P HPUX),
p+aq=k

with the complex conjugate identification HP9(X) = H%P(X).r Furthermore, we have a canonical
isomorphism HP9(X) = H1(X, Q% ).

Definition 3.6. The Hodge numbers of a compact Kéhler manifold X are defined as the dimen-
sions of the Dolbeault cohomology groups:

P4 (X)= dim HP94(X).
The Hodge numbers h??(X) satisfy several.symmetries, notably the following:
e Hodge Symmetry: hP(X) =h?P(X).
e Serre Duality: h?7(X)=h" P2 4(X)dorn = dim¢ X.

For a compact Kéhler manifold X of complex dimension n, the Hodge diamond (which organizes
the Hodge numbers hP4(X)) is structured as follows:

h0,0
hl,O ho,l
h2’0 hl,l h0’2
hn—l,O hn—2,1 . hl,n—Z hO,n—l
hn,O hn—l,l hn—2,2 .. hl,n—l hO,n
hn,nfl hnfl,n72 . h2’1 hn,()
hn—2,n hn—l,n—l hn,n—2
hn,nfl hnfl,n
hn,n



It is not hard to show that any smooth projective variety over C is a compact Kahler manifold,
and hence the whole Hodge theory applies. The key takeaway here is that the Hodge numbers can
be calculated as the dimension of the cohomology of the bundles of holomorphic differential.forms,
whereas the latter has the potential to be fitted into exact sequences. That is exactly the approach
we take for the calculations of Hodge numbers of the smooth projective surface X.

3.3 Euler characteristic of X

The following version of Hopf-Poincaré theorem, which is called the Hopf index theorem as in [BT82,
Theorem 11.25], relates the Euler characteristic of a complex manifold to its top degree Chérn class:

Theorem 3.7 (Hopf-Poincaré theorem). Let X be a compact complex manifold of dimension n.
Let e(X) := 2?20(—1)%2»(X) be the Euler characteristic of X. Let c,(X) € H?"(X,Z)& Z be the
top degree Chern class of X viewed as an integer. Then

e(X) = cp(X).

By the Hopf-Poincaré theorem, the Euler class of the surface ¥ iswcy(X) viewed as an integer
via the identification [, : H*(%,Z) = Z.

3.4 Euler characteristic of Ox

The Euler characteristic of the structure sheaf of aisurfacetis also determined by its Chern classes,
according to the Noether’s formula that we discuss below.
Let S be an arbitary smooth projective surface, we have

Theorem 3.8 (Noether’s formula). Let S be a smooth projective surface, then we have

W(0s) = ZE(SF +ex(5)).

Modern algebraic geometry views’ Noether’s“formula as a special case of the Grothendieck-
Riemann-Roch formula whose proof isibeyond the scope of this project. More elementary proof
of the Noether’s formula exists in thelitterature (see, for example, [GH94, Section 4.6]). Here we
follow the first step in“{GH94, Section'4.6] that proves Noether’s formula for surfaces in P3. We
refer the readers to [GH94, Section 4.6] for the proof of Noether’s formula for a general smooth
projective surface/(not necessarilyin B?). To start with, we calculate the Chern numbers of S C P3.

Lemma 3.9.. For a smooth surface S of degree d in P2, the first Chern class and the second Chern
class of the tangent bundle Ts' over S are:

cl(S) = (4 —d)H

c2(S) = d® — 4d* + 6d.
Moreover, we have ¢1(S)? = d* — 8d? + 16d.

Proof. Consider,the short exact sequence

0—>T5—>T]p3|s _>NS‘IP3 — 0.



Here, Ts is the tangent bundle of S, Tps|s is the restriction of the tangent bundle Tps of P3 to. S,
and Ngps is the normal bundle of S in P3. From the above sequence, we have

e(Tials) = o(S) - e(Nsjea).

We know that the total Chern class of Tps is ¢(Tps) = (1 + h)*, where h is the hyperplane class in
P3. Restricting to S, we get
o(Tpals) = (1 + hls)* = (1 + H)*

where H := h|g.
Now, the normal bundle Ng/ps is O(d), so its total Chern class is

C(NSI]P)S) =1+dH.

Hence we have
(1+ H)* =c¢(S)-(1+dH).

Expanding and comparing terms, we get
Cl(S) = (4 - d)H7
c2(S) = (6 — 4d # d*) H*.

Hence
c1(8)?*=(4—d)H)?> = (4—d)*H? =(16 — 8d.+ d*)H>.

Since H? represents the self-intersection of'two.hyperplané sections on a smooth surface of degree
d in P3, we have H? = d. Therefore we have

c(S)? = d® — 8d* 4 16d.

and
e (S).=d> > 4d* + 6d.

Now we can prove the Noether’s formularin the special case where S is a surface in P3.
Proof of Noether’s formula when S @ P2, Firstly, we consider the short exact sequence
0.—.Ops(—d) = Ops — Og — 0.
According to thewproperty of Euler characteristic, we have
X(Os) = x(Ops) — x(Ops (=d)).

According to [Har77, Theorem I1.5.1], the Euler characteristic for Opn (d) is given by

@) = (117,

n

In particular, we have:
X(OIP’3) = 17



X(Ops (—d)) = (—d+ 3)(—d6+ 2)(—d + 1).

Hence we have

o (cd+3)(=d+2)(-d+1) d®—6d>+11d

However, by Lemma 3.9, we have

2d% —12d*> 4+ 22d _ d* —6d* +11d
12 B 6 :

1 9 _
S(e1(9)* +eal8)) =

Therefore,

X(05) = 5(@1(5)? + ex(S))

O

Applying Theorem 3.8 directly to the surface X, the Euler characteristic iy (Os).of the surface
Yis 5(c(X)? + co(X)).

3.5 The Abel-Jacobi map of the surface

Definition 3.10. The intermediate Jacobian J*(X) for a smooth projective variety X is defined
as
JH(X) = B (X, )/ (B H T (X0 HESL(X, 2)

where ¥ denotes the k-th level of the Hodge filtration:

Definition 3.11. The Albanese variety Alb(X) of.a.smooth projective variety X is defined as:
AIb(X) = HO(X, QL) JH, (X, Z).

Definition 3.12. Let X be a smooth projective.variety and xg is a point on X, then the Albanese
map alb : X — Alb(X) is aumorphism defined by integrating holomorphic 1-forms on the path
connecting an arbitrary peint =€ X and the fixed point xg.

The Albanese map ds universal among.morphisms from X to abelian varieties, namely, for any
abelian variety A and.any morphism.¢ : X — A that sends zg to 0 € A, there is a unique morphism
Alb(X) — A such.that ¢factorizes'through this morphism. Let J°(Y') be the intermediate Jacobian
of the cubic 5-fold Y, and Alb(X):the Albanese variety of the surface ¥. Consider the Abel-Jacobi
map

a: Alb(X) — J%Y,

defined by the universal property of the Albanese map of 3.
The following theorem of Collino [Col86] is crucial in our calculations of Hodge numbers of the
surface X.

Theorem 3.13 (Collino [Col86]). The Abel-Jacobi map a : Alb(X) — J3(Y) is an isomorphism.



3.6 Hodge numbers as Chern classes

Theorem 3.14. The Betti numbers of the surface ¥ are as follows.
(i) bo(5) = ba(%) = 1.
(ii) b1(X) = bg(X) = 42.

Proof. (i) is obvious since the surface ¥ is connected [DM98, Théoréme 2.1 (c¢)]./ For (ii), we
first prove that b3(X) = b5(Y) . By Theorem 3.13, the Abel-Jacobi map a : Alb(X) —"J?(Y)s an
isomorphism. This implies that the dimensions of the Albanese variety Alb(3)-and.the intermediate
Jacobian J°(Y') are equal. We can compute the dimension of the Albanese'variety Alb(X)for the
surface ¥ as follows

1
dim Alb(¥) = dim H*>!(%,C) = 7 dim H3(%,Q).
On the other hand, the intermediate Jacobian J°(Y") of the cubie 5-fold Y is‘defined as
J(Y)=H**(Y,C)® H*' (Y,C) ® H>°(¥,C),

so the dimension of J5(Y) is
1
dim(J°(Y)) = 5 dim-H (Y, C).

Since Alb(X) = J*(Y), we have
dim H3(%, €) = dim H3(Y, C).

Next, by [Huy23, Corollary 1.12], we find-b5(Y) = 42. Hence, b3(X0 = 42. Finally, according to
the Poincaré duality, we have b;(X) = b3(3)= 427\ As for (iii), the Hopf-Poincaré theorem shows
that 327, (—1)70;(2) = ca(). By«(i) and (ii), we find by (X) = () + 82. O

Theorem 3.15. The Hodge numbers. of thesurface 3. is as follows.
(i) h90(%) = h22(%) = 1.

(ii) h1O() = ROL(E) = K21 (3) =hP2(B) = 2L,

(iii) h*9(X) = h*2(%) = 1—12(01(2)2 + (X)) + 20.

(iv) BOL(S) = L(565(5) — 1 (5)2) + 42.

Proof. (i) is obvious since ¥ is/a connected surface. For (ii), Theorem 3.13 and the table at the
end of [Huy23, Séction. 1.4] show that'h*>?(Y) = h*!(Z) = 21. The other three Hodge numbers
are also 21 by the ‘symmetries mentioned below Defintion 3.6. As for (iii), by Hodge symmetry,
h20(%) = h%2(%). Hence, it sufficés to compute h%2(X). By Noether’s formula, we have h%(X) —
hOH(2)4h%2(2) = x(Ox) = & (c1(2)?+c2(X)). Hence, by (i) and (ii), we get h*2(X) = (1 ()2 +
c2(X))+:20. Finally;.we notice that the Betti number by for a surface ¥ can be decomposed in
terms of Hodge numbers as: by(X) = h2°(2) + h%2(X) + hb1(Z). As we know the value of h%9(X)
and h%%(X) in (jii); we-find that the value of R () is §(5e2(E) — c1(X)?) + 42. O

In this section, we have expressed all the Betti numbers and Hodge numbers as expressions of
c1(X)? and ¢3(X). Therefore, it remains to calculate ¢;(X)? and c2(X) as integers. This is done in
the next section.
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4 Calculations of ¢;(X)? and (%)

4.1 Schubert Cycles and Schubert Calculus

This section recalls the basic theory of the Schubert calculus which is the main calculation/tool for
the Chern classes. The presentation here follows closely [Ful96].

Let Gr(k,n) denote the Grassmannian parametrizing k-dimensional subspaces. of an n-
dimensional vector space C™. The Grassmannian has a complex manifold structure.»The complex
dimension of Gr(k,n) is k(n — k).

Definition 4.1. A partition A = (A, ..., A\x) is a weakly decreasing sequence,of non-negative-inte-

gers. We denote the size of A by |A| = Zle i
Two partitions A and p are said to be complentary if A\; + pr41—; =n =%k for-all 7

Definition 4.2. A complete flag F in C" is a sequence of nested subspaces:
Fo: {0}=FCF CFRC - - CEkE/=C",
where F; is an i-dimensional subspace of C" for each i.
Definition 4.3. For a complete flag F' and a partition X, the associated/Schubert cell is defined as
O3(F) ={V € Gr(k,n) : dim(V N F,) =i, for ni— ki — \peoe S — k40 — N1, Vil
The associated Schubert variety with respecti.to F.and A is defined as
ON(F) ={V € Gr(k,n) {dim(V N F2ein,) > i, Vi}.

Definition 4.4. The fundamental class [Qx(F)] of a Schubert variety Q,(F') is called a Schubert
class and is denoted by oy. If A = (\1,0,...,0); then we'say o) is a special Schubert class.

The Schubert cells give a cell complex structuré on the Grassmannian Gr(k,n).
Example 4.5. The Grassmannian Gr(2,4) has a cellular decomposition
Gr(2,4) = Oy 9y (E) WO, 4y (F) 0859, (F) U 1) (F) U o) (F) UQG(F)
where the zero skeleton is'the point Q(()2,2)~
By the general theory of cell complex, we have the following proposition.

Proposition 4.6. As_a Z-module; the ‘cohomology ring H*(Gr(k,n)) is generated by Schubert
classes
H*(GT’(/{,TL)) = PrZo .

The Schubert cell Q$(F,) is isomorphic to an affine space of dimension Zle(n —k+a; —1).
Now we haye the following results for the ring H*(Gr(k,n)).

Proposition 4.7 (Poincaré duality). Let A and p be two partitions contained in an k x (n — k)
rectangle such that\|\l'+u| = k(n — k), then we have

oxUoy, = opt

if X and 1 arescomplementary and
oxUo, =0

otherwise.

11



Proposition 4.8 (Pieri rule). For two partitions u = (u1,0,...,0) and A = (A1, .., A\x), we have
Op- 0\ = Z or,

where the sum is over all partitions r such that |r| = [N + |p| and N\; <1 < Xi_1.

Proposition 4.9 (Giambelli Formula). Any Schubert class o\ € H*(Gr(k,n)) can be expressed as
ox = det(on,+j—i)1<i,j<r where we set op=11ifp=0 and o, =0 if p <0 or p>n =k.

Using the Pieri rule and the Giambelli formula, we can compute any cup product o Ugy,. First;
by using the Giambelli fomula, we express o) in terms of special Schubert classes, then we can
compute o U o, by the Pieri rule.

4.2 Chern classes of X as Chern classes in the Grassmannian

In this section, we show that the Chern classes of ¥ can be viewed as intersections of the Chern
classes of the dual of the tautological subbundle U" and those of*the tautelogical quotient bundle
Q@ on Gr(3,7). The explicit expression is shown in Proposition 4.13.

Proposition 4.10. the Chern classes of ¥ can be expressed’ as

a(2) = (U @ Q)=ci(Sym’U¥))]s
and

() = (c1(Sym®UY)? — e (UY @ Q)+ er(Sym*UY) 4 .ex(UY @ Q) — ea(Sym®UY)) |s..
Proof. The normal sequence of ¥ C Gz(3,7) gives
0= T (U ® @)ls.— (Sym®UY)|s — 0.

By applying the Whitney sum formula for Chern classes, we have:

c((UY @ Qlg) =c(Tx) - c((Sym’UY)|5)-
Expanding this productiusing the definition of the total Chern class

dBE)=14c1(E)+c2(E)+...,

we obtain the following relations for the first and second Chern classes. For the first Chern class,
we get ‘
a(UY ®Q)ls) = ei(Tx) + er((Sym®UY)| ).

Thus, solving for ¢1(7%), we have
ci(Tz) = e1(UY @ Q)lz) — er((Sym*UY)[x).

At _this point; we use the fact that Ty is the tangent bundle of 3, which implies that its Chern
classes are exactly those of 3. In other words

c(Tx) = ¢(2).
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Therefore, we conclude
(D) = a((UY @ Q)ls) — ar((Sym’UY)lx).
For the second Chern class, the Whitney sum formula gives
a((UY @ Q)ls) = ea(Tx) + er(Tx) - er((Sym®UY) ) + co((Sym®UY) [ ):
Substituting the expression for ¢;(Tx) from the previous step, we find
ea(Tx) = e2((UY 2 Q)Is) = (e1(UY Q) |s) =1 ((Sym®UY)[)) - ex ((Sym®U )|z ) ez (Symt*B)s).
Since ¢3(Tx) = c2(X2), we have
() = (c1(Sym®UY)? — e1(UY @ Q) - e1 (Sym®UY) + e2(UY & Q) — ea(Sym’TUY)) |[s..
This completes the proof. U

The following theorem is well-known and its proof can be.found in{BT82; (5.14) p. 51].

Theorem 4.11. [BT82] Let X be a differential manifold of real dimension N. Let Y C X be a
closed submanifold of real codimension c. Let w € HYN~¢(X,7Z). Then

[ oty =

Theorem 4.12. Let Z C X be the zero(locus of a vector-bundle E of rank r. Then:
2] = ¢ (B) € H2(X, Z),
where [Z] is the cohomology class-represented/by the zero locus Z.

Proof. By the splitting prineciple; we can assume.that the bundle E can be pulled back to a space
X', where it splits as a direct'sum of line’bundles:

TE =@l ®---®L, on X',

where 7 : X’ — X _is a'projection map and L1, Lo, ..., L, are line bundles.
Let s = (51482, +-.,,) be a section of the bundle 7*FE, where each component s; is a section of
the corresponding line bundle. ;. The zero locus of s is

7 (Z) = Zero(s) = Zero(s1) N Zero(sg) N --- N Zero(s,).

The class of 7*(Z)"in cohomology is the product of the classes of the zero loci of the individual
sections s;
[7*(Z)] = [Zero(s1)] - [Zero(s2)] - - - - - [Zero(s,)].

By the splitting principle, each of these classes corresponds to the first Chern class of the respective
line bundle/L;
[7*(2)] = c1(L1) - e1(La) - -+ - ea (L)

13



The total Chern class of the bundle 7*E = L1 ® Lo ®--- O L, is
o(m*E) =¢(Ly) - e(Lg) - -+ - - (L),

where each ¢(L;) = 1+ ¢1(L;) is the total Chern class of the line bundle L;. Applying the"Whitney
sum formula, we have

o(mE) = (1+c(L) (1+cr(Le)) - (L+ ea(Ly)).
The degree-r part of this product is the r-th Chern class of the bundle
cer(m*E) =c1(Ly) - e1(La) - -+ - er(Ly).

Therefore, we see that
[7*(2)] = cr (7" E).
Since m* : H*"(X,7Z) — H?"(X',7Z) is injective, we have
[Z] = c.(E) € H(X,Z).
This completes the proof. O
Proposition 4.13. Viewing c1(X)? and c2(X) as integersywe.have
()2 = (a(UY ® Q) — cr(Sym* i) - crg(Sym* vV,
and
(%) = (er(Sym®UY)? — 1 (UY @ Q) - e1 (SymPU ) ot 2 (U8 Q) o (Sym®UY)) - e10(Sym*UY).
Proof. By the Theorem 4.11, we have:

/261(2)2|g :/Grm) crE)? - [2].

From the Theorem 4.12, since the rank.of Sym?UY. equals to 10, we have [%] = ¢10(Sym*U"). Thus,
we can substitute into the integral:

2 -
/ c1(2)?s = / (U ®Q) - C1(Sym3UV)) - e10(Sym®UV).
p) Gr(3,7)
This directly proves that:

2
a(2)? = (e (UY @ Q) — c1(Sym®UY))™ - c10(Sym*UY).
Similarly, for ¢53(X); we apply the'Theorem 4.11

[emls= [ PCCRE!

Then we have
/ (D)|s = / (ci(Sym*UY)? — c1(UY @ Q) - e1(Sym®UY) + c2(UY @ Q) — c2(Sym®U"Y))-c10(Sym*UY).
b3} Gr(3,7)

This proves that
c2(X)= (Cl(Sym3Uv)2 —alU'eQ): Cl(SymgUV) +elU®Q) - Cz(Sym3Uv)) : Clo(Sym3Uv)-
O
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4.3 Chern classes as Schubert classes on the Grassmannian

Since the Schubert classes o form a basis for H*(Gr,Z), we are able to represent the Chern classes
of UV and @ as Schubert classes. In fact, it is well-known [EJ16, Section 5.6.2] that

c(UV) =1l4o01+o11+...+011,..1,

and that
C(Q) =14+014+09+...+0p_k-

Proposition 4.14. We have c1(UY ® Q) = 701 and c2(UY @ Q) = 24011 +2303.

Proof. Using Proposition 3.2, we get
v 1 1
ch(U¥ 2 Q) = 4+U1+§(011+020—202+"') 3+U1+§(011+020+2011+"') .

By collecting the degree 1 factors, we have
c1(UY @ Q) = 401 + 301 =707.
By collecting the degree 2 factors, we have
%cl(UV 2 Q) — 25U, 2Q) = %(ag Loy iog?.
Simplifying the equation, we get
c2(UY.2Q) = 2401, +2305.
O

Proposition 4.15. We have ci(Sym®UY) = 100y, c(Sym*UY) = 4007 + 15011, and
c10(Sym3UY) = 2160303, 0110+ 1080163, 01 141086107, , — 4860701107, + 7290103, .

Proof. Assume the virtual roots of UV=are ly;lo,l5. The virtual roots of Sym®*UY are given by
li; + L, + iy, where the indices satisfy 1'.<i1 < 49 < i3 < 3. The number of terms is

3+2 5
= = 10.
(5 -6)
Thus, the total Chern class of Sym>U" is

c(Sym3UY) = H (14 1iy + iy + i),

1<y <ia<i3<3
leading to the expansion into individual Chern classes
c(Sym3UY) =1 + ¢1(Sym®UY) + e (Sym®UY) + - - - + ¢10(Sym3UVY).
(1) The first Chern class is sum of the symmetric polynomials of degree 1

a@Gm’UY) = > (L4l + 1, + 1)

1< <ip<i3<3
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This simplifies to
Cl(SymSUv) = 10(l1 + 1o + l3)

Since Cl(UV) = ll + lg + l3 =01, We have
cl(Sym?’Uv) = 1001.

(ii) The second Chern class is sum of the symmetric polynomials of degree 2 in lf, ls, I3, which
takes the form ‘
co(Sym3UY) =a- (I1 + la 4+ 13)% + b - (1l + lols + I3ly),

where a and b are constants. This simplifies to
c2(Sym*UY) =a -0 +b-011.

The coefficients a and b can be determined as follows. The coefficient a is the term of 3. Among
the 10 terms l;, + l;, + l;, in the product, there are 4 terms with-no l;, 3 terms/with1 /1, 2 terms
with 2 [;’s and 1 term with 3 [;’s. Hence, the coefficient of I; in.the expansion is (g) x1x1+
() x2x2+3x2x1x2+3x1x1x3+2x1x2x3=40. Theréfore, a’= 40. By similar
counting methods, the coefficient of the term [yl5 in the expansion is 95./Hence, b = 95 — 2a = 15.
Therefore, we get

cz(Sym?’Uv) = 400‘% + 15011»
(iii) The degree 10 part of the expansion of [], ;< <5, <51 +4iy + L, + 1) is simply

H (lh + 1l # llz)

1<, <i5<i3<3

To express clo(Sym?’U V) as Chern. classes of UV, it suffices to express the symmetric polynomial
[li<i,<iy<iz<s(liy +li, +1iy) as elementary symmetric polynomials. We do so using Mathematica
with the following code

eu = (3 11) (3 12) (3.13) (2 11 + 12)~(2 11 + 13) (2 12 + 13) (2 12 +
11) (2 13 + 11) €213 + 12) (11 + 12 + 13);
SymmetricReduction[eu, Variables[eu], {cl, c2, c3}]

The output is

{216 ¢c173 ¢272,.¢3 + 108.cl ¢273 c3 + 108 c174 c372 - 486 c172 c2 c372 +
729 c1 ¢373,.0}

This terminates the calculation. O

4.4 Explicit Schubert calculus on Gr(3,7)

Lemma 4.16. (We have the following results
(i)0? - gty = 5;
(’LZ) 0'% -0’%1 0111 = 11,’
(ZZZ) O‘% 0111 0'%1 = 6,‘
(i) g - 011~ oty =3;
(v)ai “gi1y = 1;
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(vi) o1 - 0} 0111 = 3;
(vii) 0% - 0%y - 0%y = 2;
(viii) o1 - 011 - 03, = 1.

Proof. (i) We start with

6 5
010111 =071 010111

Using Pieri’s rule, we proceed step by

step

o} o911 = O’il - (0311 + 0221)
0} - (0411 + 20321 + 0222)
=07 - (30421 + 30322 + 20331)
=01 - (boa31 + 60422 + 50332)
= 01 - (50441 + 160432 +50333).

Finally, applying Poincaré duality, we calculate

6 > _
07 o111 - 0111 = (50441 + 160432 + 50333) - 0111 = 5 - O333° @111 = 5.

(ii) We start with

6
01+, 0111-

Using Pieri’s rule, we proceed step by step

5
010111

0'(13 0111 = 0'1
= 07 20211 = 0] - 01 “G311
= U? 201 - (0314 * 0221)
= Uf (0411, F 20391 + 0222)
= 0% “opr(opnnt 20391 + 0222)
=07 - (041 +B0421 + 20331 + 20300 + 0322)

=01 :

01 - (30431 + 30422 + 30332 + 20331)
- (30431 + 30422 + 30332 + 20331)

(50431 + 60422 + 50332).

Finally, applying Poincaré duality, we calculate

015(022 +0211) - 0111 = (150441 + 360432 + 110333) - 0111.

This results in:

07 (022 + 0211) - 0111 = 11.

(iii) By/the Giambelli formula, we have
g1 g9 g3 o1 09 O3
011 = det (0')\1-+j7i) =det | o9 op o9 | =det| 1 o1 o9
0_2 O0_1 0y 0 0 1
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Then we have

oty = o1 - (0] — 09)
= 0110101 — 011 - 02
= (021 + 0111) - 01 — (031 + 0211)
= 031 + 022 + 0211 + 0211 — 031 — 0211

= 092 + 0211-

Now, for the cube of o171, we have

3 _ 2
011 = 011011

(022 + 0211) - (U% —09)

= (022 + 0211) - 07 — (022 + 0211) - 02

o101 (022 + 0211) — 02 - (022 + 0211)

o1 - (032 + 0311 + 0221) — (042 + 0321 + 0222+ G411 + 0331)

(042 + 033 + 0321 + 0222 + 0411 + 0321) — (Oa2 + 0321 +.0222 + 0411 + 0321)

= 033 + 20321 + 0222.

Next, we compute

3
010111 =01°01 01 0111

01+ 010211

o1 - (o310.+0921)

014 0311nt 01 * 0221

= 0411 + 0321 + 0321 + 0222

= 0411 +.20321 + 0220.

Then, by applying Poincaré duality, we/calculate

3 3
orwoi11 - 0= (0411 + 20321 + 0222) - (033 + 20321 + 0222)

0411 - 033 + 203921 - 20321 + 0222 - 0222
—14+4+1=6.

(iv) We start with
4 2 2 2
o1 01101y = (07 - 011 - 0111) X (07 - o111)
Note that we can’t use the Pieri rule for o171 - o11. We know
2
o1 = 0] — 02
Now,

2
(01 —02) ©0111 = 01010111 — 020111 = 01 - 0211 — 0311 = 0221
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Thus, we have

2( 2
o1 (01 - 02) o111 = 01 - (0321 + 0222) = 0421 + 0331 + 0322 = 0421 + 0331 + 20322

Next, we compute
0% - 0111 = 01 - 0211 = 0311 + 0221
Now, expanding the expression
(U% ‘011 '0111) X (U% : 0111) = [U%(U% - 02) : 0111] : (U% '0111)
= (0421 + 0331 + 20392) - (0221 ¥ 0311).
Finally, by applying Poincaré duality, we get
ot-o1 -0, =3.
(v) We start with the expression
01 024,03

3
0111 = det (O-Ai“‘j_i)lgi,jg?) = det (o) 01 09 =07 +03*-20'102.
o_1 0g9 01

Next, we compute

3
o111 - o111 = (01 + 03 =20109) - o111
3
=07 - 0i11 +03% 0111 — 20102 - 0111
= 01010211 + 0411 20321 — 20411

10311 + 0221 ) —20321 — 20411

I

0421 + 0331+ 0292 — 20321 — 0411

o411 +.0321 4 0391 + 0220 — 20321 — 0411

= 0922.
Thus, we conclude that
al11 = 0222,
Finally, by applying Poincaré duality, we have
07 70%, = 0ot - 01y = (0411 + 20321 + 0222) - 0220 = L.

(vi) We'start, with

3{07,0111 = 010211

031(‘7% — 02)0110211

= 011 (022 + 0211) 0211

=on ((0% —03) (022 + 0211)0221)
= 011(0321 + 0321 + 033 + 0222) 0222

= (0332 + 0332 + 0332)0211,
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By using Poincaré duality, we obtain
g1 0111 g11 — 3.

(vii) We start with

2.2 2 _ 22
010110111 = 0107110222
2/ 2
= 01(0] — 02)0110222
2
= 07 (022 + 0221)0222

= (0321 + 0222 + 0321 + 0222)0202.
By applying Poincaré duality, we have
0%0%10%11 =2
(viii) We start with
010110:1311 = 01(0% - 02)01110222 = 01022110222 = (0321 -+ 0222)0222~
By applying Poincaré duality, we conclude

3 L
010110111 = 1.

4.5 Final results
Theorem 4.17. Under the canonical identification:| : H*(3,7Z) = Z, we have
1 (%)%= 25515
c2(2) = 13041
Proof. By Proposition 4.13,/Proposition'4.14, Proposition 4.15 and Lemma 4.16, we get
c1(2)? = (To1 — 1001)% (2160303, 011141080103, 0111 + 1080703y, — 486070110%, + 7290155, )

= 1944030201104 972010310110+ 9720 02, — 43740301102, + 65610105,
= 25515,

and
c2(0) =(10002 — 7003 4 (2802 + 011) — (4002 + 15011))
x (2160303 0111 + 1080103 0111 + 1080710y, — 48607011071, + 729010%;,)
=2808070% 0111 + 14040303, 0111 + 14040802, — 63180 0110%,, + 94770303,

30240303, 0111 — 15120107 0111 — 15120 0110%,, + 68040102 0%, — 102060101105,
=13041"
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Combining Theorem 4.17 and Theorem 3.14, we finally get

Theorem 4.18. The Betti numbers of the surface ¥ are as follows
(i) bo(X) = bs(2) = 1.
(7i) b1 (X) = b3(2) = 42.
(iii) bo (X)) = 13123.
Similarly, combining Theorem 4.17 and Theorem 3.15, we get

Theorem 4.19. h?°(%) = 3233. hb1(X) = 6657.
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