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Make24: Bounding the Generalised Form of a Numbers Game
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NUS High School of Mathematics and Science®

Research Abstract

Make24 is a multiplayer brain teaser that you can play anywhere, anytime! The classic version
of the game involves picking 4 (not necessarily distinct) numbers Between 1 and 10 inclusive at
random, and racing against the other players to be the fastest*player to successfully form the

number 24 by using each number exactly once, using +, =, X, + and ().

These 4 numbers can come from car plates, poker cardsj)or even simply making up numbers in

your mind, making it a fun way to pass time with family and friends!

From here, let the word “set” and {} denote, a”Multiset, which is a set that allows duplicate

entries.

Given a set D = {di,ds,ds, ..., di},)where d; are (not necessarily distinct) integers such that

1<d; <10 forall 1 <1i <k, we say that we can Make n with D, if we can create an expression,
e using each dy,ds, 4., di exactly once each,
e with the operations +, —, x, +, or (),
e such that each operation yields an integer, and
e such that it evaluates to n.
For example, with the set {4,4,10,10} we can Make 24 because (10 x 10 — 4) + 4 is one such
expressionsthat satisfies all the given requirements. We say that this expression is a valid solution.

I defined the'function 7 : Z — N such that 7(n) is the minimum &k € N such that given an integer
n, we can Make n with every set D = {dy,ds,ds,...,d;} such that 1 <d; <10 forall 1 <i < k.

That is, n(n) is the minimum size of a set D with each entry between 1 and 10 inclusive, such
that we can guarantee to always Make n. In this project, I am interested to study the properties

of this function.
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In my research, I will first study the properties of n(n). For example, I show that given not
necessarily distinct a,b € Z, we have the identities n(—a) = n(a), n(a + b) < n(a) + n(b) and
n(ab) < n(a) +n(b).

I will then study the values of n(n) for small integers n, by using a Complete Search algorithm
to obtain exact values for 0 < n < 12. From here, I will use the properties above to produee
tight bounds for the values of n(n) for 13 < n < 30. In particular, I fully solve the originalcase
of Make24 to obtain n(24) = 9.

Next, I shift my focus onto the Asymptotic Growth Rate of 1. In particular,I show that the
bounds

[3logsn] < n(n) < [3logyn] + 1

holds for all integers n > 2 using the idea of Strong Inductiom: Onfthe way, we study other
functions like ((k), defined to be the maximum integer we can Make with k ones, through the

analysis of Greedy Algorithms, to aid us in producing our finabresult.

Applications of this project involve gaining insight.into the study of similar Combinatorics
Games, as the techniques of proof, such as reduction into a simpler form, induction and pattern
recognition are all very common themes in medern combinatorics, especially in olympiads. Re-
sults from this paper are potentially alse applicable in attempting to prove unsolved conjectures
in relation to a number’s integer complexity, defined as the minimum number of ones needed to

make that number with + and %.

Furthermore, this project is“applicable in Computer Science, specifically in the study of Com-
plexity Analysis. Sincéwalnes of 1) can be searched through an exponential-time complete search,
this project can be a way to test the effectiveness of a program or a programming language at
implementing recursion, memoization (i.e. to store and recover previously computed results)

and pruning (ite. to eliminate the need to evaluate identical expressions multiple times).

Keywords: 24.Gante, Make24, Combinatorics, Integer Complexity, Mahler-Popken Complexity



Research Report 2024 S.T. Yau High School Science Award (Asia)

Acknowledgements

Firstly, I would like to thank my parents for introducing me to this game and for their continued
support. Secondly, I would like to thank all the Math Teachers in my school, especially my
research mentor Mr Chai Ming Huang Royce, for inspiring my peers and I in experimenting with
Math Research, and providing helpful feedback on this paper. Lastly, I would like to thank. my

friends, for their moral support throughout this research journey.



Research Report 2024 S.T. Yau High School Science Award (Asia)

Commitments on Academic Honesty and Integrity

We hereby declare that we

1. are fully committed to the principle of honesty, integrity and fair play throughout the

competition.

2. actually perform the research work ourselves and thus truly understand the content of the
work.

3. observe the common standard of academic integrity adopted by most journals and degree
theses.

4. have declared all the assistance and contribution we have received from any personnel,
agency, institution, etc. for the research work. :

5. undertake to avoid getting in touch with assessment panel members in a way that may lead to
direct or indirect conflict of interest.

6. undertake to avoid any interaction with assessment panel members that would undermine the
neutrality of the panel member and faimess of the assessment process.

7. observe the safety regulations of the laboratory(ies) where the we conduct the experiment(s), if
applicable.

8. observe all rules and regulations of the competition.

9. agree that the decision of YHSA(Asia) is final in ali matters related to the competition.

We understand and agreé that failure to honour the above.commitments may lead to
disqualification from the competition and/or removal of reward, if applicable; that any unethical
deeds, if found, will be disclosed to the schoal principal of team member(s) and relevant parties if
deemed necessary; and that the decision of YHSA({Asfa) is final and no appeal will be accepted.

(Signatures of full team below)

TR

Name of team member: YING Ligian

X
Name of team member:=Nil

X
Name of team member: Nil

PO

Nameof supervising teacher: CHAI Ming Huang Royce

Noted and endorsed by .
ock Leong
{signature) Deputy Prine ipal tAcademicl
NUS High Sehool of '\Mlh & S¢ 'L““'
Name of school principal: S0H f.cu Leng (023 dalen




q/Q

Research Report

2024 S.T. Yau High School Science Award (Asia)

Commitments on Academic Honesty and Integrity

1 Introduction

Contents
Research Abstract

Acknowledgements

1.1 Problem Statement and Definitions . . . . . . . . . .. ... ... ... @ ..

1.2 The 4 Numbers Game . . . . . . . . . . . v () .....

1.3 Thinking Process and Rough Plan . . . . .. ... ... ... @Q ......
.

Lower Bound for 7(24) ()\

2.1 Useful Propertiesof ¢ . . .. ... ... .. ... 5 0 ...

Upper Bound for 7(24) O
3.1 The Power of Computing . ... .. ... O ...................

3.2 Useful Properties of n . . . ... .. ()Q .....................

3.3 Deriving an Upper Bound . . . % ........................
3.4  Conclusion for Make24 . . Q ...........................

Generalisation

4.1 Mahler-Popken C@ and m-ary Complexity . . . ... ... ... .....
4.2 General Lower ound ... .o e e e e
4.3 0ur Strategy s - - - o o e
4.4 Two M%%ortant Results . . ... .. .
4.5 neral Upper Bound . . . . . . . . ... Lo
4.6 &clﬁsion for General Bound . . . . .. oo oo i

her Not esults

(L Ana‘{sbg Visualisation

7 Extensions and Conjectures

7.1 Relation to Mahler-Popken Complexity . . . . ... .. ... ... ... .....
7.2 Possible Extensions . . . . . . . . ...
7.3 Complexity Analysis with Catalan Numbers . . . . . .. .. ... ... ... ...
7.4 Applications . . . . . . .. e

N



Research Report

2024 S.T. Yau High School Science Award (Asia)

Appendix: Greedy Algorithm 42
Appendix: Maximum Product Over Reals 44
Appendix: Python Program 46 @

Appendix: Value of 7(27) a

Bibliography ?‘ 51
Q@ =

Declaration of Previous Submission

This game holds very special significance to me as it was a game introduced to me by my parents

and a game I played with them growing up. Hence, I dedicate this research project to them.



Research Report 2024 S.T. Yau High School Science Award (Asia)

1 Introduction

Make24 is a game where you take k integers, {dy,ds,...,dx}, where 1 < d; < 10 as well as the

four basic operations, +, —, X, =, and brackets, in any order, to make the number 24.

For example, for the integers {1,2,3,5}, we can perform (5 — 1) x 2 x 3 = 24. We say .this

is a valid solution. There may be more than 1 solution for every set of integers.

The other rules are:
e Each digit must be used exactly once.
e The final result must be exactly 24 (i.e. not 23, 25 or 24.1).

e Every operation must yield an integer, so 6 + 3 is allowedybut 5 + 3 isn’t.

1.1 Problem Statement and Definitions

What is the minimum number of integers d; (1</dn<"10) required such that we can guarantee
to Make 24 with every such set of integers.with the basic mathematical operations +, —, X, =,

using each d; exactly once?

Definition 1.1. Throughout this paper, let “set” and “{...}” refer to a Multiset, which is
a modified version of a set that,allows for duplicate entries, and all other normal normal set

notations hold.

Definition 1.2. Let N denote the infinite set of naturals, N:={1,2,3,...}. That is, 0 ¢ N.

We also make these 4 following definitions that will be used:

Definition"1.3. Let, “Make n from D7 refer to using the elements of D exactly once each,

with.the operations 44—, X or +, to make n.

Definition 1.4.\Let D,, (n € N) be the set of all sets {d1,da,...,d,} such that 1 <d; <10 for

eachi=1,2,7/.,n.

Definition 1.5. Let n: Z — N be the function such that that n(n) is the minimum number of

integers d; required to guarantee you can Make n with any D € Dy y,).

Definition 1.6. Let I,, (n € N) be the set {1,1,...,1}. We call this the n-th unital set.
—_————

n ones
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1.2 The 4 Numbers Game

The case k = 4 (where we choose exactly 4 numbers) is a well-explored case, and is sometimes

referred to as the “4 Numbers Game”. (4nums.com [1])

Existing datasets (4nums.com [1]) tell us there are 566 unique unordered (that is, {1,2,3,4}
is the same as {4, 3,2, 1}) solutions for a version of the 4 Numbers Game without the rule ‘where
every operation must yield an integer is removed. This is cross-checked with Python and C++

Code avaliable at (RosettaCode, 2023 [10]), which all give the result 566.

But how many sets of 4 unordered numbers are there? If we choose 4-unique numbers from
1 to 10, we have °Cy choices. If we choose 3 unique numbers and. have 1 duplicate, then we
have '°Cs ways to choose the unique numbers, and we can addthe-duplicate in 3 ways, for a

total of 1°C'5 x 3 ways. We obtain the other two values similarly.

There are then °Cy, 4+ 1°C5 x 3 4+ 19C, x 3 + 1°C{, =715 total ways to choose 4 unordered

sets of numbers, so 258 ~ 79.2% of such unordered, numbers have valid solution(s).

1.3 Thinking Process and Rough Plan

In a large part of this research, many problems are approached using the idea of bounding. In this
paper, I will derive upper and lower, beunds for 1(24), which eventually work towards determining

the true value of 7(24).

It is relatively simple,toneome up with a lower bound. We simply have to present a set D € D,
such that it issimpossible to make 24. In that case, we have shown that the lower bound must

be greaterthan n.

It is harder to coméwup with an upper bound, since we must show that for any D € D, we
can.make 24, inforder to show that the upper bound is at most n. We will approach this issue

carefully, using the‘ideas of reduction and induction.

We will justify why the above is sufficient and rigorous.

2 Lower Bound for 7(24)

We first establish some lemmas.
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Lemma 2.1. If you cannot Make n with some D € D;, then there must be some S € D; such

that we cannot Make n with S, for all j < i.

Proof. We prove by Induction. Let D = {dy,ds,...,d;} € D; be a set for which you can never
Make n. Now, we let P, be the assertion that you can find a set S = {dy,d2,ds,...,dn} € Dy

such that it is impossible to Make n. By definition, this is true for the Base Case i = k.

Now suppose P; is true for some ¢ < k. Then suppose by Way of Contradiction that all
you can Make n for all sets R € D;_;. If di = do = --- = d;, we consider the set R =
{%7d3,d4, ..., d;}. Otherwise, without Loss of Generality let d; > ds .@nd, consider the set
R = {dy — da,ds,dy,...,d;}. Clearly, R € D;_;. By our assumption, (we can Make n with R,
and since R is formed from a valid operation of S, we can also Make'n with S. But by our
Induction Hypothesis, it is impossible to Make n from S. Contradiction. Hence there must be
some set R € D;_1 such that you can never Make n. Hence, P, = P;_; and this completes

our Inductive Step, and we are done by the Principle-of.Mathematical Induction. |
Lemma 2.2. (Lower Bound Lemma) If we-cannot Make n with D € Dy, n(n) > k.

Proof. Tt is clear that n(n) # k, since we cannot Make n with D. Now suppose by Way of
Contradiction n(n) < k. By Lemma‘2.1} since n(n) < k and we cannot make n with D € Dy,

we have that there must exist some..S & D such that we can never Make n. But the definition

n(n)
of n implies that we can Make'mwith all S € D, ). Contradiction. The result follows. |
We return to the original problem. We consider D = I,,. That is, D = {1,1,...,1}.
—_——

A trend among past papers (de Renya, 2000 [3], de Renya et al., 2009 [4]), is that they fo-

cus on the integer complexity of a number, denoted ||n||, which is defined to be the minimum

number of 1’s needed, to make n.

(de Renya et’al., 2009 [41]) writes “This formula is very time consuming to use for large n,
but we know no other method to compute ||n||”, referring to a result in the paper. Hence we
shall not use this idea, and instead propose to focus on a more intuitive way of thinking, which

is similar to the inverse of the classical method.

We ask, instead, given I,, that is, n ones, what is the largest number we can make? If it is

10
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less than 24, then we have shown that I,, cannot Make 24.

It is quite clear that to create the largest number, we should not use — or =+ in this case. We
then want to find the largest number that can be made with n 1’s, with only + and x. We follow
previous authors (de Renya et al., 2009 [4]) in terming this the mazimal integral sum-product of

length n.

Definition 2.3. Let ¢ : N — N be the function such that {(n) is the mazimal integral suméproduct

of length n. That is, the mazimum number you can make with I,.

Definition 2.4. For k,n € N, we say k is n-conservative if there exists arfasy,. ., a,, € N such

that ay +as+ -+ a, =n and agp X az X -+ X Ay, = k.

Intuitively we guess the maximum value attained from such a set.should be n-conservative, that
is, in the form of (1 +1+---+1)(14+---+1)...(1 +--- 4 1) where the terms sum to n. We let
each of the sums be a1, as,...ax respectively. This i§ what we try to prove with the following

lemma.

Lemma 2.5. {(n) is n-conservative. In particular, all a; € {2,3}.

Proof. Suppose that O is an expression tormake ((n) with D, and suppose we used an arbitrary
addition A + B. Without Loss"of ‘Generality let A < B. Now suppose by Way of Contradiction
A > 2 we have A+ B < 2B <"AB. We can then replace A + B with A x B. If the new value
of ¢(n) after replacing A+ B with AB is the same, nothing has changed. If the value increases,

this challenges the maximality of {(n). Contradiction.

In either case, we can only consider additions in the form B + 1. If B = 1, the addition is

1+ 1 =2 and cannot be replaced. We only consider B > 1 from now on.

If the last operation’in O used to make B is +, then by the logic above that operation must
have beed G 9= B. But then the addition we consider is (C' +1)+1=C+2. If C > 1, then
the logic above implies we can replace (C' + 1) 4+ 1 with (1+ 1) x C in O while not decreasing its
value. If C' = 1, the addition yields (1 4+ 1) + 1 = 3 and cannot be replaced.

Else the last operation in O used to make B must be x. Suppose in O, n x m is used to make B.

Since B > 1, without Loss of Generality we can let n > 1. Now the addition we are considering

is m x m+ 1. But consider n x (m + 1) instead. We have n x (m+1)=nxm+n >nxm+ 1.

11
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This challenges the maximality of {(n). Contradiction.

Hence, all additions result in 2 or 3. This implies that the rest of the operations are all multipli-

cation, and hence ((n) is n-conservative, with all terms being 1 or 2 or 3.

Finally, suppose by Way of Contradiction we have the operation 1 x D = ((n) in O, noting
that multiplication is associative. But then we may consider 1 + D > D = 1 x D\="¢(n),
challenging the maximality of {(n). Contradiction. This implies all terms of the/product must

be 2 or 3. ]

Remark. This result is particularly interesting, since this does imply that by slightly modifying
our algorithm, if we are given I,,, then we can start with any arbitrary integral sum-product of
length n and iteratively apply this greedy algorithm, we will always end up at the optimal value,

¢(n). See Appendix for details.

We introduce standard modular arithmetic notation from Number Theory:
Definition 2.6. We say a|b if there exists k€ Z such that ak = b. Otherwise, a tb.

Definition 2.7. We say a =b (mod ¢), if there exists k € Z such that a = b+ ck.

Through experimentation, it ‘seems like the largest products always come from products of 2 and
3. For example, ((5) = (1+ 1)(1+1+1)=6,¢11)=1+1D)A+14+D)Q+1+1)(1+1+1).

In fact, this observation seems to always hold. Hence, this motivates the following lemma.

Lemma 2.8. Let n € N. We then have

1 ifn=1

w
wl3

ifn=0 (mod 3)

2.3 ifn=2 (mod 3)

4-373  otherwise

Proof. Clearly, (1) = 1. We only consider n > 1 from now. By Lemma 2.5, we know that {(n)
is n-conservative, with all terms in the product being 2 or 3. Hence we let ((n) = 2%3°, where
a,b are non-negative integers such that 2a + 3b = n. This is just the defining condition of being

n-conservative.

12
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Suppose by Way of Contradiction 23 | (n). This implies that {(n) = 8N = (1+1)(1+1)(1+1)N
for some N. But we may replace (14 1)(1 + 1)(1 + 1) with (1 +1+ 1)(1 + 1 + 1), making
(I1+14+1)(14+141)N =9N > 8N = ((n). This challenges the maximality of {(n). Contradic-
tion. Hence 231 ¢(n), and 0 < a < 2.

Now, if n = 0 (mod 3), we have 2a +3b = 0 (mod 3) = 2a = 0 (mod 3). Hence,a"= 0.
Then 2(0) + 3b =n = b= % and we must have ((n) = 35. Similarly, if n = F+(mod 3), we
must have a = 2, b= 25% and ((n) = 4 x 3% . Ifn=2 (mod 3), we must hate q = 1, b = 252
and ((n) =2 x 3"5". |

In simple terms, the above lemma just gives a general expression for the maximum number

that you can make with n 1’s. {(n) is actually on the QEIS/as A000792 (OEIS, 2023 [11]).

An interesting result is that if we extend thiS to“the reals, that is, trying to find the maxi-

mum product of ai,as,...,a; given their sum)is n, where each «a; is allowed to be any real, we

n
e

will have that the largest number we, canymake is e<. See Appendix for details.

2.1 Useful Properties,of,(
We show 3 useful properxties of (.
Corollary 2.9. JForsalln € N where n > 1, {(n+3) = 3({(n).

n+3

Proof. If n =0 (mod 3), by Lemma 2.8, {((n+3) =33

=3 x 3% = 3((n). Indeed, similar

arguments hold as direct consequences of Lemma 2.8 forn =1 (mod 3) andn =2 (mod 3). W
Remark. Corollary 2.9 also proves that 3|((n) for all n > 5.

Theorem 2710. (Zinc Theorem) ( is strictly monotone increasing. That is, for alln,m € N,
we have ¢(n) > ¢(m) if and only if n > m.

Proof. Tt suffices to show that ¢(n + 1) > ((n) for all n € N. By definition, we can Make ((n)
with I,,. We can then perform ((n)+ 1 with the remaining 1 from I,,11, so we can Make ((n)+1

13
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with I,,y1, which implies ((n + 1) > {(n) + 1. Thus, for all n € N, we have ((n + 1) > {(n) as

desired, and ( is strictly monotone increasing. |

Theorem 2.11. (Zeta Bounding Theorem) For alln € N, ((n) < 3%.

Proof. We check that 2 < 33 a 2.08008, 4 < 33 ~ 4.32675, so 2-3"5 < 3%, 4-3"% < 3%.
Furthermore, 1 < 33 ~ 1.44225. The result follows by Lemma 2.8. |

200 ,', ‘

100

o
!
~ N
l

“r"* /

) 4—}_—# /

Figure 1: ¢(n) against n

Figure 1Xabove shows some values of {(n) against n, denoted by blue points. The green curve
is the upperrbound provided by the Zeta Bounding Theorem. Notice equality holds if and
only if 3| n.

Coming back,to our problem, ¢(8) = 18, which corresponds to (1+1)(1+1+1)(1+1+1) =18.
Since 18 < 24¢this implies that we cannot Make 24 with Iy = {1,1,1,1,1,1,1,1} € Ds.

Then by the Lower Bound Lemma, 9 is a valid lower bound for 7(24), and n(24) > 9.

14
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3 Upper Bound for 7(24)

We first assert two highly important lemmas.

Lemma 3.1. (Monotonicity Lemma) If it is possible to Make n with any D € D;, then it is
possible to Make n with any S € Dy, if j > 1.

Proof. We prove by Induction. Let P, be the assertion that it is possible to Make 24¢{with ‘any

D € D,,. By definition, P; is true. Now assume P, is true for some n € N,n > 1.

Then now consider some set {dy,ds,...,dn,dpt1} € Dypyr. I dy =do = - (=dyi1, we consider
the set {g—;, ds,dy,...,dp+1}. Otherwise, without Loss of Generality 1ét/d; > ds and consider

the set {d1 —da,ds,dy, ..., dy,dn+1}. Notice that in either case the et must be an element of D,,.

By our Induction Hypothesis, it is possible to Make 24 with ‘this set. But we made this new set
from an arbitrary set in D,,41 with a valid operation, so"it_is also possible to Make 24 with any
set in D, 41. Hence, P, = P,;;1 and this completes.our Inductive Step, and we are done by

the Principle of Mathematical Induction: |
Lemma 3.2. (Upper Bound Lemma) If*we can Make n with all D € Dy, n(n) < k.

Proof. By the definition of 1, n(n)\is the minimum & such that we can Make n with all D € Dj,.

Since we can Make n witheallLdDye Dy, we cannot have n(n) > k. Hence n(n) < k. |

At this point, we turn,toa little bit of assistance from our computing technology, to assist in

determining some small’ cases of 7(n).

3.1 The Power of Computing

We- take inspiration from an algorithm from (RosettaCode, 2023 [10]), and adapt the algorithm
to fit/ the needs of this project by writing a Python program. This Python program runs a
complete searchywhere it checks through all possible D € Dy and tries to Make n, looking for
sets D suchithat we cannot Make n. With this program, we generate results for small values of

n and tabulate them in Table 1 below.

From this point on, we will state results from Table 1 without proof. See Appendix for details

with regards to the Python Program.

15
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n 0 1 2 3 4 5 6 7 8 9 | 10 | 11 | 12

nn) | 5 5 ) ) 6 6 6 6 6 6 T8 |7

Table 1: Table of n(n) against n for 0 < n < 12

3.2 Useful Properties of 7
In this chapter, we will establish some useful, simple, yet elegant properties of 7.

Corollary 3.3. 7 is an even function. That is, n(—n) = n(n).

Proof. The proof is obvious. Assume by Way of Contradiction n(n) <m(—n). Let D € D, ).
Since we are able to form n with D by definition, we must also be able“to form —n with D,
simply by adding a negative sign at the start. This means that(we.are/able to form —n with any
D € D), which challenges the minimality of (—n). Coritradiction. By similar reasoning, it is

also impossible that n(n) > n(—n). But this implies n(n) =n(—n). |
Theorem 3.4. (Additive Bounding Theoremit) n(a + b) < n(a) + n(b).

Proof. We let D be an arbitrary set D €'Dy(g)1yp). Now consider an arbitrary subset A C D
such that |A| = n(a). The leftover elemments form another set B where |B| = n(b). This means
A € Dy(q) and B € D, and by the definition of 1, we are able to form a with A and b with
B. We then perform a + b to'Make (@ + b), and this means that we can form (a 4+ b) with any
D € Dy(a)4y)- The result follows by the Upper Bound Lemma. |

Theorem 3.5. (Multiplicative Bounding Theorem) n(ab) < n(a) + n(b).

Proof. The proof of this theorem is the exact same as the Additive Bounding Theorem, with

the exception of replacing a + b with a x b respectively where necessary. |

Remark. More generally, given any set A of finite cardinality, we may generalise the Additive

Bounding Theorem and Multiplicative Bounding Theorem respectively, to yield

n<za>§2n(a) and n(Ha>§Zn(a)~

a€A acA acA a€A

16
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Corollary 3.6. For alln € N, n(n) exists and is finite.

Proof. This is a direct consequence of the Additive Bounding Theorem. For n € N,

n(n) = n(i 1)

i=1

> (1)
=1

= 25
=1

= 5n

IA

Appealing to the Evenness of Eta, n is bounded below by 0 and aboveby max{5, 5|n|}, where

the 5 comes from 1(0) = 5. Hence, it must exist and be finite for all n |

3.3 Deriving an Upper Bound
With these properties, we are able to determine an upper bound for 7(24).

I claim that we can Make 24 with all D € Dyg.

Proof. Consider an arbitrary D € Dy.

Suppose by way of contradiction, 2°&WD* Since 7(12) = 7 < 8, we can Make 12 with any S € Dy.
By the Monotonicity Lemma,'we.can Make 12 with any S € Dg. Let D = {2} U D’. Notice
D’ € Dg, so we can Make 12 with D’. Thus we Make 12 with D’, and perform 2 x 12 = 24.
Contradiction, and 2 & D.

Suppose by way of centradiction, 3 € D. Since 1(8) = 6 < 8, by the Monotonicity Lemma,
we can Make 12 with any S € Dg. Let D = {3} U D’. Notice D’ € Dg, so we can Make 8 with
D’. Thus we Make 8 with D', and perform 3 x 8 = 24. Contradiction, and 3 ¢ D.

We repeat this argumént 3 more times to see that 4 ¢ D, 6 ¢ D, 8 ¢ D, using 4 x 6 = 24 and
3 X8 =24.

Hence, D cousists entirely of 1, 5, 7, 9, 10. To narrow our search space, we wish to show that
if two numbers in D are either 5, 7, 9 or 10, then we can derive a contradiction. Suppose by
way of contradiction we have n,m € {5,7,9,10} with {n,m} C D. Let D = {n,m} U D’. Notice
D' € D;.

If n =m =5, since n(1) = 5 < 7, by the Monotonicity Lemma, we can Make 1 with D’.
Thus, we can Make 1 with D’ and perform n x m — 1 = 24 to Make 24. Contradiction.
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Else, we take x = n+ m. Notice 12 =547 < 2z < 10+ 10 = 20. Thus, 4 < 24 —x < 12.
From our computations we know 7(24 — x) < 7. Hence, by the Monotonicity Lemma, we can
Make (24 — z) with any S € D7. Since D' € D7, we can Make (24 — z) with D’. Now, take
x + (24 — z) = 24 to Make 24. Check that we have used n,m and every element of D’ exactly

once each. Contradiction.
This implies that D contains at most one number from {5,7,9,10}, and 8 ones, or, D =\/y.
However,

I+)x(1+)x1+)x(1+1+1)=24
1+141+14+(1+1+141)x5=24
Ix1x14+1414(14+14+1)x7=24
1-1-1-1-1+(1+1+1)x9=24

IxIx1+14+1+1+(141)x40=24

Contradiction. Hence, we have exhausted all cases and we can Make 24 with all D € Dy. Finally,

by the Upper Bound Lemma, we have 7(24) < 9 as desired. |

3.4 Conclusion for Make24

When we place the lower and uppeitbounds together, we have shown that 9 < n(24) < 9, which

suffices in forcing 1(24) = 9, and'we have solved the case for Make24.

18
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4 Generalisation

After deriving 1(24) = 9, we begin to futher generalise beyond the case n = 24. Our generalised

problem statement is:

Given any n € Z, what is the minimum number of integers d; (1 < d; < 10) required such that
we can guarantee to Make n with every such set of integers with the basic mathematical

operations +, —, X, +, using each d; exactly once?

From here, we are interested to analyse the Asymptotic Growth Rate of 7, that is, how n(n)

behaves as n tends to infinity. We must first introduce standard notation.frem Number Theory.

Definition 4.1. (Floor and Ceiling) For x € R, let |x]| be the“mazimum n € Z such that
n <z, and let [x] be the minimum m € Z such that m > xThese are the floor and ceiling

functions respsectively.

Now, looking at the Multiplicative Bounding Theetrent; one observes that this identity looks
similar to the identity In(ab) = In(a) + In(b). Heuceywe guess that n should be bounded above

logarithmically. This motivates the following ¢onjecture:

Conjecture 4.2. n(n) scales as In(n)._That7is, there exists lower and upper bounds in terms of

linear expressions of logarithms fora(n).

We show why this result is“true in two parts, by constructing a lower bound, followed by an

upper bound. First, we take a look at past literature.

4.1 Mahler-Popken Complexity and m-ary Complexity

In fact, this,problem is a generalised version of an interesting problem in relation to the Mahler-
Popken’ complexity (alsé known as Integer Complezity in literature) of an integer, which seems

to have originated frem (Mahler et al. [8], 1953).

Since then, this function has been studied comprehensively in literature, with notable papers
such as (de Reyna [3], 2000), (de Reyna et al. [1], 2009), (Campbell [5], 2024), (Zelinsky [6],
2022), (Cordwell et al., [7], 2019).

Definition 4.3. (Mahler-Popken Complexity) For an arbitrary n € N, let ||n|| denote
its Mahler-Popken Complexity, the minimum number of ones needed to Make n, only with the

operations + and X.
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This is the classical definition of the Mahler-Popken Complexity, hereafter written “Integer Com-
plexity” in accordance with literature for convenience. Note that only + and X is allowed in the

classical version, which makes it different, but closely related to, our research.
Consider the following standard definitions from Real Analysis.

Definition 4.4. (Asymptotic Equivalence) (Hardy et al., 1960 [2]) Consider two real-valued
functions f and g. We say f and g are asymptotically equivalent, or f(n) ~ g(n), if
f(n)

lim —= =1
n—00 g(n)

where the limit exists.

Definition 4.5. (Asymptotic Density) Given a set S C N, define S,,= {1,2,...,n}NS.
The asymptotic density of S over N, or “density of S”, denoted as(p below, is defined as

if the limit taken over integer values of n exists.

Definition 4.6. We say that a set A contains Lalmost=all” natural numbers if the set N\ A has

asymptotic density 0 over N.
It is well known that ||n|| is bounded logarithmically, and that for almost all n € N,

Inn = 3.606741Inn

<
12515

More recently, (Cordwell et als, [¥]) proved in 2019 the stronger bound that for almost all n € N,

2326006662

Even more reeently, (Zelinsky, [0]) proved in 2022 that for all integers n € N,

I 41

< ————Inn =~ 3.754421
n|‘*ln55296 nn ~ 3.75 nn

However, it is infact anvopen problem to determine whether
Conjecture 4.7. For all € > 0, almost all integers n € N satisfy

3
[|In|] < <h13 + €> Inn ~ (2.73072 +¢)lnn

or if there are infinite, perhaps possibly a set of positive asymptotic density of integers that do
not satisfy the above inequality for every €. If almost all integers do satisfy this inequality, this
immediately implies

[[n]| ~ 3log; n

which is another open problem.
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A generalised form of the Integer Complexity is the m-ary Complexity of a number.

Definition 4.8. (m-ary Complexity) (Campbell, 2024 [5]) For n,m € N let ||n||,, denote its
m-ary Complezity, defined as the minimum k € N such that we can always Make n with any set

D ={dy,da,...,d} with d; € {1,2,...,m} for all 1 <1i <k, only with the operations + and X.

Two special cases of the m-ary Complexity are ||n||y = ||n||, which is the standard Mahier-
Popken Complexity, and ||n||2, the Binary Complexity, being studied extensively by (Campbell,
2024 [3)).

n(n) in our research is an altered form of the Decimal Complezity ||n||10, where the 6perations +
and — are attached. We will briefly revisit the relationships between the closely-related functions

n(n), ||n|| and ||n||, in Chapter 7 - Possible Extensions.

4.2 General Lower Bound
We make the following claim, for a general lower bound (of 7

Lemma 4.9. For alln € N, n(n) is bounded belownlogarithmically by [3logs n].

Proof. We obtain the following chain inequality=Notice that

¢([3logs(n)]| —1) < 3 S [Zeta Bounding Theorem
< SIOgB(n)
='n

So we cannot Make n ‘with*the set with (3[logs(n)] — 1) 1’s. Thus, we have n(n) > [3logs n] by

the Lower Bound Lemma, as desired. |

4.3 Owur Strategy

Let’s recall whateour strategy for Make24 was. When we supposed that 2,3,4,6 or 8 € D, we
abused the idéntities 2 x 12 = 24, 3 x 8 = 24, and 4 X 6 = 24 to narrow our search space of

possible sets Dby a large amount. Thus, we wish to generalise this idea.

Our approach to tackling this problem involves supposing that some set of numbers, S, was
a subset of D. With S, we make some value d, and consider long division. That is, we let
n = d X g + r, where the remainder term must satisfy 0 < r < d. This is a Reduction Step we
take to reduce the problem of “Make n” into two smaller sub-problems, namely “Make ¢” and

“Make r”, where ¢ and r are both strictly less than n.
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Finally, we can support this form of Reduction by considering Strong Induction, that is, supposing

all previous cases are already proven.

We will justify why the above is sufficient and rigorous.

4.4 Two More Important Results

The following lemma is inspired by the idea of Dynamic Programming, where we afé~ablé to

produce a bound 7n(n) by considering the past 10 values of 7.

Lemma 4.10. (Reduction Lemma) For all n € Z, we have n(n) <1+  rhax, =~ n(m).

n=10<m<n
Proof. Define M = max n(m), to ensure that M satisfies M > n(mi) for all n—10 < m < n.
n—10<m<n
By the Monotonicity Lemma, we can Make (n—10), (n—9), #=. Jor (n—1) with any D € D).

For an arbitrary set D € Djs41, choose an arbitrary dy € D. Nowj we suppose D = {d;} U D’,
such that |D’| = M. Since 1 < d; < 10, we are guarantéed to be able to Make (n — d;) with
D’. Then, perform (n — dy) + di = n to Make n. By'thé Upper Bound Lemma, we have
n(n) < M + 1 as desired. |

Lastly, we introduce the following result, will become extremely important later.

Lemma 4.11. For any n > 8 and k= 3llogyn|, we can Make n with I, and {2} U I;;_5.

Proof. We show that we can Make newith I;, = {1,1,...,1} first.
———

k ones
Indeed, we express n in Base-2 as n = dg + 2d; + 2%dy + 23d3 + - - - + 2Pd,,, where p = |log, n |,
and d; € {0,1} for al'0.< i < p. Notice p > |log, 8| = 3. Then,

n = do+2dy +2%dy +2%d3 + -+ 2P d, | +2Pd,
= do+2(dy +2dy +2%d3 + -+ + 21)—2dp71 + 2p—1dp)

% do+2(dy +2(dy +2(ds + - -+ 2(dp_1 +2d,))) - --)

We can make'each of the 2’s with (1 + 1). There are p 2’s and (p + 1) d; values, so there are at
most 2p+p+41 = 3p+1 ones. But if (3p+1) ones were used, this impliesdy =dy =--- =d, = 1.
That is, n=1+24+22+... 2P = 2P+ _ ]

Then we can write n as (1+1)(1+1)...(1 4+ 1) —1 with 2(p+1)+1 = 2p+3 < 3p ones, as p > 3.

(p+ 1) terms
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This means in either way, we can make n with at most 3p ones. If there are leftover ones,

we keep multiplying n by 1 to get back 1 until no leftover ones remain. The result follows.

For the sets in the form {2} U I;_5, we may simply replace a (1+ 1) in the previous proof by the

2 which is given. That is, instead of using two 1’s, use the 2 given. The result follows. |

4.5 General Upper Bound
The casework begins! We will state and prove the following claim.

Lemma 4.12. For all integers n > 2, we have n(n) < [3logyn| + 1°

Proof. We first show this result for all 2 < n < 30.
Refer to Table 1 on the following page.

We can reach an upper bound for each n(n), using the method stated in the table. Hence, we

may verify this upper bound holds for 2 < n < 30,

Specifically, if an equation like 16 = 8 + 8.iS"stated, we are implicitly applying the Additive
Bounding Theorem or Multiplieativie Bounding Theorem. For n = 16, for example, the

result derives from 7(16) = n(8 + 8) < n(8) + n(8) = 12.
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n [3logyn] + 1 n(n) Outline for Proof
3 5 5 -

4 7 6 -

5 7 6 -

6 8 6 -

7 9 6 -

8 10 6 -

9 10 6 -

10 10 7 -

11 11 8 -

12 11 7 -

13 12 <9 Reductiom Fémma
14 12 <10 Reduction Lemma
15 12 <11 Reduction Lemma
16 13 <12 16 =848

17 13 <12 17=8+9

18 13 <12 18=9+9

19 13 <13 19=12+47

20 13 <12 20=2x10

21 14 <11 21=3x7

22 14 <13 22=2x11

23 14 <14 Reduction Lemma
24 14 9 -

25 14 <12 25=5x%x5

26 15 <14 26=24+2

27 15 <11t 27=3x%x9

28 15 <12 28=4x7

29 15 < 157 20=24+5

30 15 <12 30=5x%x6

Table 2: Upper Bound of n(n) for 2 <n < 30

fIn fact, 7(27) = 9 and thus 17(29) = n(27 + 2) < 7(27) + n(2) = 14. See Appendix for details.
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We continue by disregarding the floor function and show the weaker n(n) < 3log, n + 1.

We proceed by means of Strong Induction. Let Py be the assertion that n(l) < 3log, !+ 1 holds
for all 2 <1 < k. We have shown above that Psg holds. Let n > 30 be an integer such that P, 1

holds. We claim P,, holds consequently.

Suppose by way of contradiction P,, doesn’t hold. This implies n(n) > 3log, n+1 > |3log, n+1.
For convenience define m = |3log, n] 4+ 1, and by the converse of the Upper Bound (Temma,
this implies we cannot Make n with some set in D,,. Let D = {dy,ds,...,d;} be one such set,
and without loss of generality suppose d; < ds < --- < d,;,- One may consider seven.cases based

on the structure of D.

Firstly suppose by way of contradiction d,;, > 6. Then let n = d,,q¢ ¥rJ where ¢, € Z and
0 <7 <dp. Since n > 30 and d,, <10, we have |7~ | > 2. Then,

RE)

< 3log, Lan +1 (Inductive Hypothesis)
n

< 31 — 1

=~ 0go (dm) +

= 3logyn —3logyd, + 1

< 3logy,n,—3log, 6 + 1

< 3logy, e 6

However, recall that sinée n(q) € N, we must have n(q) < |3logyn] — 6. We also have 0 < r <
dm <10, so n(r) < 6.2Bythe Monotonicity Lemma, we can Make ¢ with any S € D|315g,n|-6

and we can Maker with any S € Dg.

Let A =Ydy,dz,...,ds} and B = {d7,ds,...,dm—1}. We may check that |A| = 6 and |B| =
[3logy ) — 6. By the,definition of 7 we can Make r with A and ¢ with B. We can take
gy +r = n to Make n, and we may check that we have used dy, ds, . .., d,, exactly once each.

Contradiction.

Secondly, suppose by way of contradiction d,, =5 and d;;,—1 > 3. Then let n = (dy—1 +dm)q+7

where ¢,7 € Z and 0 < r < dy,_1 + dp,. Since n > 30 and d,,_1 + d,, < 2d,,, = 10, we have
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|—" | >2. So,

dm—1+dm
n(a) = UQWD

3log, LlanrdJ +1 (Inductive Hypothesis)

= 3logyn —3logy(dm—1+dm) +1

IN

IN

< 3logyn —3logy(345)+1

= 3logyn —8

Again, since n(q) € N, we must have n(q) < |3log, n] —8. We also have 0 £ 1 < dy,—1 +d, < 10,
so n(r) < 6. By the Monotonicity Lemma, we can Make ¢ with@any ' € D310, n|—7 and we
can Make r with any S € Dg.

Let A = {dy,ds,...,dg} and B = {dr,ds,...,dm—2}. Wé'may check that |A| = 6 and |B| =
|3logyn] — 7. By the definition of n we can Maké rywith A and ¢ with B. We can take
q X (dm—1+dm) +1r =n to Make n, and we maycheek that we have used di,ds,...,d,, exactly

once each. Contradiction.

Thirdly, suppose by way of contradiction d,, = 5 and d,,_1 = 2. Then let n = d,,_1d;ng+ 7

where ¢,7 € Z and 0 < r < dy, dy. Since n > 30 and d,,_1d,,, = 10, we have Lﬁj > 2.

So,
1) = nqdmidmp

< 3log, LlndJ +1 (Inductive Hypothesis)
m—10m
n
< 3l —F | +1
< 3log, (dmldm> +
=" 3logyn — 3logy(dp—1dm) + 1
< 3logyn — 3log,(10) + 1

< 3logyn—8

Again, since n(g) € N, we must have n(q) < |3log,n| — 8. We also have 0 < r < d,;,—1d,, = 10,
so n(r) < 6. By Monotonicity Lemma, we can Make ¢ with any S € D|310g, n)—7 and we can

Make r with any S € Dg.

Let A = {di1,ds,...,ds} and B = {d7,ds,...,dm—2}. We may check that |4| = 6 and |B| =
[3logyn| — 7. By the definition of n we can Make r with A and ¢ with B. We can take
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q X dm—1 X dy, + 17 = n to Make n, and we may check that we have used dy,ds,...,d,, exactly

once each. Contradiction.

Fourthly, suppose by way of contradiction d,,, = 4. Then let n = 4q + r, where ¢,r € Z and

0 <7 < 4. Since n > 30, notice [ §| > 2. Since 0 < r < 4, n(r) = 5, so we can Make 7 with ahy

S € Ds. Hence,
n
na) = n Q 4D
< 3log, {gJ +1 (Inductive Hypothesis)
< 3log, (%) +1

3logon —3logy,4+1

3logon — 5

Again, since 1(q) € N, we must have 1(q) < [3logy n] —5s Recall n(r) = 5, so by the Mono-
tonicity Lemma, we can Make ¢ with any S € Disyogyn)—5 and we can Make r with any

S € Ds.
Let A = {dy,da,...,ds} and B = {dg,d7"". . 3dim—1}. We may check that |A| = 5 and |B| =
|3logyn] — 5. By the definition of n we ean Make r with A and ¢ with B. We can take

q X d +1 = n to Make n, and we mayycheck that we have used dy, do, ..., d,, exactly once each.

Contradiction.

Fifthly suppose by way oficontradiction d,,, = d,,—1 = 3. Let n = d;,_1dq + 7 = 9q + 7, where
q,r € Z and 0 <@ </9»Since n > 30, we have |§] > 2. Then,

na) = n QgJ)
3log, {gJ +1 (Inductive Hypothesis)

3log, (g) +1

3logyn — 3logy(9) +1

IN A

< 3logyn—8

Again, since 7(q) € N, we must have 7(q) < [3logy,n| — 8. Since 0 < r < 9, so n(r) < 6. so by
the Monotonicity Lemma, we can Make ¢ with any S € D)|315g, )7 and we can Make r with

any S € Dg.

Let A = {di1,ds,...,ds} and B = {d7,ds,...,dm—2}. We may check that |A| = 6 and |B| =
[3logyn| — 7. By the definition of n we can Make r with A and ¢ with B. We can take

27



Research Report 2024 S.T. Yau High School Science Award (Asia)

q X dm—1 X dy, + 17 = n to Make n, and we may check that we have used dy,ds,...,d,, exactly

once each. Contradiction.

Sixthly suppose by way of contradiction d,, = 3 and d,,,_1 = d,,_2 = 2. We make the peculiar
choice to let n = dy—2(dim—1 + dim)g+7 = 10g + 7, where g,r € Z and 0 < r < 10. Since n > 30,

we have | {5 ] > 2. Then,

nlg) = n Q%D

< 3log, {%J +1 (Inductive Hypothesis)
< 3log, (1%) +1

3logy n — 3log,(10) + 1

< 3logy,n—8

Again, since 7(q) € N, we must have n(q) < [3logyn| —8. Since 0 < r < 10, so n(r) < 6. so by
the Monotonicity Lemma, we can Make g with any S'€ D314, n|—s and we can Make r with

any S € Dg.

Let A = {dy,ds,...,ds} and B = {d7,dg,.#~dm—3}. We may check that |A| = 6 and |B| =
|3logyn| — 8. By the definition of pawe can Make r with A and ¢ with B. We can take
g X dpm—2 X (dpm—1+dm) + 1 =n toMake n, and we may check that we have used dy,ds, ..., dn

exactly once each. Contradiction:

Seventhly suppose by way of contradiction d,,, = dp,—1 = dyp—o = 2. Let n = dpy_odpm_1dmq+r =
8¢ +r where ¢, 7€ Z.and 0 <r < 8. Since n > 30, we have [ 5| > 2. Then,

@ - ()

3log,y {g

3log, (g) +1

3logyn — 3logy(8) +1

IA

J +1 (Inductive Hypothesis)

IN

= 3logan—8

Again, since 7n(q) € N, we must have n(q) < |3logyn| — 8. Since 0 < r < 8, so n(r) < 6. so by
the Monotonicity Lemma, we can Make ¢ with any S € D|315g, n|—g and we can Make r with

any S € Dg.

Let A = {dy,ds,...,ds} and B = {dr,ds,...,dn_3}. We may check that |A| = 6 and |B| =
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|3logyn] — 8. By the definition of n we can Make r with A and ¢ with B. We can take
q X dp—o X dm—1 X dpy, + 7 = n to Make n, and we may check that we have used dy,ds, ..., dn,

exactly once each. Contradiction.

From the seven cases above, we conclude that there are only the following six possibilities for D.

D={1,1,1,1,...,1} = I,,_; U {1}
—_——
m ones

D={1,1,1,...,1,2} = I,,_1 U {2}
—_————

(m—1) ones

D={1,1,1,...,1,3} = I,,_1 U{3)
—_——
(m—1) ones
D={1,1,1,...,1,5)} = I,,_, U {5}
(m—1) J

D={11,...,1,2,2} = ({22 UI.02) U {2}

(m—2) ones

D={1,1,...,1,2,3, =({2} U I,,_2) U {3}

(m—2) ones
For the first 4 sets, let D = I,,_1 U {a}. Notice that 1 < a < 5, so n —a > 8 indeed holds.

Furthermore, we have

3Mogy(n —a)] < 3[logyn]
< [3logy ]
= m-—1

Hence, by Lemmar4.11, we can Make (n — a) with I,,_;. We can then perform (n—a)+a=mn

to Make'n, and we may check that we used each element of D exactly once each. Contradiction.

For thelast 2 sets, let D.= ({2} U L,,—2)U{a}. Notice that 2 < a < 3, so n—a > 8 indeed holds.

Furthermore swe hayé

3llogo(n —a)| —2 < 3|logyn] —2
< |3logyn] —2
< m-=2

Hence, by Lemma 4.11, we can Make (n—a) with {2}UI,,,_o. We can then perform (n—a)+a =

n to Make n, and we may check that we used each element of D exactly once each. Contradiction.
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We have exhausted all cases. By contradiction, n(n) < 3logyn + 1, so P,_1 = P, and the

inductive step indeed holds. The stated inequality thus holds for all n > 2.

Finally, recalling n(n) € N, this weaker inequality allows us to deduce n(n) < [3logon] + 1
indeed holds true for all n > 2. |

4.6 Conclusion for General Bound

By considering the lower and upper bounds provided by Lemma 4.9 and Lemma 4.12 respec-

tively, and considering the Evenness of Eta, we can summarise our findings intofone theorem.

Theorem 4.13. (Make-n Theorem) For all n € Z such that |n| >2,&hé inequality
[3logg |n|] < n(n) < [3logy |n|]| %4

holds, and for |n| < 2, n(n) = 5.

Remark. A slightly weaker version of this'result that n(n) < [3logyn] + 2 for all n > 1, that

is not dependent on the result of 7(24) =9 can also be shown.

Remark. Furthermore, it appears, a/'slightly stronger version of this theorem can show that if
the inequality n(n) < |3logym|“holds for all 3 < n < 40, then it also holds for all n > 3, but
the base cases for 3 < n, < 40 seem overly tedious and computationally intensive to prove or

disprove, and therefore this has not been explored here.

In the néxt chapter, we shall show some other notable results, by introducing some intuition
justifying why certaimwresults are the way they are, as well as analysing the strength of our upper

andrlewer bounds.
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5 Other Notable Results

We introduce some standard definitions from Real Analysis,

Definition 5.1. (Infimum) Given f defined on A C R, let inf4 f(n) denote the infimum of f
ne
over A. That is, for some I € R, if for all x € A, we have f(x) > I, and for all € > 0, theré

exists some a € A such that f(a) < I+ ¢, then we say

iz £ =1

Definition 5.2. (Limit Inferior) Given f : N — R, let iminf f(n) denotegthe limit inferior
n—r oo
of f as n tends to infinity. That is, we define

liminf f(n) = lim inf f(m)

n—o00 n—oo m>n

where m is assumed to be taken over only integer values at least mw~in~the infimum.

Definition 5.3. (Supremum) Given f defined on A C_RNet sup f(n) denote the supremum
neA
of f over A. That is, for some S € R, if for all x €A, we have f(x) < S, and for all e > 0,

there exists some a € A such that f(a) > S — e athen we say

sup f(n)=S.

neA
Definition 5.4. (Limit Superior) Given f : N — R, let limsup f(n) denote the limit superior

n—roo

of f as n tends to infinity. That i, we define
limsup f(n) = lim sup f(m)
n—00 =00 ;m>n

where m is assumed to be taken over only integer values at least n in the supremum.
We then make the following peculiar claim, inspired by 7(9) = 6.
Theorem 5.5. For all n € N, we have the equality
n(9") = 6n
and”in ‘particuldr, we can conclude
nn) _ 3

lim inf = .
n— oo ln n ln 3

Proof. For the first claim, bounding yields the chain equality

6n = [3logs(9™)]
< n9") (Make-n Theorem)
< n-n9) (Multiplicative Bounding Theorem)
= 6n
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which forces n(9™) = 6n.

We may then consider the sequence {z,}52; C N given by z, = 9".

strictly monotone and unbounded, and we notice that for all n € N, we have

n(wn) _ n(9")
Inx, (In 3)(log; 9™)
_ 6n
~ (In3)(2n)
- 3
~ In3
It is well-known that this implies that
lim inf M < 3
n—oo Inn In3

is indeed a valid upper bound.
However, by the Make-n Theorem, we have the lower bound

n(n)  [3loggn] _ 3loggn/ 3
Inn — Inn Inn  In3

holds for all n € N, and it is well known that.we-then have

e 77 > 3
n— 00 nn 1113
but we then have
3a N .nn) _ 3 . oenn) 3
— > f—2 > — 1 f—r = —
In3 — lnrgg Inn — In3 %nrgloré nn In3

as desired.

This sequence is clearly

Remark. In essence, this result tells us that our logarithmic lower bound is the best possible for

this problem and cannot be improved further. In particular, in the Mlake-n Theorem, equality

holdsyin the lower bound an infinite number of times (e.g. at values of the form 9™).

nn)

" In3

determine a tight upper bound for the corresponding limit superior, lim sup
n—oo

Even thoughsthe lim inf

n—oo Inn

n(n)

nn’
we are only able to deduce, from our Make-n Theorem that

and we will analyse the tightness of this bound in a later part of this paper.
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Furthermore, we introduce a slightly stronger form of Theorem 5.5.

Theorem 5.6. For alln € N, we have n(3"™) = 3n, except for n =1, where n(3) = 5.

Proof. We already know that 1n(3) = 5, so we disregard this case.

If n is even, then by noticing that % € N and directly applying Theorem 5.5, we indeed have

n(3") =n(9%) =6- 5 = 3n.

Now, we consider odd n. We first claim that n(27) = 9, which is done by listings Hor brevity,
we take this result as true, and leave the details to the Appendix. Thusgweshave shown the
case for n = 3 that that 1(3%) = 9 = 3 - 3. Hence, it suffices to supposén™> 3 is odd and let
n = 2k 4 3, such that k € N. Then,

3n = [3log;3"]
< (3" (Make-n Thegrem)
(

= 32k+3)

(9% - 3%)

|
3

< 9% +n(3%) (Multiplicative Bounding Theorem)
= 6k+9 (Theorem 5.5)

= 3n

from where we conclude that, 7(3") = 3n as desired, and the result follows, seeing as we have

exhausted all cases. [ |
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We introduce one more standard definition.
Definition 5.7. Let {x} denote the fractional part of x. That is, {x} =2 — [z].
Consider the following identity involving the ceiling, floor and fractional part functions.

Lemma 5.8. Given x € R and k € N we have
k[z] — [kz] = [k{—z}]
Proof. 1t is well known that

[z] = —[-z]
—(=z —{-2})
x4+ {—z}

applying which along with standard properties of {z}, |z).and [x] yields

k[z] — [kx] = k(z+ {—a) 2 (kz + {—kz})
= k{-a s {Tka}
= W{=g} — {kl-2] + k{-2}}
=\J{—a} — {k{-2}}
= [k{-=}]
as desired. -

From here, we make the'following elegant generalisation of the technique used in Theorem 5.5.

Theorem 5.9. (Lifting-the- Exponent Theorem) Suppose n(n) = [3logs n] for somen € N.
Then forwall k& N, we have

0 <k-n(n) —n(n*) < [k{-3logyn}] <k -1
and in particulary if k satisfies {—3loggn} < ¢, then
n(n*) =k n(n).
Proof. For the first claim, we first consider the Multiplicative Bounding Theorem, giving

n(n*) < k-n(n),
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which yields the first inequality. Now, we may consider the bounding strategy from before,

[3klogsn] = [3logsn”]
< n(nb) (Make-n Theorem)
< k-n(n) (Multiplicative Bounding Theorem)
= k[3logzn]
= [3kloggn] + [k{—3loggn}| (Lemma 5.8)

Notice that the bounds, [3klogsn] and [3klogsn] 4+ |k{—3logsn}]|, as well as the desired
quantities, 7(n*) and k- 7(n) are all integers, which implies that n(n*) and'k - 7j(n) are bounded
by integers with difference |k{—3logsn}]|. Consequently, their difference.must also be at most

|k{—3logzn}]| as desired, which yields the second inequality.

The last inequality results from the fact that {—3logsn} <\, so k{—3logzn} < k, from which
the last inequality |k{—3logsn}] < k — 1 follows. We hayve shown our first claim.

If {—3loggn} < 1, then [k{—3loggn}| = 0. Substitutirig this into the first claim yields
0 < k- n(n) —n(i)s 0= n(n*) =k-n(n)

which proves the second claim as desired. |

Remark. Using the fact that since the argument is always an integer, {—3log4(9™)} is always

0 and thus less than faforjall k € N, Theorem 5.5 directly follows due to n(9) = 6 = [3logs 9].

Remark. The Lifting-the-Exponent Theorem yields significantly stronger results than the
Make-n Theorem. For instance, since 1(10) = 7 = [3logs 10], we may apply the Lifting-the-
Exponent\Theorem. If we wish to calculate 1 of a googol, that is, 7(101%?), the former yields

629 < 17(101%9) < 700, while the latter only allows us to conclude 629 < 7(1019°) < 997.
Finally, we introduce one last result to relate n and (.

Lemma 5.10¢ (Eta-Zeta Inequality) For anyn € N, ((n(n)) > n. Furthermore, n(¢(n)) > n.

Proof. We first prove the first inequality by direct proof. Recall the definition of n(n) implies
we can Make n with every D € Dy ,). But I, ) € Dy(n), so we can Make n with I,(,), which

implies that ((n(n)) > n, since that describes the maximum number you can Make with I,,(,).

We now prove the second inequality. For n = 1, we check that, n(¢(1)) = n(1) = 5 > 1.
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From now we only consider n > 1. Suppose by way of contradiction, n(¢(n)) < n — 1. By
the Monotonicity Lemma, this implies we can Make ((n) with any D € D,,_;. But notice
I,—1 € D,,_1. We know that {(n —1) is the maximum number that I,,_; can make by definition,
and this means that {(n) < {(n—1). But n > n—1, so by the Zinc Theorem, ((n) > ((n—1).
Contradiction. Hence n(¢(n)) > n. |

Remark. This inequality should remind you of the definition of an inverse function. That is, for
some bijective f, f~! is the unique function given by f(f~'(z)) =z = f~!(f(2)).dw'particular,
here, in some sense, n(n) > (~1(n). This explains why the lower bound/for, 77is in fact, very
similar to an inverse of (. However, of course, this is all just abuse of motation since ¢ is not
surjective over N — N, which is why we instead upper bound ¢ with 33 which is bijective, and

thus invertible, over R — RT.
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6 Analysis and Visualisation

Figure 2 below shows the bounds of n(n) presented in the Make-n Theorem for 0 < n < 50
plotted against n, where red is the lower bound, green is the upper bound, the blue region is the

range of possible values for 7, and the black points represent actual values of n(n).

T | |

C
\\

o 10 15 20 25 35 40 45 50

Figure 2: B(@Qﬁn) against n

Since our results are logarithmic i%?w, it seems natural to plot our graphs on a logarithmic

scale as well. Figure 3 show: k

scale against n. %

Lg iy g >
( L

?.

nds for n(n) over 1 < n < 10°° plotted on a logarithmic

1&0‘

Figure 3: Bounds for n(n) against n
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We can determine interesting results from the graphs.
e With 50 digits, we can make any number up to LZ%J = 104031.

With 100 digits, we can make any number up to LQ%OJ ~ 1.082 x 10'9.

1000

With 1000 digits, we can make any number up to [275 | &~ 2.205 x 10100,

10000

With 10000 digits, we can make any number up to [273 | ~ 2.712 x 101993,

For our original n = 24, the Make-n Theorem yields 9 < n(24) < 14.

where “digit” here refers to a positive integer between 1 and 10 inclusive.

7 Extensions and Conjectures

In this section, we discuss related problems, possible extensions and conjectures in relation to

this problem.

7.1 Relation to Mahler-Popken Cemplexity
Recall that in this paper, the upper bound reached by 7 is given by
7(n). < [3logan| +1
which grows asymptotically te 1—113—2 ln'n ~ 4.32809 In n, noticeably worse than the upper bounds
of ||n]|, whose upper boundfer almost all n grows asymptotically to approximately 3.29496 In n.

The difference between proving statements in relation to ||n|| and n(n), is that n(n) requires a
much larger search"space, checking through all D € Dy, in an attempt to Make n. On the other
hand, ||n|| only checks through I € Dy, which makes the time complexity and overall casework

of ||n|| much simpler.

Since ||n|| can be.described as a subcase of n(n), we can in fact derive the chain inequality
[3logzn] <|[n|| < n(n) < [3logyn|+1

for all n > 2¢'where the lower bound for ||n|| is derived using the exact same proof as the lower
bound for 7. Intuitively, this is because the counterexample we used to generate the lower bound

for n(n) are unital sets in the first place, which also applies to ||n]|.

In the following, let ||n|| refer to a modified version of the Mahler-Popken Complexity function,
where we allow the usage of — and +. A conjecture could result from the idea that as n gets

large, “overshooting” the answer should not be too much of an issue, as bigger numbers help us
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reach our target n faster, and we might hypothesise that for sufficiently large n, if we can Make

n with I, then we can Make n with any D € Dy.

After all, for all known values of n(n) with n > 7, that is, for n € {7,8,9,10,11,12,24,27}, we

have n(n) = ||n|| holding true. This motivates the following conjecture.
Conjecture 7.1. There exists a constant ¢ € N such that for all n > ¢, n(n) = ||n||.

We also form the slightly weaker conjecture regarding the asymptotic growth of n(n) and fin||.

n(n)

Conjecture 7.2. limsup —— = limsup —
n—00 nn n—o0o Inn

7.2 Possible Extensions
There are many possible extensions to this project that I would logk into if given more time.

For example, we can try to make non-integral rational numbers._Furthermore, we can include

other operations, such as the factorial and exponentiation.

In fact, if the factorial is allowed, we are ablezto WMake 24 very easily, because we are able
to Make 4 and perform 4! = 24, so we can-Make 24 with 7(4) = 6 numbers. However, it would
be difficult to generalise this to all integers,_ as factorials and exponents both grow extremely
quickly, and are much more unpredictable compared to +, —, X, <+, making this an interesting

extension to my project.

The m-ary Complexity displays many interesting properties. For instance, it is clear that by
fixing n € N, the sequenee {||n||m}2_, is (non-strictly) monotone decreasing, which can bring
interesting bounding/arguments. Therefore, by introducing a function ng(n) : Z — N, where
S C Z is the basis set, and defining ns(n) to be the minimum %k € N such that for all sets
D = {dyds,...,dp} with d; € S for all 1 <i < k, we can Make n with D, we are able to further
generalise. Here,

]|, is closely related to 412, .m}(n)
and our original function

n(n) = 77{1,2,...,10}(”)-

Some trivial properties about ng(n) can be established. For instance, if we are given two sets

R C S CZ, then
nr(n) > ns(n)

for all n € Z.
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7.3 Complexity Analysis with Catalan Numbers

Let’s explore the possibility of manually exhausting, or, “brute-forcing” through all possibilities

to end off this paper.

1 2
Definition 7.3. Let C,, = ( n) be the n-th Catalan Number.
n+1\n

The Catalan Numbers relate to many problems in Combinatorics. For example, C,, is the mumber
of walid bracket sequences of length 2n (Davis, 2006 [12]), where a valid bracketrsequence is a
string made up of an equal number of ‘(’ and ¢)’, and the number of ‘)’ never exceeds the number

of ‘(" in any prefix of the string.

As pointed out in (Kruis et al., 2020 [9]), this implies that C,_; is.the,ntimber of base-patterns
given n numbers, where a base-pattern is the sequence, or order, in, which binary operations are
applied to the set of n numbers. For example, for n = 3, the base-patterns are ((a * b) * ¢) and

(a* (bxc)). Notice here  refers to any binary operation, not just multiplication.

We can relate this to our problem. In our case, eachof thé n—1 binary operations can be replaced
by +, —, X or +. Furthermore, each of the n aumbers can take 10 possible values. This means
that if we wanted to manually exhaust all set§ with n numbers, we have to check C,,_; x4™ ™1 x 10"
possibilities, to see if they yield 24.4However, for each possibility, we need to perform (n — 1)
operations, hence that makes for a’total of (n —1) C,,_14" 110" = 1(n—1) C,,_1 40" operations.

Let this expression be P(n).

n

In fact, C), ~
n

5 (MathWorld, 2009 [13]), so we have:
2T

1 4l 1 160"
Pn)~—(n—1)40" ~
(n) 4(n71)%\/;( ) 16y/7 /n

As such without optimisation, one must run a truly enormous exponential time complete

search in brute forcing,to determine true values of n, which is largely impractical.

7.4 Applications

For millennia, mathematicians have always been intrigued to study all sorts of games and brain
teasers, from simple games like tic-tac-toe, to complex games like chess. Especially in complex
decision-making games, concepts like reduction, induction and pattern recognition are important,
to simplify a complex state into smaller, more digestible states. For instance, in chess, instead
of focusing on analysing the entire board, it is equally crucial to look at smaller sub-problems

such as tactics and checkmating patterns. Applications of this project include gaining insight
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into similar mathematical games, as well as to better understand functions closely related with
n(n), such as the Mahler-Popken Complexity ||n||, and the m-ary Complexities ||n||.,, perhaps

even to solve certain unsolved conjectures.

Furthermore, this project is applicable in Computer Science, specifically in studying Complexity
Analysis. In many complex decision-making games, there are enormous numbers of game statés.
In our research, the game states are the set of numbers that are available to us, and the.decisions
are the operations we can apply. Since values of ) can be searched through an exponential-time
complete search, this project can be a way to test the effectiveness of a program or a pregramming
language at implementing recursion, memoization (i.e. to store and recover previously computed
results) and pruning (i.e. to eliminate the need to evaluate identical expressions multiple times).
It can also gives us insight into important pruning techniques to_.speed”up searches on these

complex decision-making games.

In short, there is much room for improvement and expansion inythis project, which can potentially

uncover plenty of insightful observations in the study of related Combinatorics Games.
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Appendix: Greedy Algorithm

[Back to Lemma 2.5]

Consider an arbitrary expression with 8 ones. We expect to obtain ((8) = 18 in the end.

The rules for this algorithm I discovered are (the first four are new, trivial ones):
e A-B—+AxB

e A-B—- AxB

Ixn—>14+n

e I+ x4+ x(14+1) = (1+1+1)x (1+1+1)

A+ B — Ax B, where A+ B >3

e AxB+1—Ax (B+1), where A >1

Table 3 on the next page is a demonstration ofithe'greedy algorithm at work, starting with an

extremely suboptimal sum-product 1 —1—-d =1+1—-1—-1-1=—6.

Notice the non-decreasing value! This is very“important.

This is the Greedy Property ofthis.algorithm. In fact, we can show that these rules are suf-

ficient to guarantee that we,can always reach ((n).
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Current Expression Value
1-1-1-1-1-1-1-1 —6
1-1-1-1-1-1-1x1 -5
1-1-1-1-1-1x1x1 —4
1-1-1-1-1x1x1x1 -3
1-1-1-1x1x1x1x1 —2
1-1-1x1x1x1x1xl1 —1
1-1x1Ix1x1x1x1x1 0
IxIxIx1lxlxlxlxl 1
Ix1x1x1x1x1x(1+1) 2
Ix1Ix1Ix1Ix1lx(14+1+1) 3
Ix1Ix1Ix1Ix(1+14+1+1) 4
IxIx1Ix(14+14+14+1+1) 5
IxIx(1+1+14+14+14+1) 6
Ix(1+1+14+14+1+1-HR1) 7
1+1+1+1+1+F5+ 1 +1 8
A+ + (1 +1RIHT+1+1) 8
I+1)x (h+n+1+1+14+1) 12

I+ x(@+D+(1+14+14+1)) 12
IT+DXA+1)x(1+1+1+1) 16
I+ (1+1)x(14+1)+(1+1)) 16
I+ ) x(1I+1)x(1+1)x(1+1) 16

I+1+)x (1+14+1)x (14+1) | 18=((8)

Table 3: Greedy Algorithm at Work
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Appendix: Maximum Product Over Reals

[Back to Lemma 2.8]

Let M : Nx N — N be the function such that M(n,k) is the maximum possible value of

ay-as-as...ak,over all ay,as,...,a, € Nsuch that a; +as +ag+---+ ar = n. Then, we have:

M(n,k) = ai1-as-as...ak

<a1+a2+a3+--~+ak)k
k

<

- 5

k
Let N(n,k) = <%) , where N : RT x Rt — R*. The above inequalitysthen yields

[AM-GM Inequality]

M(n, k) < N(n, k) (1)
for all n,k € N, where RT is the set of positive reals.

However, notice that in our case, n is a constant. We want to find rlglaé( M (n, k). We use Implicit
€

Logarithmic Differentiation. We have In(N(n, k¥)) =k1In (%). Differentiating both sides, we have

0 0 n
akln(N(n,ak:)) =/ okn (%)

1 N n
N Sk n(3) ~1

—= %—JZ = N(n,k) <ln (%) - 1)

N
At local extrema, ponts, — =0 = N(n, k) (ln (%) - 1) =0.

ok

It is quité clear that N(n, k) > 0, so this implies that In (%) —1 =0, and an extrema exists at
k= 2. We can checkthat for all 0 < k < %,

2 e (n(Z) )

> N(n,k)(Ine—1)

= 0

and for k > %,

2~ o (n(3) )

< N(n,k)(Ine—1)

= 0
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Thus, by the First Derivative Test, k = 7 is a local maximum, and also the global maximum

of N(n, k) over the domain (0, c0).

We have the following chain inequality.

max M (n, k)
keN

IN

IN

This gives our upper bound of e®.

N(n,k I lity 1
maxN(n, k) [Inequality 1]

max N(n, k)
keERT

¥

n

ee

Since 2 < e < 3, with e ~ 2.718 being closer to 3, this

reassures us in that it seems to agree with Lemma 2.8, which/onlywuses 2 and 3 in the product

while favouring 3.
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Appendix: Python Program

[Back to Chapter 3.1]

The program is as shown below.

from math import comb
from datetime import datetime
from operator import sub

from itertools import combinations_with_replacement @

INVALID = 0.1 Q
def div(a, b): %()

return INVALID if b == 0 or a % b != 0 else a // b

def plus(a, b): O
return INVALID if a > b else a + b O

def times(a, b): ()Q
return INVALID if a > b else a *%

ops = [plus, times, sub, d!]\

def eta(num):

if len(num) == 1:>
return n% = ¢

for i, nl1 in enumerate (num) :

or j, n2 in enumerate (num):

/7 if i K
St Qt
DK @ op in ops:
if op(nl, n2) != INVALID:
if eta(lop(nl, n2)] + [n for k, n in enumerate(num) if k != i

and k != jl):

return True

return False
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def etatest ():
n =0
s = datetime.now ()

t = comb(9 + k, k)

print (f’Executing {t} testcases of size {k} to Make {c}.’)

for x in combinations_with_replacement(range(l, 11), k):
if not eta(x):
print (£°{x} failed.’)

n += 1

print (£’All tests completed. Total: {t}, Failed: {n}, Pasged: H{t - n}.\n{(
datetime.now (), = s).total_seconds ()}

seconds elapsed.’)

k = 5 # Number of integers in each testcase
c = 6 # Number we are trying to Make
etatest ()

To use the program, you can medify the values of k and c at the bottom of the code. Particularly,

notice the two functions below.

def plus(a, b):
return INVALID “4f a>> b else a + b

def times(a, b)u

retu¥n INVALID if a > b else a * b

The.reason behind returning INVALID, which is a signal to kill the current testcase and move on
to the next possibility, is so that we can reduce the number of duplicate testcases. Specifically,
this is because 4+ and x are commutative (i.e. they are symmetric: a+b=>b+a, a xb="bx a).
Empirically, this cuts the running time in half, and is a simple example of a commonly used

technique called pruning.

There are many potential optimisations for this code. For one, python is a very slow pro-

gramming language, and I only used it because of the simplicity of 1ist in python, as compared
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to a vector in C++, for example. Switching to C++ should cut the running time by 2 to 3 orders
of magnitude. Secondly, memoization can be used to check for cases that have already been

evaluated. This is another example of pruning to save time.

Of course, in trying to speed up our computation, there will be a trade-off between computational
time and computational space. In this project, we have not explored the possibility of optimising
the code by any significant means. It is well-known by making a trade off between time and'space
with memoization, however, the running time can be cut down by multiple orders of magnitudes

as well. In this area, there is strong potential for future work.
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Appendix: Value of 7(27)

[Back to Theorem 5.6]

Lemma A. Consider an arbitrary D € Dg. If there exists a subset S C D satisfying |S| < 3
and some 1 < <9 such that we can Make x with {27} U S, then we can Make 27 with D.

Proof. Let R = D\ S. Then |R| > 6. By the Monotonicity Lemma, we can Make.z with
R, since 1 < x < 9 implies n(z) < 6. Suppose the equation used to Make x with {27} U S
is O. Simply rewrite the expression O in terms of the constant 27. For example, if O was
(27 —1—1) = 5=75, we can rewrite it into 27 =14 1+ 5 x 5. Such a rearfangement is clearly

guaranteed to exist, and we have an equation to Make 27 with D, and the result follows. |
Using Lemma A, we wish to prove n(27) = 9.

Proof. Firstly, by the Make-n Theorem, n(27) > [3logg(27)] = 9.

Suppose we have an arbitrary D € Dg. Consider Table 4 on the next page, which is exhaustive
of all cases. That is, we are always able to choose a subset S C D with |S| < 3 corresponding
to one of the rows below. Using the corresponding expression O, by Lemma A, we are able to
Make 27 with D. Thus, we can Make 27 with'all D € Dg, and by the Upper Bound Lemma,
we have 7(27) < 9.

Finally, 9 < n(27) <9 suffices ‘to force'n(27) = 9. |

Remark. By “exhaustive’, in fact, any arbitrary choice of S C D will suffice, and either S or a

subset of S is guaranteed to be found in Table 4, so this result indeed holds.

Remark. This is'a proof that proves a result of equal caliber as the proof for 1(24) < 9, but
admittedly, this is a much more brutal approach. While the same approach will certainly have
worked for n(24), we wish to pursue a more elegant result with less listing. Because of the highly-
composite nature of 24, the proof for 1(24) is much more elegant, and unfortunately I have not

discovered.such an elegant proof for bounding 7(27).
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s1 | s2 | s3 O s1 | 82 | s3 @)

3 27+3=9 2 2| 7| @2+2)x7-27=1
9 27T +9= 2 12| 8| (242)x8-27=5
1] 2 27+ (1+42)=9 2| 4| 4] 2x4x4-27=%
1| 4 Q7+1)+4=7 2| 4|10] 27—-2x4-A0=9
1|7 27+1)+7=4 216 | 7| 2m-6x7e=6
1| 8 21+-(1+8)=3 216 |8 27 =2x6—-8="7
1 110 27+(10-1)=9 2 6 | 10 =27 —2x10—-6=1
2 | 5 (27—2)+5="5 2 | 7|7 [ 2"—2x7-7=6
2 110 27—-2x10=7 2 7 8 27T—-2x7—-8=5
4 | 5 27 —4x5="7 2 8178 27T —-2x8—-8=3
4 6 27T—4x6=3 2 8 |10 ] 27—-2x8—-10=1
4 7 4x7-27=1 4 4 4 27T—4x4—-4=7
4 8 4x8—-27=5 4 4 110 27T—-4x4-10=1
5|5 27— 5 x h'=2 4 110]|10|27—4-10—-10=3
) 6 5x6,—27=3 ) 8 8 271T—-5—-8—-8=6
5| 7 b x/T=27=38 518 10| 27-5-8-10=4
6 | 6 6xX6—-27=9 6 | 7|7 21—6—-7—-7="7
7 110 27-7)+10=2 6 7 8 271—6—-7—-8=6
10 | 10 27—-10—-10=7 6 8 8 271T—-6—-8—-8=5
P11 |2r+(14+1+1)=9 6 | 8 10| 27-6—-8—-10=3
I 1|5 | (27T—1-1)+5=5 T T 21—7—-7—-7=6
1| 1 460p27x(1+1)=6=09 77| 8| 2—7-7-8=5
2 |72 12727+ (24+2+2)=9 8 | 8|8 27—-8-8-8=3
20 24 4 | 2Tx2+(244)=9 8 | 8 10| 27-8-8—-10=1
2 W2 6 |21—2+2)x6=3

Table 4: Table of choices of O against S = {s1, 2,83}
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