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Abstract

The average order of dominating sets of a graph is the mean cardinality of its’dominating
sets. Its local analogue is obtained by restricting attention to dominating sets containing
a prescribed vertex. We determine the extremal vertices for this parameter in paths. For
P, = v1vg---v, with n > 5, we prove that the local average order.of.dominating sets is
minimized precisely at vy and v,_1, and maximized precisely at v3.and v,,_o. We also give
exact expressions for the extremal values in terms of recursively defined sequences. The
proof uses a one-sided domination polynomial and a uniformyéstimate for the associated ratio
sequence. All exceptional paths of order at most four are treated separately.
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1 Introduction

All graphs considered in this paper are finite, simiple, and undirected. For a graph G, let V(G)
and F(G) denote its vertex and edge sets. The open and closed neighborhoods of a vertex v are
N¢(v) and Ng[v] = Ng(v) U{v}, respectively. For S C V(G), put

Ne(S] = | Nelvl-

vES

A set S is a dominating set if Ng[S] = V(G). We denote the family of all dominating sets by
D(G), and write
D,(G)={SeDG):ve S}

The path and complete graph of order n are denoted by P, and K,,, respectively. A vertex of
degree one is a leaf, and a vertex of degree at least two adjacent to a leaf is a stem.

The study of average graph parameters has a long history, beginning with the Wiener index
introduced by Wiener {18]. Doyle and Graver [9] studied the mean distance of graphs and
established its extremal values among connected graphs of fixed order. For example, among
connected graphs of order n, the path has maximum mean distance (n+ 1)/3, while the complete
graph has-minimum mean distance 1. Jamison [13] initiated a related line of research on mean
subtree order, then Wagner and Wang [16] investigated local and global means of subtree orders.
Other average graph parameters include average connectivity [6], average eccentricity [1, 8], and
the average size of independent sets [3].

Beaton and Brown [4] introduced the average order of dominating sets, defined by

. ZSE’D(G) |S|
avd(G) = 7|D(G)|

They determined extremal graphs of fixed order and proved that the star is the unique tree
minimizing this parameter. They also showed that every n-vertex graph without isolated vertices
satisfies avd(G) < 3n/4, and conjectured the sharper upper bound 2n/3. Erey [10] established
the latter bound for forests without isolated vertices, with equality precisely when every non-leaf



vertex has one or two leaf neighbors. Beaton and Cameron [5] subsequently extended the sharp
bound to graphs without isolated vertices.
The local average order of dominating sets at v 7] is

sepu(a) |5
avd,(G) = 'TEDD(((%)l .

Unlike the global parameter, its value depends on the position of the prescribed vertex:” Recent
work has established upper bounds for specified stems and non-stem vertices. This motivates
the following local extremal question: for a fixed graph G, which vertices minimizewor.maximize
avd,(G)?

For completeness, let di(G) be the number of dominating sets of order k. The domination

polynomial is
V(G|

D(G.z)= Y de(G)aF= Y 2.
k=0

SeD(G)

The corresponding local polynomial is

D,(G,z) = Z 215l

SeDy(G)
Consequently,
D'(G,1) Dl (G, 1)
d(G) = ——=, d, (@) = ==———=.
“O=pen 2= 5,61
1.1 Stars
We first determine the local average order of-dominating sets in stars. Let S,, = Ki,-1 be a
star of order n > 3, with center ¢ anddeaves uq,...,u,—1. We consider the center and the leaves
separately.

Since ¢ is adjacent to every leaf, each.dominating set containing ¢ has a unique representation
D= {c} UA, AC{uy,...,up-1}.
Conversely, every set of this form dominates S,,. Hence
[Du(S0)] = 2. (1)

The center belongs to every member of D.(S,,), while each leaf belongs to exactly 2”72 members.
Thus
> D=2+ (m-1)2" = (n+1)2" % (2)
DED(Sn)

Combining (1) and«(2) gives

(n+1)2""% n+1

avd.(S,) = 1 =

Now fix a leaf ui. Partition D,, (S,) according to whether the center is selected. Put
A={DeD,(S,):ce D}, B={D e D, (S,):c¢ D}.

Then
Dy, (Sp) = AUB. (4)

We consider the two cases separately.



Case 1: c€ D.
Every member of A contains ¢ and w1, and any subset of the remaining n — 2 leaves may be
selected. Hence

A =22, (5)

Each of the two prescribed vertices belongs to every member of A, while each remaining leaf
belongs to exactly 273 members. Consequently,

> ID[=2-2""+ (n—2)2"7% = (n+2)2" 7% (6)
DeA

Case 2: ¢ ¢ D.
If ¢ ¢ D, every leaf must belong to D, since its only neighbor is ¢. Convergely, the set of all
leaves dominates S,. Thus B = {{u,...,u,—1}}, and hence

IB| =1, (7)
and

Z|D|:n—1. (8)

DeB
Combining the two cases, by (4), (5), and (7), we obtain
|Du1 (Sn)l = 2"[*? + 1 (9)
Similarly, (6) and (8) give

> ID=ta+22" +n—1. (10)
DeDy, (Sn)

Dividing (10) by (9), we obtain

(n+2)2" 3 4+n—-1
271,72 +1

avd,;(Sy,) =

By symmetry, all leaves have the same local average order. Therefore, (11) yields

(n+2)2"3 +n—1

avdui(sn) - 2?,172 + 1 ]

1<i<n-—1. (12)

It remains to ¢ompare the two values. Subtracting (3) from (12) and simplifying gives

(n+2)2"34+n-1 n+l
-2 4 1 2

B M2 —3

Co2@2n 241

avdy, (S,) — avd.(S,) =
(13)

For n > 3, both the numerator and the denominator in (13) are positive. Consequently,
avd,(S,) is minimized precisely at ¢ and maximized precisely at the leaves. More explicitly,

. n+1 (n+2)2" 3 4+n—-1
min avd,(S,) = , max avd,(S,) = .
vEV (Sn) o(Sn) 2 veV(Sn) v(Sn) m=2 41




1.2 Paths

The ordinary domination polynomial of a path satisfies the three-term recurrence of Alikhani
and Peng [2]:

D(PTL'J $) - $(D(P”_]_,l') + D(P’.'L—zjm) + D(PTL—Sj $)), n = 4.

However, fixing a vertex in a dominating set changes the boundary conditions on the two resulting
subpaths. We therefore introduce a one-sided polynomial that incorporates an already Selected
external neighbor. This yields an exact decomposition of the local parameter.

Our main result is as follows. The sequences appearing in the statement are defined in
Section 2.

Theorem 1.1. Let P, = vivy---v, be a path of order n > 5. Then avd,{(P,) is minimized
precisely at vy and v,—1, and mazrimized precisely at vs and v,—2. More precisely,

3
UEI-‘[/I%%n) a'Vdu(Pn) = a'Vdvg (Pr) = a'Vdvn_ (Pn) = i + =2,

and

ué?/a(li’{n) avdy(Pp) = avdy, (Pn) = avd,, _,(B,) = g + Tn_3.

When n = 5, the vertices vy and v,—2 coincide, so the.mazximum is altained uniquely at the
central vertex.

The proof is given in Section 3. Section 2 develops-the‘one-sided recurrence and the required
fixed-sum inequality. Section 4 records the small-order exceptions and some consequences. A
detailed proof of the uniform spectral estimate is included in Appendix A.

2 Preliminaries
Lemma 2.1. For every graph G and.every v € V(G),
Dy(G.1)
avd,,(G) = D, (G1)

Proof. By definition,
D,(G,x) = Z !9,

SeDy(G)
Thus D,(G, 1) = |Du(G)|,"while differentiation gives
DyG, )= 3 |l
SeD,(G)

The assertion follows by division. |

2.1 Aone-sided path with a selected external neighbor

For m> 0, let Q= wqus - - - um. For m > 1, attach an additional vertex z adjacent to u,, and
suppose that z has already been selected. Define

A =15 CV(Q,,) : SU{z} dominates @, }. Ap(x)= > il
SeAmn

The external vertex is not counted in the size of S. For m = 0, we use the convention Ay = {&}
and Ag(z) = 1. Put

S
Am = Am(l)a Sm = A;n( ) 'm = £‘
m

Thus a,, counts the admissible subsets, s,, is the sum of their cardinalities, and r,, is their
average cardinality. In particular, a,, > 0 for every m.



Lemma 2.2. The initial polynomials are

Ao(m) = 1, Al(m) =1+ Z, Ag(m) = 2x + :EQ.

For m > 3,
Am (m) = -T(Amfl(-r) + Ame(m) + Am.ffi(m))- (14)
Consequently,
Ay = Qp—1 + Qp—2 + Ap—3, (15)
Sm = Qm + Sm—1 + Sm—2 + Sm—3, (16)
P 1+ U 1Tm—1 + Gm—2Tm—2 + a'mf?)rrmf3. (17)
Am

The initial values are

(ag, a1, a2) = (1,2,3), (s0,51,52) = (0,174),

and hence
4
g = =.
3

1
TO:U, T’l:Ea

Proof. The initial values follow from

Ar = {2, {u1}}, Az = {{m}, {u2}, {u1,ua}}.

For m > 3, represent an admissible set by its binary incidence sequence along w1, ..., uy,. Since
Um—1 must be dominated, the final three entries.cannot all be zero. The position of the rightmost
selected vertex therefore gives exactly threepossible terminal blocks:

1, 10, 100.

Deleting the appropriate block gives an admissible sequence of length m — 1, m — 2, or m — 3,
respectively. Conversely, appending any of these blocks to a sequence from the corresponding
family gives an admissible sequence of length m. The correspondence is bijective: the selected
vertex at the beginning of the appended block dominates the boundary vertex of the remaining
prefix, and the externally.selected vertex dominates the terminal vertex when necessary.

Each block contributes/exactly one selected vertex. Hence

Am(m) = mAmfl(m) + mAme(-T) + -TATrLfS(m):

which proves (14). Evaluating at = 1 gives (15), and differentiating gives (16). Finally,
sj = a;rj, so (17) follows.from (16). O

Lemma 2.3. For P, = wmwve---v, and1 <i<n,
Dy, (P, x) =zA—1(x)Ap—i(x). (18)

Consequently,
anUi(JPn) =1+ri-1+ 7 (19)

Proof. Fix v; and write a dominating set containing v; uniquely as
S =S8pU{vi}U Sk,

where Sp, C {v1,...,vi—1} and Sg C {viy1,...,vn}. Since v; is selected, the two sides are
independent. The left-hand selection is an element of 4;_;, while the right-hand selection, after



reversing the vertex order, is an element of A,_;. The fixed vertex contributes one factor of x,
proving (18).
Taking the logarithmic derivative of (18) at z = 1 and applying Lemma 2.1, we obtain
A, (1) A

anm (Pn) =1+ A;‘—l(l) -+ An_i(l)

=14+ri 1+

|

The next lemma is the key extremal comparison. Its proof relies on the uniform-estimate
established in Lemma A.1 of Appendix A.

Lemma 2.4. Let N > 4, and let a,b be nonnegative integers with a +b = N. Then
rLErNo1 STa T S T2t ryoa. (20)

Equality on the left holds if and only if {a,b} = {1, N — 1}, and equality en the right holds if and
only if {a,b} = {2, N — 2}.

Proof. Let ¢,d and e, be as in Lemma A.1. Since a + b = IV,
re +1p = cN + 2d + e, + €.

Thus it suffices to compare the error sums.
By Lemma A.1,

0 < ep < 0.005, er < —0.11, ez > 0.10, lem| < 0.02  (m > 3).
For the proposed minimum, N — 1 > 3, so
e; +en—1n< —0.11 4+ 0.02 = —0.09.

For any other unordered pair, either.one/index is 0, both indices are at least 3, or one index is 2.

In these cases the corresponding error sums are, respectively, greater than —(0.02, greater than

—0.04, or greater than 0.08. Henee the minimum is attained only when {a,b} = {1, N — 1}.
For the maximum, suppose first that N > 5. Then N — 2 > 3, and

e2 +en—2 > 0.10 - 0.02 = 0.08.

For any other pair, an index equal to 0 gives an error sum less than 0.025, an index equal to 1
gives a sum less than —0.09, and two indices at least 3 give a sum less than 0.04. All are strictly
smaller than 0.08.

When N = 4, the only unordered pairs are {0,4}, {1,3}, and {2,2}. Their error sums are
less than0:025, less than —0.09, and greater than 0.20 , respectively. Thus {2, 2} is the unique
maximizing pair. This proves both inequalities and their equality conditions. O
3 /Extremal vertices of paths
Proof of Theorem 1.1. By Lemma 2.3,

an'Ui(PI’L) =1+ 71+ rn—.

Seta=i—landb=n—i Thena+b=n—12>4. Lemma 2.4 gives

L+r+rm < an'Ui (Pn) <Il+mr+ Tn—3-



The lower equality holds if and only if
{i—1,n—i}={1,n—2},
equivalently, ¢ = 2 or i = n — 1. The upper equality holds if and only if
{i—1,n—i}={2,n—-3},

equivalently, 1 =3 or i =n — 2.
Finally, ry = 1/2 and r, = 4/3, so the two extremal values are

3 7
I+ri+rm2= 5 + -2, l+rg+r, 3= 5 + 3.

The asserted equality conditions follow, including the coincidence of the two maximizing vertices
when n = 5. |

4 Small paths and concluding remarks

The paths of order at most four can be checked directly using (19).“Their extremal values and
locations are listed in Table 1.

Table 1: Extremal local average orders in paths of‘order at most four.

n  Minimum (attaining vertices) Maximum (attaining vertices)

1 1 (all) 1 (all)
2 3 (all) 2 (all)
3 127 (v2) glgm, v3)
4 < (all) o (all)

Thus Py is the only nontrivial path, apart from P, for which the local average order is
independent of the prescribed vertex.

Theorem 1.1 shows that the extremal positions are determined by the boundary of the path
rather than its center: for every 7='5, the minimizing vertices are at distance one from an end,
while the maximizing vertices are at distance two from an end. The underlying reason is that r,,
is close to an affine function.of m, with the first two nontrivial terms producing the dominant
deviations. This suggests studying analogous boundary effects in other graph families, such as
cycles, caterpillars, and trees. Such extensions would require additional structural arguments
and are not addressed here.

A A uniform estimate for the ratio sequence

We give a self-contained proof of the estimate used in Lemma 2.4. In particular, the numerical
constants are consequences of the recurrence and are not assumptions based on a finite plot.

Lemma A.1. Let/a be the unique real root of
p(t) =13 —t2—t—1=0,

and define

QQ

= d=c|2
‘T3 _2a-1 C(+

Form >0, pute,, =r,, —cm —d. Then

a  al2a+2) )1
a+1 a?2+2a+3

0 < ep < 0.005, e1 < —0.11, ey > (.10,

and
lem | < 0.02 (m > 3).



Proof. The recurrence in Lemma 2.2 gives the bivariate generating function

1+=
1—a(z+22+2%)

F(z,x) = Z Ap(2)z™ =

m=>0
Let A\j(z), j = 1,2, 3, be the roots of

M=zN+A+1)

(21)

in a neighborhood of x = 1. These roots are distinct at x = 1, so they may be chosen @nalytically

in a sufficiently small neighborhood. Partial fractions in (21) give

Am(m) = C_‘f (23))\]-(:1:)”5,

M-

I
—

J

where
Aj(2)* (N () +1)
x(Nj(z)2 4+ 2M(z) +3)

For a root A of p, implicit differentiation gives

Cj(z) =

xgl) = o) = A

Logarithmic differentiation of C'j(z) yields
!
Ci(1)

=a(A),
¢S
where X A2A +2)
+
1(A) = p(Y) (2+ A+1 A2+2A+3) B
Consequently,
P Z C(N)A™ (mp(X) +n(N)),
p(A)=0

where 2 )

AMA+1

CN =2 +2A+3

Let @ be the real root and let 3, B be the nonreal roots. Write
A=C(a) >0, B=C(p).

The product and sum of the roots give
18] = a™ /2, RE = ——.

Moreover, direct simplification gives

—a?2+2a+1

B = ——5——.
18] 2(2a2 + a+5)

Thus L
a”rnl — Aa'ﬂrl + B‘BTH. + BB 'FR.

Since ¢ = p(a) and d = n(«), (22) implies

Sm — (Cm + d)am = 2%[361% (m(p(ﬁ) - C) + T](JB) - dﬂ '

(22)



For clarity, we record explicit rational bounds sufficient for the argument. Substitution into p
gives
1839286 o< 1839287
106 s -

Using this interval, the formulas above, and

l1—«

4
p=—""4 0
[0

)
_ _ _12
3 5 (a—1)

(with either choice of the sign of the imaginary part), gives

2|B]| _ 18
Y < 0.46, =" < 0.401, (23)
p(8) — ¢| < 0.43, 9(8) — d| < 0.4 (24)

These inequalities can be verified by rational interval arithmetic; all the displayed decimals are
terminating rational numbers. The same substitution gives

0.61841 < ¢ < 0.61843, —0.00452 < d < —0.00449.

For example, the first two bounds in (23) follow directly from the displayed formulas for A,
|B|2, and ¢ = a—3/2. The remaining bounds follow by substituting the expression for 3 into the
rational functions p and 1 and bounding their real and imaginary parts.

The triangle inequality now gives

25|
m > A " ]-_ m > O.
on 2 e (1€ S0

Consequently,
0.46(0.401)™ (0.43m + 0.48)

1—0.46(0.401)™

For m > 5, the right-hand side is.decreasing: the ratio of its successive numerators is at most

(25)

|€m| =~

0.43 1
400 (14— 401 (1+ = 1
0.40 ( +0.43m+0.48><0 0 ( +5>< ’

and the denominator is inereasing. At m = 5, the right-hand side of (25) is less than 0.013.
Hence
lem| < 0.02 (m > 5).

It remains to eheck m= 0,1,2, 3,4. The recurrence gives

1 4 11 27
=0 m=g, =g =g T

Using_the above intervals for ¢ and d, we obtain

0.00449 < eg < 0.00452,

—0.11394 < e; < —0.11389, 0.10096 < e < 0.10103,

and
—0.01746 < eg < —0.01737, —0.01468 < e4 < —0.01458.

These estimates establish all the asserted inequalities. [l
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