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Theoretical modeling and CFD-based refinement of first-

stage thrust characteristics in a two-stage water rocket, 

supported by experimental measurements 

Abstract 

Water discharge in a water rocket couples compressed-air expansion, liquid acceleration, gas-liquid interface
motion, and changes in rocket mass. The conventional models typically use a gas-expansion relation, Bernoulli
equation and mass conservation to calculate pressure inside the bottle, nozzle velocity and mass flow rate.
These models capture the overall decreases in pressure and discharge velocity, but simplify startup acceleration
and late gas-liquid mixing. In this study, a two-stage water rocket was used as an experimental platform. An
in-house data logger recorded acceleration, angular velocity, and air pressure during flight. Fixed-camera video
was also analyzed in Tracker to compare video-derived axial acceleration with the sensor record. A transient
VOF model of the gas-liquid flow inside the first stage was then constructed in Fluent and quantities which are
difficult to measure directly in the experiment, such as the pressure, the mass of water, the mass flow rate and
the velocity were obtained. Finally, the conventional simplified formulas are examined and corrected
individually using the CFD case without rocket-acceleration feedback, and the fitted coefficients are then held
fixed to test their applicability in the case with feedback. Three corrections are examined: adding liquid inertia
and flow losses to the startup pressure balance, applying separate velocity and mass flow rate coefficients
during continuous liquid-phase flow, and accounting for gas mass loss in the pressure relation. After the
gas-liquid transition, the outlet velocity is no longer proportional to the mass flow rate, and the pure-liquid
approximation fails. For the present cases, acceleration feedback changes the mean pressure, remaining water
mass, mass flow rate, outlet velocity, thrust, and acceleration over 0.03-0.14 s, and the full-record thrust
integral, by only a few percent. It also changes interface evolution and late transient fluctuations. The original
corrections still reduce errors in their respective tests. Agreement in acceleration alone does not validate the
pressure, velocity, and mass flow rate relations. Comparing each relation with CFD identifies where errors arise
in the calculation of thrust and acceleration.

Keywords: water rocket; gas liquid two-phase flow; VOF; fluid rigid body coupling; unsteady flow; 

simplified theoretical model 

- -

1 Introduction 

A water rocket uses compressed air to expel water through a nozzle and is propelled by the reaction force of 

the jet. As more water exits the bottle, the volume of air expands and the pressure drops; over time, the liquid 

inside the bottle gradually accelerates from rest, while the free surface moves and deforms. Near the end of 

discharge, air inside the bottle may reach the nozzle before all the water has been expelled and leave together 

with the water. So a water-discharge process that lasts for less than one second really is an event where the 

rocket is simultaneously losing weight, the gas is simultaneously expanding, the liquid is flowing, and the gas

liquid interface is simultaneously moving. 

-

There are relatively simple calculation methods used with conventional water rockets. Usually, the internal 

pressure of the bottle is first determined based on the change of volume of the gas. A Bernoulli equation is then 

used to derive the nozzle velocity from the pressure difference and continuity relations are utilised to determine 

the mass flow and the thrust. This way is the method where the overall reductions of the pressure and discharge 

velocity are taken into account with a few equations. It often, however, treats the flow within the bottle as 

quasi-steady that is as though the flow were already established at each instant and it assumes that the issuing 

velocity can be characterized by one mean value. It cannot be determined from the acceleration curve whether 

this actual water-discharge process meets the requirements during the whole discharging operation. 

This is even more important for a two-stage water rocket. The first stage supplies not only the initial thrust, 

but the velocity and state of motion on subsequent separation and second-stage start up as well. If the first stage 
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model is erroneous with regard to time histories of pressure, mass flow rate or thrust, an end result that is 

seemingly close to the experiment may simply be a canceling of the various errors. This study will thus 

emphasize relation between physical quantities, and propagation of errors, namely how the pressure inside the 

bottle changes, how the pressure produces the water-discharge velocity, how this velocity determines mass 

flow rate and thrust and how these quantities ultimately affect rocket acceleration. 

This study merges the flight measurement, Fluent simulation and testing of the conventional formulas. A 

flight data logging system is invented in-house for the experimental part to take records on acceleration, 

angular velocity, and Air pressure in actual flight. Fixed-camera video was also processed using Tracker and 

analysed as an independent measure of the acceleration, to compare with the acceleration derived from the 

sensor. The time history of the gas  liquid interface, pressure, velocity and mass flow rates in the first-stage 

were observed numerically using Fluent and the VOF method. In the theoretical analysis, the conventional 

-

formulas were broken down into a number of steps, and each step was individually compared with the 

corresponding CFD data, rather than fitting only the final acceleration output. 

In this paper, the authors focus on three questions. First, can first-stage water discharge be divided into 

phases with distinct flow characteristics? Secondly, where are the principal errors in the conventional formulas 

in the computation process of pressure, velocity, mass flow rate or thrust? Thirdly, which corrections are useful 

during which phases and are the necessary corrections applicable when feedback from rocket-acceleration is 

considered? Because the available high-time-resolution CFD data mainly concern the internal flow of the first 

stage, and the actual pressure at the beginning of second-stage discharge cannot be measured effectively, the 

numerical analysis and theoretical corrections in this paper focus mainly on the first-stage propulsion process. 

2 Literature Review 

2.1 Lumped-Parameter Theory and Conventional Approximations 

Prusa derived a simplified water rocket model from conservation relations . Finney analyzed water 

propulsion as a physics problem and used an isothermal approximation for air expansion inside the bottle . 

[1]

[2]

Published water rocket models differ in their assumptions about air expansion, drag, and mass loss. Here, the 

conventional model calculates gas volume from the remaining water, pressure from a gas-expansion relation, 

and outlet velocity from the Bernoulli equation. 

This model uses a few equations to estimate rocket motion, but reduces the spatially varying flow to mean 

quantities. A single bottle pressure and a single outlet velocity describe the flow, and the gas liquid interface 

geometry is usually omitted. We therefore test the pressure, velocity, and mass flow rate relations separately in 

each flow phase. 

-

2.2 Unsteady Flow and Gas Thermodynamics 

Gommes examined moist-air expansion, transient flow, and liquid inertia, and showed that errors in different 

model components can cancel, producing apparent agreement with experiments . Romanelli et al. studied air 

expansion in water rockets, providing a basis for comparing isothermal, adiabatic, and polytropic descriptions 

. These studies motivate separate tests of the gas-pressure and liquid-flow relations, rather than assigning all 

deviations to one empirical coefficient. 

Johnston analyzed fluid inertance in nonuniform passageways . The conditions in that study are not quite 

identical with those in a water rocket but one significant concept is applicable here: the velocity of the liquid 

does not immediately arrive at a constant value when pressure is applied; the flow velocity itself takes time to 

develop. We therefore test how liquid inertia and flow losses contribute to the startup error of the quasi-steady 

relation. 

[3]

[4]

[5]

The simplified models of Prusa and Finney calculate outlet velocity from the pressure difference without 

feeding rocket acceleration back into the flow . These simplifications are based on the following [1, 2]

approximations: Prusa used the separation between the water-discharge and advection time scales to justify the 

quasi-steady flow approximation . The OpenMDAO/Dymos water rocket example explicitly assumes that 

the pressure produced by the water column under 𝑔 + 𝑎 is small compared with the gas pressure . For 

approximately vertical motion, 𝑎  is the upward acceleration of the rocket, and the effective downward 

[1]

[6]
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acceleration in the rocket-fixed frame is 𝑔 + 𝑎. Neglecting this head requires 𝜌(𝑔 + 𝑎)ℎ to be sufficiently 

small compared with the driving pressure difference over the time interval considered, where ℎ is the liquid-

column height. Gommes coupled the motion of the rocket and the liquid and showed that the contribution of 

apparent gravity caused by rocket acceleration can be of the same order as that of the pressure difference .  [3]

2.3 The Gas Liquid Interface and Outlet Flow -

The VOF method uses volume fractions to represent the regions occupied by different fluids and is a 

common method for calculating two-phase flows with free surfaces. Its basic ideas were systematically 

presented by Hirt and Nichols . The CICSAM method proposed by Ubbink and Issa maintains a sharp gas

liquid interface during volume-fraction transport  and corresponds to the volume-fraction discretization 

scheme actually used in this paper. VOF resolves interface motion and air entry into the outlet, which are 

-[7]

[8]

omitted from models based only on mean pressure and velocity. In addition, the SST k 𝜔 turbulence model 

used in this paper was proposed by Menter to describe turbulent effects in near-wall regions and external flows 

. 

-

[9]

Previous water rocket studies have also found that gas may already have entered the nozzle while a small 

amount of liquid remains inside the bottle . This means that water remaining inside the bottle does not 

imply that only water is still leaving the nozzle. Once gas liquid mixing begins, the relationship used to 

calculate mass flow rate from a fixed water density and a single mean velocity may change. We therefore use 

the interface evolution to identify when the pure-liquid formulas cease to apply. 

-

[10]

Note that discharge experiments with a stationary bottle will, themselves, directly demonstrate that air can 

reach the nozzle before the water is all discharged. Early air discharge and deformation of the water surface 

were observed by Watanabe et al., using a thrust stand and high-speed photography . In an experiment with 

the bottle suspended from a load cell, Yonemoto et al. observed an air column extending from the water surface 

into the nozzle, while water continued to flow around it . This is key to these observations as it proves that 

air is vented prior to the complete removal of water under fixed-container operations. In flight, Tomita et al. 

found the oscillation of the water surface in a funnel shape . In this paper, none of the literature surveyed 

confirmed the report of air being exhausted prior to complete expulsion of the water during actual flight. Thus 

[10]

[11]

[12]

any difference in body acceleration should be taken into account when discussing observations made with fixed 

bottles and observations made with flying rockets. 

2.4 Limits of the Observational Evidence 

Marranghello et al. demonstrated methods for analyzing the propulsion phase of water rockets using sensors 

and video . The IMU axes may not align with the rocket’s longitudinal axis. The magnitude of the three-[13]

axis acceleration therefore cannot simply be treated as the axial propulsion acceleration. When comparing 

experiment and CFD, the positive direction, treatment of gravity, and time origin must also be made consistent. 

Accordingly, the experimental part of this study specifically includes sensor bias calibration and extraction of 

the axial direction. 

Note that also flight measurements and measurements of the internal flow need to be distinguished. Even 

onboard sensors and video measurements by Marranghello et al. and Yang, and Houston  were able to [13, 14]

measure the movement of the rocket, however, the velocity of the discharge with respect to the nozzle and the 

mass flow rate cannot be uniquely determined. Quantifying flow amounts from thrust or acceleration would 

involve extra assumptions, on the pressure, remaining mass and outlet phase distribution. Huang et al. was able 

to present high-speed imaging of the nozzle discharge and make comparisons between the calculated thrust, 

pressure and nozzle velocity versus the experimental and CFD results . But the measurement technique 

discussed is still not adequate to provide nozzle-relative velocity, as well as mass flow rate, simultaneously and 

[15]

independently during flight. As a collection, such studies offer some flow visualization and kinematic 

measurements, but still there is a lack in the description of the coupled evolution of the internal interface and 

outlet flow in free flight. Hence it is important to investigate the effect of acceleration feedback on the water-

discharge process, and circumstances under which the simplified relations and their fitted corrections hold true. 

3
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2.5 Two-Stage Studies and the Position of This Work 

Chang and Weng have discussed the flight dynamics of two-stage water rockets . This study also uses a 

two-stage water rocket as an experimental platform. However, the most complete CFD data currently available 

concern gas liquid flow inside the first stage, and the internal pressure at the start of second-stage discharge 

cannot be obtained accurately. This paper therefore focuses on first-stage propulsion. 

-

[16]

2.6 Research Gap and Approach of This Study 

Previous studies have examined conventional theory, gas expansion, VOF simulation, and flight 

measurements. This study compares flight data, CFD results, and conventional formulas through the pressure

velocity mass flow rate thrust acceleration sequence to identify where prediction errors arise. 

-
- - -

Accordingly, this study does not aim to fit the final acceleration curve with a large number of parameters. 

Instead, it makes stepwise comparisons following the physical process: first the relationship between air 

volume and pressure, then pressure difference and outlet velocity, then velocity and mass flow rate, and finally 

how these flow quantities produce thrust and acceleration. Each correction is evaluated within its applicable 

phase, and applications beyond that phase are tested separately; where the data do not distinguish between 

possible mechanisms, the uncertainty is stated. 

3 Experimental Measurements and Data Processing 

3.1 Overall Research Framework 

The study combines flight measurements, numerical simulation and formula evaluation. Onboard sensors are 

used to measure rocket acceleration, angular velocity and air pressure. Independent video trials are used to 

obtain position histories from which axial acceleration is calculated for comparison with the sensor record. 

Fluent helps to provide the bottle pressure field, velocity field, gas liquid interface and outlet mass flow rate. 

Following that, those CFD results are applied in testing the old (conventional) relationship between pressure, 

velocity, mass flow rate, thrust, and acceleration. 

-

Figure 3-1. Water rocket experimental platform and sensor payload 

The platform for the experiment is a two-stage water rocket. The in-house compact logging system is based 

on the ESP32 microcontroller and uses an independent power supply and local data storage to record the entire 

flight. The MPU6050 contains 3 axis acceleration and 3 axis angular velocity sensor, the BMP388 is ambient 

pressure and temperature sensor, and the MicroSD card stores the complete time series. ESP32 is responsible 

for initialization of the sensors, as well as timed sampling, data calibration, buffer management and data writing. 

Materials are listed in Appendix A. 

3.2 Experimental Platform and Sensor System 

3.2.1 Water Rocket Experimental Platform 

The water rocket experimental platform is principally composed of four components: these are the launch 

base, the first stage, the second stage and parachute for nose-cone. For the first stage, you have two beverage 
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bottles (that have a nominal volume of 1.25 L) and for the second stage, you have one beverage bottle (with a 

nominal volume of 1.25 L). The first and second stages are coupled with a pressure triggered separation. The 

initial water volumes were 625 mL in the first stage and 400 mL in the second stage under the experimental 

conditions. The experimental records span the entire flight of both stages, and later stages of the CFD analysis 

are mostly related to the water discharge for the first stage of flight. 

Figure 3-2. Launch base 

The launch base holds the rocket before launch and is excluded from the flight model. 

The dimensions, water volumes, and masses of both stages are inputs to the theoretical calculations and CFD 

setup. Table 3-1 gives their measured masses. 

The nose cone has a parachute to minimize the impact upon landing. However, it did not provide the 

intended landing protection in the test flights. 

Table 3-1. Main mass parameters of the water rocket experimental platform 

Item Mass / kg Description 

Launch base 0.5436 Experimental platform; excluded from flight mass 

First-stage dry mass 0.2800 Dry structural mass of the first stage 

Second-stage dry mass 0.1123 Dry structural mass of the second stage 

First-stage wet mass 0.9050 First-stage dry structural mass plus water mass 

Second-stage wet mass 0.5123 Second-stage dry structural mass plus water mass and separator 

3.2.2 Sensor Assembly and Hardware Reliability 

Figure 3-3. Final sensor assembly 

After integrating the hardware into the rocket, power-supply, wiring and vibrations issues were discovered: 

these issues were resolved through hardware changes. An 18650 Lithium battery is used for independent power 

5
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supply, with the ESP32 to power each module in the final system. Both the MPU6050 and BMP388 utilize the 

I2C bus, and the MicroSD card is accessed via a specially created SPI bus. This reduces interference between 

sensor communication and the slower storage process. 

The original one was primarily constructed of Dupont jumper wires and pin headers. This was normal 

during static bench tests, but after rocket installation, the ESP32 reset, or an intermittent loss of sensor contact 

and/or in-flight recording files occurred because of shaking and/or impact forces. To overcome this, critical 

power wires and some data wires were subsequently soldered, and mechanical restraints and cushioning 

materials added to minimise relative movement of wires to the vibration. These changes have resulted in 

uninterrupted power and continuous data recording during flight testing. 

Figure 3-4. Reinforcing sensor connections by soldering 

3.2.3 Data Acquisition Program and Storage Design 

The sensor system software was developed using the Arduino IDE, and then transferred to the ESP32. On 

start-up, the program initialises the devices, self-checks, checks for sensor connection, creates files on MicroSD 

and warms up then calibrates, prior to starting formal data recording. Sampling is scheduled at predetermined 

times to reduce cumulative timing drift caused by program execution. 

Figure 3-5. Uploading the program to the ESP32 development board through Type-C 

In the first program, each sensor read was followed immediately by an SD-card write. A write could block 

execution for tens of milliseconds, delaying the next sample at the 20 ms sampling interval and potentially 

causing data loss. The final program separates sampling from writing: one task samples at 50 Hz and queues 

the records in memory, while another FreeRTOS task writes them to the SD card in batches. The queue absorbs 

short writing delays. 

3.2.4 Warm-Up, Calibration, and Runtime Diagnostics 

Another problem was MPU6050 bias and startup drift. The acceleration and angular velocity readings 

drifted even when the sensor was stationary. Early in the study, a fixed set of zero offsets was estimated from a 

long static test. Differences were later found between power-up sequences in different environments, however, 

so each experiment was calibrated separately in the final procedure. The system first warmed up for 

6

20
26
 S
. -
T. 
Ya
u 
Hi
gh
 S
ch
oo
l S
cie
nc
e 
Aw
ar
d 

仅
用
于
20
26
丘
成
桐
中
学
科
学
奖
论
文
公
示
 



approximately 60 s after startup, after which the rocket was kept stationary for approximately 20 s. The average 

of the data over this interval was taken as the zero reference for that experiment. 

Here, 𝑖 denotes the sensor axis and 𝑎‾𝑖 is its mean acceleration over the stationary calibration interval. The same 

mean-subtraction procedure is applied to each angular velocity component. The acceleration used in post-

processing is therefore the change relative to the stationary baseline before launch in that experiment, rather 

than the unprocessed raw sensor output. 

Early test flights also included cases in which the power-on checks were normal but an anomaly suddenly 

appeared during flight. From the final acceleration curve alone, it was difficult to determine whether the 

anomaly arose from actual motion or from the recording system. The final program therefore also saves 

diagnostic variables including time_us, dt_us, dropped, and queue_depth. Here, time_us establishes a common 

time axis, dt_us checks the actual sampling interval, dropped records the number of records that could not enter 

the queue, and queue_depth indicates whether SD writing is causing a buffer backlog. These variables allow 

recording performance to be checked after the experiment. 

Table 3-2. Main settings of the final data acquisition program; the complete program is provided in the appendix 

Item Final setting Description 

MPU6050 sampling frequency 50 Hz 
Records three-axis acceleration and angular 

velocity 

BMP388 sampling frequency Target: 50 Hz 
Target pressure and temperature update frequency; 

actual effective updates depend on sensor 

conversion time 

Data logging frequency Approximately 50 Hz Each record carries a common timestamp 

MPU6050 acceleration range ±16 g -- 

MPU6050 angular velocity 

range 
±500 ∘/s -- 

MPU6050 bandwidth Approximately 44 Hz Digital filter setting in the program 

I2C interface SDA GPIO21; SCL GPIO22 Shared by MPU6050 and BMP388 

SD memory buffer Approximately 8 KB Reduces the effects of frequent card writes 

Data queue length Approximately 1600 records Absorbs short delays in card writing 

Batch writing 
Approximately 100 

records/batch 
Reduces the number of SD write calls 

Forced flush interval Approximately 5 s 
Prevents frequent flush operations from blocking 

the main sampling task 

Startup warm-up time Approximately 60 s Reduces drift immediately after power-on 

Static calibration time Approximately 20 s 
Calculates the zero reference for the current 

experiment 

Total startup preparation time Approximately 80 s Sum of warm-up and calibration 

MicroSD communication SPI Separate from the I2C sensor bus 

SD pins 
CS 5; SCK 18; MISO 19; 

MOSI 23 
Final ESP32 wiring 

Diagnostic variables 
time_us, dt_us, dropped, 

queue_depth 
Check the time axis, dropped records, and buffer 

status 

3.3 Flight Tests 

Flight testing was done in an open field. Before each test, the rocket body, interstage structure, and sensor 

payload were assembled, and the water volumes were then set to the specified values. The sensors were 
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warmed up for ~60 s and proceeded with ~20 s stationary recording for bias calibration. Then the rocket was 

fired at the same conditions as recorded during the test and the full flight was recorded. The initial water 

volumes were 625 mL in the first stage and 400 mL in the second stage. 

The initial amount of water, initial pressure, masses of the individual stages and sensor data files are also 

stored in the experimental records to aid in the comparing of experimental measurements, CFD running results 

and theoretical calculations. 

Two additional launch records were analysed in Tracker. These launches used the same initial pressure, 

water mass, rocket configuration, and total mass as the sensor experiment. 

We tested for whether or not the ESP32 continued to work after each flight, and for the ability to read all the 

information in the CSV file from the MicroSD card. Data were only accepted for analysis if the file was 

readable, time series were not discontinuous, and if there were not any apparent recording faults in the 

diagnostic variables. 

Figure 3-6. Key frames from the flight experiment 

The flight videos are listed in Appendix C. 

3.4 Sensor Data Post-Processing 

The total recording was about 160 s of which only a portion was taken up by flight. The flight interval was 

chosen based on the examination of propulsion and separation based on the acceleration and angular velocity 

and the video record. 

The final CSV essentially is time_us, dt_us, ax, ay, az, gx, gy, gz, temp, pressure, altitude, dropped, and 

queue_depth. In this case, time_us is the timestamp, dt_us is the actual time interval between samples. The 

fields ax, ay, and az contain the calibrated three-axis acceleration, and gx, gy, and gz contain the three-axis 

angular velocity; the other fields record air pressure, temperature, relative altitude, and acquisition-system 

status. These time fields provide a means of explicitly checking to see if the actual sampling frequency is near 

the programmed 50 Hz. 

The calibrated acceleration is projected onto the rocket's longitudinal axis. With limited space within the 

rocket to install the sensor, the x, y, and z axes didn't perfectly coincide with the longitudinal axis of the rocket. 

It would thus not be possible to use the acceleration along one sensor axis or the magnitude of the three-axis 

acceleration directly. The components of gravitational acceleration along the three sensor axes will be available 

on a vertical and stationary rocket and the direction of the longitudinal axis of the rocket will be known in the 

IMU coordinate system. 

Here, 𝒂′ contains the calibrated sensor components from Eq. (3-1), and 𝑎∥,exp is their projection onto the rocket 

axis in the sensor coordinate system. This projection avoids directly treating lateral vibration or sensor 

mounting-angle errors as acceleration in the propulsion direction. 

8
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The complete post-processing code is provided in Appendix D. 

3.5 Experimental Data and Recording Stability 

We check the flight records for stability and recording faults before selecting data for comparison with CFD 

and theory. The complete raw data are provided in Appendix E. 

3.5.1 Acceleration and Angular Velocity 
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Figure 3-7. Three-axis acceleration records after subtraction of the stationary baseline 

The behavior of all three axes during the main flight interval demonstrates unambiguous behavior, with the 

changes being the greatest along the axis that is closest to the rocket's longitudinal axis. There are two time 

periods where two main propulsion phases are discernable. Because the sensor axes are not aligned with the 

rocket axis, the measurements must be projected as described in Section 3.4 before comparison. The curves 

show changes relative to the stationary pre-launch acceleration baseline. 
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Figure 3-8. Three-axis angular velocity data 
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As the rocket flies, it is spinning as shown in the angular velocity records. The x, y, and z components of 

angular velocity all exhibit significant changes in the vicinity of propulsion and separation, and a certain 

amount of rotation can be noted thereafter. However, this study does not use the gyroscope data to reconstruct 

the complete three-dimensional attitude. Angular velocity is instead used primarily as ancillary information to 

help identify flight states and to discuss the one dimensional modelling limitations. 

3.5.2 Limitations of the BMP388 Pressure and Altitude Data 
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Figure 3-9. Pressure data 
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Figure 3-10. Altitude data 
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The BMP388 was designed to measure the relative altitude change through atmospheric pressure change. 

The recorded pressure, though, increases during both periods of main propulsion, leading to quick drops in 

altitude, followed by quick rises, which are not observed during flight. Therefore, the readings cannot be 

considered as the ambient static pressure while in propulsion. The sensor may be subject to flow around the 

rocket, local dynamic pressure and attitude changes. Even when the ambient static pressure changes little, local 

flow can alter the sensor reading, with a dynamic-pressure contribution of order 𝜌air𝑣2/2. These records are 

thus saved for the sensor installation diagnosis but are not used to calculate the altitude in the propulsion phase. 

3.5.3 Sampling Stability and Data Integrity 
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Figure 3-11. Actual sampling interval 
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Figure 3-12. Number of dropped records 

During flight, d𝑡_𝑢𝑠 corresponds to a sampling interval of approximately 20 ms, consistent with 50 Hz. The 

dropped counter remains zero, indicating no records were lost because the queue overflowed. The 

asynchronous buffer therefore maintained continuous recording during this flight. 
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3.5.4 Rocket Longitudinal Acceleration 
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Figure 3-13. Extracted rocket longitudinal acceleration, 𝑎∥,exp, retaining the sensor-axis sign convention 

Projecting the three-axis data onto the direction vector in Section 3.4 gives a rocket longitudinal acceleration 

more suitable for comparison with the one-dimensional theoretical model. Compared with using an arbitrary 

single sensor axis, this processing reduces the influence of the sensor mounting angle on the result. The curve 

contains identifiable features associated with first-stage propulsion, interstage separation, and subsequent 

changes in flight state. 

The sensor sampling period is approximately 20 ms, whereas the CFD time step is much smaller. The sensor 

data therefore cannot validate the very brief, high-frequency spikes in CFD point by point. The comparison 

focuses on propulsion duration and the overall acceleration trend. 

3.6 Fixed-Camera Video Analysis 

Two launches were filmed from a fixed camera position. Yellow tape attached to the rocket provided a 

visible marker for tracking. The marker positions were processed in Tracker and converted from image 

coordinates to physical coordinates. Figure 3-14 shows the tracked positions overlaid on a video frame. The 

frame interval is Δ𝑡 = 1/60 s, or approximately 16.7 ms, for both videos. The two records contain 19 and 21 

position samples, respectively. 

Figure 3-14. Tracked rocket positions overlaid on a video frame. Cyan markers show the positions selected in successive 

frames. 
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The acceleration components are calculated using Tracker’s finite-difference method. For either coordinate 

𝑟 = 𝑥 or 𝑦, 

Here, 𝑖 denotes the central frame. Each estimate spans four frame intervals, approximately 66.7 ms. The fitted 

rocket-axis angle stored in each project is then used to calculate 𝑎∥,tr = 𝑎𝑥sin𝜃 + 𝑎𝑦cos𝜃, where 𝜃  is the 

signed angle from the positive vertical image axis toward the positive horizontal axis. Positive axial 

acceleration is directed toward the rocket nose. 

The time axes are aligned approximately. The launches were recorded independently, and the launch instant 

cannot be synchronized precisely with the video frames or the sensor samples. Differences between the video 

frame interval and the sensor sampling interval further limit alignment. The processed Tracker projects place 

𝑡 = 0 at frames 10 and 27, respectively. The comparison therefore emphasizes the overall rise, decay, and end 

of first-stage acceleration. 

Figure 6-1 presents the selected first-stage records. Two sensor points at 0.1100 and 0.1300 s are omitted 

from the comparison plot. The near-zero value and the following unusually high value were judged physically 

implausible for this part of the flight: neither is supported by the other experimental records or by order-of-

magnitude estimates. The supplier also indicated to the authors that an abnormally high reading may follow a 

zero reading. The complete records are retained in Appendix E. 

4 Numerical Model and Computational Methods 

4.1 Objectives of the Numerical Simulation and Model Simplifications 

Experiments measure the acceleration and angular velocity of the entire rocket, and the ambient air pressure. 

During the few hundred millisecond water discharge, however, it is challenging to directly measure the 

pressure distribution inside the bottle, the motion of the gas liquid interface, the fluid velocity at the nozzle 

outlet and the instantaneous mass flow rate. In this study, transient numerical simulation of gas liquid flow 

inside the first stage is thus carried out using ANSYS Fluent 2026 R1 Student. The simulation resolves the 

internal flow that was not measured in the flight tests and provides pressure, velocity, and mass flow rate 

histories for testing the conventional formulas. 

-
-

The numerical investigation begins at the moment of start of first-stage water discharge and runs until the 

main gas liquid flow has significantly reduced. The approximately axisymmetric bottle and nozzle geometry 

allows a two-dimensional axisymmetric model, reducing computational cost. Besides the bottle interior, a 

region of air is kept outside the nozzle and the jet continues to develop upon exiting the nozzle. 

-

The numerical model uses the following assumptions. The bottle walls are assumed to be rigid (no elastic 

deformation under pressure), water is assumed to have a constant density, air is assumed to be an ideal gas, 

surface tension is not turned on and the gas liquid interface is tracked by using VOF. The emphasis is on the 

general water-discharge process which is dominated by pressure, inertia and mass outflow. We use this model 

to test the pressure velocity and velocity mass flow rate relations in each discharge phase. 

-

- -

4.2 Geometry and Computational Domain 

The first stage consists of two connected bottles, each with a nominal volume of 1.25 L. The total internal 

volume of the computational model is 2.7686 L. As shown in the model, this volume includes the connecting 

section between the two bottles and the bottle-neck volumes, which are not included in the nominal 1.25 L 

capacity of each bottle. Its axial profile was first traced from photographs and measured dimensions of the 

actual bottles, and a two-dimensional axisymmetric computational domain was then constructed. The initial 

first-stage water volume in the experiment was 625 mL, so the same liquid-water volume was specified during 

numerical initialization, with air occupying the rest of the bottle. The first-stage axis is taken as the x direction, 

and the jet leaves the nozzle in the positive x direction. 
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𝑎𝑟,𝑖 =
2𝑟𝑖+2 − 𝑟𝑖+1 − 2𝑟𝑖 − 𝑟𝑖−1 + 2𝑟𝑖−2

7Δ𝑡2
. (3-2) 
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The geometric model retains the connection between the two bottles, the contracting shoulder region, and 

the nozzle, and also includes an external air region outside the nozzle. This brings pressure release inside the 

bottle, acceleration through the nozzle, and the short-distance development of the emerging jet into a single 

calculation. 

Figure 4-1. First-stage geometry modeling process 

Figure 4-2. Final two-dimensional axisymmetric computational model of the first stage 

Table 4-1. Main geometric parameters 

Parameter Value Source 

Total first-stage internal volume 2.7686 L Full internal model geometry 

Initial water volume 0.625 L Experimental conditions 

Initial air volume 2.1436 L Difference between the two volumes 

Nozzle diameter 24 mm Measurement 

Maximum bottle diameter 88 mm Measurement 

Total first-stage length 600 mm Measurement 

4.3 Mesh Generation 

An unstructured mesh is used for the computational domain. The largest velocity gradients occur near the 

contracting bottle shoulder, the nozzle, and the jet, where the gas liquid interface also moves rapidly. These 

regions are therefore locally refined. Larger cells are used in the bottle interior away from the nozzle and in the 

external far field to balance accuracy and computational cost. 

-

Figure 4-3. Overall computational mesh 
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Figure 4-4. Locally refined mesh near the nozzle 

Table 4-2. Basic mesh parameters and quality metrics 

Item Value 

Total number of cells 12699 

Total number of nodes 12850 

Mesh size inside the bottle 3 mm 

External mesh size 10 mm 

Mesh size near the nozzle 0.2 mm 

Maximum Skewness 0.84607 

Mean Skewness 0.16723 

Minimum Orthogonal Quality 0.24912 

Mean Orthogonal Quality 0.94551 

4.4 Physical Models and Governing Equations 

This study uses Fluent’s transient pressure-based solver. Since air and water coexist inside the bottle and 

their interface moves throughout water discharge, the VOF (Volume of Fluid) method is used to describe the 

gas liquid two-phase flow. Only the basic equations directly relevant to the analysis in this paper are listed 

below. 

-

4.4.1 Mass Conservation 

The fluid satisfies mass conservation in the computational domain. For transient flow, this can be written as: 

4.4.2 Momentum Conservation 

The velocity field is obtained by solving the transient Navier Stokes momentum equation, which can be 

written as: 

-

15

∂𝜌

∂𝑡
 +  ∇ ⋅ (𝜌𝒖) =  0 (4-1) 

∂(𝜌𝒖)

∂𝑡
+ ∇ ⋅ (𝜌𝒖 ⊗ 𝒖) = −∇𝑝 + ∇ ⋅ 𝜏 + 𝜌𝑏𝒆𝑥 (4-2) 
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Here, 𝒖 is the local velocity vector, 𝜏 is the stress tensor, and 𝒆𝑥  points toward the nozzle. The body-force 

acceleration component is 𝑏 = 𝑔 in Case A and 𝑏 = 𝑔 + 𝑎 in Case B, as defined in Section 4.8; both cases 

retain the unsteady term in the flow equation. 

4.4.3 The Gas Liquid Interface in VOF -

The VOF method represents the proportions of water and air in each computational cell using volume 

fractions. The water and air volume fractions, 𝛼𝑤 and 𝛼𝑎, satisfy 𝛼𝑤 + 𝛼𝑎 = 1. 

Here, 𝛼𝑤  = 1 indicates pure water, 𝛼𝑤  = 0 indicates pure air, and cells with 0 < 𝛼𝑤  < 1 lie near the 

numerical gas liquid interface. The water volume fraction is transported with the flow: -

In mixed VOF cells, density is weighted by the volume fractions of the two phases: 

4.4.4 Air Compressibility and the Energy Equation 

Water is modeled with a constant density of 998.2 kg/m3. Air is set to Ideal Gas, allowing its density to vary 

with absolute pressure and temperature: 

The Energy Equation is also enabled to describe temperature changes during compressed-air expansion. 

4.4.5 Turbulence Model 

Large velocity gradients occur near the nozzle, so the SST k 𝜔 turbulence model is used . The model 

accounts for turbulent stresses near the nozzle and in the external jet. 

- [9]

Table 4-3. Main physical models and material settings 

Item Setting 

Solution type Transient 

Solver Pressure-Based 

Spatial formulation 2D Axisymmetric 

Multiphase model VOF 

Primary phase Air 

Secondary phase Water 

Turbulence model SST k 𝜔 

Water density 998.2 kg/m3 

Air density Ideal Gas 

Surface tension Not enabled 

Gravity 9.81 m/s2, in the +x direction 

Energy Equation Enabled 

-

4.5 Initial and Boundary Conditions 

At the initial time, water and air inside the bottle are specified according to the actual experimental 

conditions. The initial first-stage water volume is 625 mL, and the corresponding region is assigned a water 

volume fraction of 𝛼𝑤 = 1 using Patch. The remaining bottle interior and external computational region are 

initialized as air, with 𝛼𝑤 = 0. The external region is initially at ambient pressure. 

Fluent represents absolute pressure as the sum of operating pressure and gauge pressure, 𝑝abs = 𝑝op +

𝑝gauge. The initial pressure values are listed in Table 4-4. 
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∂𝛼𝑤

∂𝑡
 +  ∇ ⋅ (𝛼𝑤 𝒖) =  0 (4-3) 

𝜌 =  𝛼𝑤𝜌𝑤  +  (1 − 𝛼𝑤)𝜌𝑎 (4-4) 

𝜌𝑎  =
𝑝abs

𝑅𝑇
 (4-5) 
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The gauge pressure at the external Pressure Outlet is set to 0 Pa, corresponding to an ambient absolute 

pressure of approximately 1 atm. Distinguishing gauge pressure from absolute pressure is important because air 

is modeled as an Ideal Gas and its density is calculated using absolute pressure. 

Table 4-4. Initial and boundary conditions 

Region/parameter Fluent setting Value 

Operating Pressure Operating Pressure 101325 Pa 

Initial air pressure inside the bottle Gauge Pressure 65861.25 Pa 

Corresponding absolute pressure Calculated 167186.25 Pa 

Initial water volume Volume Fraction Patch 625 mL 

External boundary Pressure Outlet Gauge pressure: 0 Pa 

Bottle wall Wall No-slip 

Axis of symmetry Axis  

Initial temperature Initialization 300 K 

Gravity Enabled 9.81 m/s2, +x direction 

-

Figure 4-5. Initial air volume fraction distribution 

Figure 4-6. Initial static pressure distribution 

4.6 Solution Methods and Computational Settings 

The numerical solution settings, including CICSAM  for volume-fraction discretization, are listed in 

Table 4-5. 

[8]
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Table 4-5. Numerical solution settings 

Item Setting 

Pressure-Velocity Coupling PISO 

Gradient Least Squares Cell Based 

Pressure PRESTO! 

Volume Fraction CICSAM 

Momentum Second Order Upwind 

Turbulent Kinetic Energy Second Order Upwind 

Specific Dissipation Rate Second Order Upwind 

Energy Second Order Upwind 

Transient Formulation First Order Implicit 

Maximum iterations per time step 30 

4.7 Time Step, Convergence, and Numerical Reliability 

In the very short interval after water discharge begins, the liquid inside the bottle rapidly develops flow from 

rest, and the pressure, nozzle velocity, and gas liquid interface position change most intensely. To improve the 

temporal resolution of this startup interval (200 time steps), an initial time step of approximately 1 𝜇s is used. 

After the first 200 steps, the time step is increased to approximately 10 𝜇s to reduce computational cost. 

-

Within each time step, both equation residuals and key monitored quantities are checked. Residuals below 

approximately 1×10-7, except for continuity, are used as the main convergence reference. The pressure inside 

the bottle, outlet mass flow rate, and other quantities are also examined for appreciable drift during the 

iterations within the same time step. The calculation advances to the next time step only after both have 

stabilized. 

4.8 Simulation Case Settings 

The two separate transient VOF simulations are designed to separate deviations in the simplified flow 

relations from rocket-acceleration feedback effects. Case A is the baseline simulation without this feedback. 

The second simulation (Case B) takes into account rocket-acceleration feedback. In the above additional case, 

the body-force acting on the fluid is not constant but during the solution the body-force is changed and there is 

another calculation of the evolution of pressure, velocity, mass flow rate and the gas liquid interface. -

In Case A, the gravitational acceleration acting on the flow is 𝑔 = 9.81 m/s2 in the positive x-direction. 

The computed acceleration of the rocket is not part of the flow solution. Case A supplies the reference data for 

formula comparisons, discharge analysis, and correction fitting; the simplified formulas and this reference CFD 

case both assume that rocket-acceleration feedback is absent. 

Case B uses a non-inertial frame attached to the rocket and represents its axial acceleration through an 

effective gravity on the fixed mesh. Taking the nozzle direction as positive x, let 𝑎(𝑡) denote the upward 

kinematic acceleration of the rocket, with upward acceleration taken as positive. The inertial body force per 

unit volume is −𝜌𝒂𝑏 , in which 𝒂𝑏  is the rocket's acceleration vector. Then, the resultant body force and 

effective gravity are:  [3]

Here, 𝒆𝑥 is the unit vector in the nozzle direction. The acceleration 𝑎(𝑡) is the kinematic acceleration of the 

rocket after accounting for gravity. The time-dependent effective gravity is fed back into the flow solution. 

Both cases use the geometry and multiphase-flow model described above. Table 4-6 summarizes how each 

case is used. Case A is used to identify corrections under the baseline assumption, while the additional Case B 

is used to test the applicability of those corrections when rocket-acceleration feedback is included. 
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𝒂𝑏(𝑡) = −𝑎(𝑡)𝒆𝑥,

𝒇𝑏(𝑡) = 𝜌[𝑔𝒆𝑥 − 𝒂𝑏(𝑡)] = 𝜌[𝑔 + 𝑎(𝑡)]𝒆𝑥,
𝑔eff(𝑡) = 𝑔 + 𝑎(𝑡).

 (4-6) 
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Table 4-6. Simulation cases without and with rocket-acceleration feedback 

Simulation case 
Body-force setting in the flow 

solution 
Role in this study 

Case A
𝑔 = 9.81 m/s2; no rocket-

acceleration feedback 
Discharge analysis and identification of corrections 

under the baseline assumption 

Case B
𝑔

eff
(𝑡) = 𝑔 + 𝑎(𝑡); rocket 

acceleration fed back into the 

flow 

Comparison of feedback effects and testing of the 

applicability of the baseline corrections 

4.9 Data Monitoring and Definitions of Output Quantities 

Fluent saves pressure, water mass, mass flow rate, and mean outlet velocity as functions of time. Thrust and 

acceleration are calculated from these reports. Each quantity is then compared with the corresponding 

conventional formula. 

4.9.1 Mean Pressure Inside the Bottle and Remaining Water Mass 

The pressure condition inside the bottle is represented by the pressure report 𝑃𝑟(𝑡) and it is the mean static 

pressure within the report region. This amount is noted as the "gauge pressure. The outputs 𝑃𝑟(𝑡) is among the 

primary ones which will be used later on while testing the air-expansion relation and the pressure-difference

velocity relation. 

-

The amount of the water mass in the bottle is represented by 𝑚𝑤,𝑟(𝑡). The obtained by integrating the water 

volume fraction over the interior of the bottle is: 

This quantity directly reflects changes in the amount of water remaining during discharge and can also be 

compared with the time integral of mass flow rate to check conservation. 

4.9.2 Outlet Mass Flow Rate and Mean Velocity 

A report surface is defined at the nozzle cross-section to record the mass flow rate 𝑞𝑟(𝑡) through it. The 

mass flow rate can be written as: 

In Fluent, the mass flow rate sign is relative to the direction of the normal to the report surface. Outflow 

from the bottle is taken as positive in all plots and formulas. 

(4-9) 

4.9.3 Physical Meaning of Thrust 

For an ideal one-dimensional jet, a common expression for thrust is: 

In this case, 𝑃gauge = 𝑝𝑒 − 𝑝𝑎 is the nozzle outlet gauge pressure for which 𝑝𝑒 is the nozzle outlet absolute 

pressure and 𝑝𝑎 is the ambient absolute pressure. The first one is due to the momentum of the fluid discharged 

and the second due to the difference between nozzle exit pressure and ambient pressure. 

The force relation in terms of mass flow rate at the outlet 𝑞𝑟, velocity at the outlet 𝑢𝑟 and gauge pressure at 

the nozzle-exit 𝑃gauge is: 

19

The area-weighted mean axial velocity at the nozzle outlet is denoted by u (t) and is compared with the velocity
predicted by the Bernoulli formula.

𝑚𝑤,𝑟(𝑡)  =  ∫  𝛼𝑤 𝜌𝑤 d𝑉
Ω

 (4-7) 

𝑞𝑟(𝑡) = ∫ 𝜌
𝐴𝑒

(𝒖 ⋅ 𝒏) d𝐴 (4-8) 

𝐹𝑇  ≈  𝑚̇𝑢𝑒  +  𝑃gauge𝐴𝑒 (4-10) 

𝐹𝑟(𝑡) = |𝑞𝑟(𝑡)𝑢𝑟(𝑡)| + 𝐴 𝑃gauge(𝑡). (4-11) 

r

𝑒

𝑢𝑟(𝑡) =
∑ 𝑢𝑥,𝑓𝐴𝑓𝑓

∑ 𝐴𝑓𝑓
=

1

𝐴𝑒
∫ 𝑢𝑥 d𝐴.

𝐴𝑒
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Here, 𝐴 = 0.00045239 m2 is the area used in the report expression. 

4.9.4 Derived Acceleration 

For Case A, the acceleration report before gravity subtraction is obtained by dividing 𝐹𝑟(𝑡)  by the 

instantaneous total mass: 

Here, 𝑚fixed represents the structural and payload mass that does not change as water leaves during first-stage 

discharge (first-stage dry mass + second-stage wet mass + sensor mass, 𝑚fixed = 0.8205 kg), and 𝑚𝑤,𝑟(𝑡) is 

the remaining water mass obtained from CFD. Equation (4-12) gives the Case A report before gravity 

subtraction. With 𝑀𝑟 = 𝑚fixed + 𝑚𝑤,𝑟, the original Case B report already equals 𝐹𝑟/𝑀𝑟 − 𝑔. The experimental 

comparison and Section 8 use the kinematic acceleration 𝑎kin,𝑟 = 𝐹𝑟/𝑀𝑟 − 𝑔 in both cases. 

4.10 Grid Independence Assessment 

Grid sensitivity of the simulation is assessed using coarse, medium, and fine meshes containing 10,897, 

12,699, and 14,215 cells, respectively. The geometry, boundary conditions, multiphase-flow model, rocket-

acceleration feedback, and report definitions are retained across the three simulations. Figure 4-7 shows the 

computational meshes and nozzle details, and Table 4-7 gives the actual cell counts. For the fixed two-

dimensional domain, the effective grid spacing scales as ℎ ∝ 𝑁−1/2, where 𝑁 is the cell count. 

Table 4-7. Meshes used in the grid sensitivity assessment 

Grid Cell count 𝑁 
Change from 

medium 
ℎ/ℎ𝑀 

Coarse (C) 10,897 −14.19% 1.0795 

Medium (M) 12,699 0% 1.0000 

Fine (F) 14,215 +11.94% 0.94517 
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Figure 4-7. Coarse, medium, and fine meshes. The red rectangles mark the nozzle regions enlarged in the right-hand 

panels. All meshes are shown at the same physical scale. 
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𝑎𝑟(𝑡) =
𝐹𝑟(𝑡)

𝑚fixed  +  𝑚𝑤,𝑟(𝑡)
 (4-12) 
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The comparison uses the first 500 time steps of each simulation: 200 steps of 1 𝜇s, followed by 300 steps of 

10 𝜇s, covering 0 ≤ 𝑡 ≤ 𝑇 = 3.20 ms. The quantities compared are bottle gauge pressure 𝑃𝑟 , mean outlet 

velocity 𝑢𝑟 , outlet mass flow rate 𝑞𝑟 , cumulative discharged water Δ𝑚𝑤(𝑡) = 𝑚𝑤,𝑟(0) − 𝑚𝑤,𝑟(𝑡), derived 

thrust 𝐹𝑟, and kinematic acceleration 𝑎kin,𝑟. 

For a quantity 𝜙 , the time-weighted root-mean-square difference 𝐷𝜙
𝑖,𝑗

 and its normalized value 𝐸𝜙
𝑖,𝑗

 are 

defined as 

Here, 𝑗 denotes the finer mesh in each pair. The integrals are evaluated by the trapezoidal rule on the original 

time axis, so the two time-step sizes are weighted by their duration. 
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Figure 4-8. Comparison of the first 500 time steps on three meshes for Case B. The inset resolves the small pressure 

differences. The percentages give the medium fine normalized RMS differences defined by Eq. (4-13). -
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𝐷𝜙
𝑖,𝑗

= [
1

𝑇
∫ (

𝑇

0

𝜙𝑖(𝑡) − 𝜙𝑗(𝑡))2 d𝑡]

1/2

,

𝐸𝜙
𝑖,𝑗

=
𝐷𝜙

𝑖,𝑗

[
1
𝑇 ∫ 𝜙𝑗

2𝑇

0
(𝑡) d𝑡]

1/2
× 100%.

 (4-13) 
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The three meshes give closely overlapping time histories (Figure 4-8). The normalized RMS differences for 

all six quantities remain below 0.15% in both adjacent-grid comparisons (Table 4-8). At 𝑇 = 3.20 ms, the 

discharged water masses are 3.1548, 3.1527, and 3.1538 g on the coarse, medium, and fine meshes, 

respectively; the medium fine difference is 0.03488%. -

Table 4-8. Time-weighted differences over 0 3.20 ms. The RMSE column gives 𝐷𝜙
𝑀,𝐹

 in the unit listed for each quantity. 

Quantity (unit) 𝐸𝜙
𝐶,𝑀

 (%) 𝐸𝜙
𝑀,𝐹

 (%) RMSE (M F) 

Pressure 𝑃𝑟 (Pa) 0.06776 0.06957 44.34 

Velocity 𝑢𝑟 (m/s) 0.08975 0.05792 0.001448 

Mass flow rate 𝑞
𝑟
 (kg/s) 0.06269 0.03352 0.0003772 

Discharged water Δ𝑚𝑤 (g) 0.06743 0.03962 0.0005662 

Derived thrust 𝐹𝑟 (N) 0.07541 0.07093 0.02251 

Acceleration 𝑎kin,𝑟 (m/s2) 0.1423 0.1249 0.01493 

-

-

These results indicate that the simulation is insensitive to the grid changes examined. 

4.11 Time-Step and Iteration Sensitivity Assessment 

Two additional calculations on the mesh used in this study assess sensitivity to the time-step size and the 

maximum number of iterations per time step. The geometry, boundary conditions, physical models, rocket-

acceleration feedback, and report definitions are retained. One calculation increases the iteration limit from 30 

to 60 while retaining the original time steps. The other halves both time-step sizes while retaining the limit of 

30 iterations per step (Table 4-9). 

Table 4-9. Settings used in the time-step and iteration sensitivity assessment. All calculations cover 0 3.20 ms. 

Calculation Time step (𝜇s) 
Maximum 

iterations 
Time steps 

 0 0.20 ms 0.20 3.20 ms per time step  

Baseline 1 10 30 500 

Increased iteration limit 1 10 60 500 

Halved time step 0.5 5 30 1000 

-

- -

The baseline and increased-iteration calculations each contain 200 initial steps and 300 subsequent steps. 

The half-time-step calculation contains 400 initial steps and 600 subsequent steps, so all comparisons cover the 

same physical interval, 0 ≤ 𝑡 ≤ 𝑇 = 3.20 ms. The six quantities and time-weighted difference measures are 

the same as in Section 4.10 and Eq. (4-13). Here, the reference 𝑗 is the calculation with an iteration limit of 60 

per step or with halved time steps. For the time-step comparison, the baseline values are linearly interpolated to 

the finer time coordinates before trapezoidal integration. 

The three calculations give closely overlapping time histories at the scale of the full comparison interval 

(Figure 4-9), with only small local differences during the initial pressure rise. 

Table 4-10. Time-weighted differences over 0 3.20 ms. RMSE is given in the unit listed for each quantity; 𝐸𝜙 is the 

normalized RMS difference. 

Quantity (unit) 30 vs. 60 iterations Δ𝑡 vs. Δ𝑡/2 

 𝐸𝜙 (%) RMSE 𝐸𝜙 (%) RMSE 

Pressure 𝑃𝑟 (Pa) 0.06870 43.78 0.1279 81.51 

Velocity 𝑢𝑟 (m/s) 0.03737 0.0009342 0.1648 0.004112 

Mass flow rate 𝑞
𝑟
 (kg/s) 0.03656 0.0004115 0.1717 0.001933 

Discharged water Δ𝑚𝑤 (g) 0.04109 0.0005873 0.09869 0.001411 

Derived thrust 𝐹𝑟 (N) 0.06900 0.02190 0.1139 0.03615 

Acceleration 𝑎kin,𝑟 (m/s2) 0.1254 0.01499 0.2069 0.02473 

-
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Figure 4-9. Time-step and iteration sensitivity of Case B over 0 3.20 ms. The inset resolves the initial pressure rise over 

0 5 𝜇s. The labels give normalized RMS differences for the 30 60 iteration-limit comparison and the original halved 

time-step comparison. Iteration counts in the legend denote the maximum per time step. 

-
- - -

These comparisons indicate that the quantities are insensitive to the tested time-step sizes and iteration limits 

and support retaining the original time steps and a maximum of 30 iterations per time step. 

5 Conventional Formulas and Methods of Comparison 

The preceding experiments and simulations provide two types of information: the sensors record the motion 

of the rocket body, while CFD records changes in the internal fluid. We next use the CFD pressure, velocity, 

mass flow rate, and water mass to examine each step of the conventional formulas. We seek to identify which 

assumptions become inappropriate, when this happens, and which corrections can explain the original 

deviations. 

5.1 CFD Data and Notation 

The Case A CFD reports contain 23 678 time points over 0 0.23497 s. Outlet velocity is denoted by 𝑢 to 

avoid confusion with the flight velocity of the rocket body, and mass flow rate is denoted by 𝑞, in kg/s. 

-
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Table 5-1. Main symbols used in the following sections 

Meaning Unit 

Bottle-surface area-averaged gauge pressure report Pa 

Nozzle outlet gauge-pressure report from CFD Pa 

Absolute gas pressure and ambient absolute pressure in the formulas Pa 

CFD velocity and mass flow rate reports m/s, kg/s 

CFD water mass kg 

Gas volume and total internal bottle volume m3 

Nozzle area and bottle cross-sectional area used in Eq. (5-3) m2 

Liquid-water density kg/m3 

Prescribed liquid head and initial head, 𝐻0 = 0.155 m m 

Gravitational acceleration, 𝑔 = 9.81 m/s2 m/s2 

Derived force from the CFD reports N 

Case A acceleration report before gravity subtraction m/s2 

Experimental axial acceleration, with upward acceleration positive m/s2 

CFD kinematic acceleration, 𝐹𝑟/𝑀𝑟 − 𝑔 m/s2 

Calculated kinematic acceleration, 𝐹calc/𝑀𝑟 − 𝑔 m/s2 

Calculated bottle gauge pressure and driving gauge pressure supplied to the 

velocity relation 
Pa 

Total mass used in the comparisons, 𝑚fixed + 𝑚𝑤,𝑟 kg 

Body-force acceleration toward the nozzle: 𝑔 in Case A and 𝑔 + 𝑎 in Case 

B; 𝑏 = 𝑔eff in Case B 
m/s2 

m2 

The subscript 𝑟  identifies CFD report values, calc  calculated values, and exp  experimental values. The 

subscript kin identifies acceleration after gravity subtraction. The outlet pressure report is denoted by 𝑃gauge. 

5.2 Basic Assumptions and Calculation Relations of the Conventional Model 

The conventional formulas first assume that the space inside the bottle is occupied only by water and air. 

Each volume of water discharged produces an equal increase in air volume. Thus, once the remaining water 

mass is given, the gas volume is 

Assuming that no gas leaves the bottle and that its expansion is approximately adiabatic gives 

Here, 𝑃𝑔0 and 𝑉𝑔0 are the initial absolute gas pressure and gas volume. 

The second step converts the pressure difference and gravitational head into outlet velocity using the 

Bernoulli relation. The initial liquid head is 0.155 m and is assumed to decrease linearly with the remaining 

liquid volume; gravitational acceleration is 9.81 m/s2. The bottle-to-nozzle area correction from continuity is 

retained: 

24

𝑉𝑔 = 𝑉𝑏 −
𝑚𝑤

𝜌𝑙
. (5-1) 

𝑃𝑔 = 𝑃𝑔0(
𝑉𝑔0

𝑉𝑔
)𝛾  𝛾 = 1.4. (5-2) 

𝐻(𝑡) = 𝐻0

𝑉𝑤(𝑡)

𝑉𝑤(0)
= 0.155

𝑚𝑤,𝑟(𝑡)

𝑚𝑤,𝑟(0)
 m,   𝑔 = 9.81 m/s2,

𝛽
𝐴

= 1 − (
𝐴

𝐴𝑏

)
2

,  𝑢𝐵 = √
2[(𝑃𝑔 − 𝑃𝑎) + 𝜌

𝑙
𝑔𝐻(𝑡)]

𝜌
𝑙
𝛽

𝐴

.

 (5-3) 

Symbol 

𝑃𝑟

𝑃gauge

𝑃𝑔, 𝑃𝑎 

𝑢𝑟, 𝑞
𝑟
 

𝑚𝑤,𝑟

𝑉𝑔, 𝑉𝑏 

𝐴, 𝐴𝑏 

𝜌
𝑙

𝐻, 𝐻0

𝑔

𝐹𝑟

𝑎𝑟

𝑎exp

𝑎kin,𝑟

𝑎kin,calc

𝑃calc, Δ𝑃 

𝑀𝑟

𝑏𝐴𝑒 𝐴𝑒 = 𝐴 is the nozzle area used in Eq. (4-11).
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Here, 𝑢𝐵  is the outlet velocity calculated using the original formula. The subscript 𝐵 denotes the Bernoulli 

baseline, not simulation Case B. In this experiment, 𝛽𝐴 is approximately 0.99447, close to 1, so this geometric 

correction is small. Equation (5-3) assumes that the outlet velocity adjusts instantaneously to the driving 

pressure. 

The third step treats the nozzle as a liquid cross-section with uniform velocity and density to obtain the mass 

flow rate, and then calculates the remaining water mass from the cumulative outflow: 

The conventional model calculates thrust and acceleration before gravity subtraction as follows: 

Equation (5-5) gives the conventional momentum-thrust expression, with 𝑚fixed  = 0.8205 kg . In the 

subsequent relation-by-relation comparisons, the simplified model also includes a pressure-thrust term. Because 

it cannot predict nozzle-exit pressure independently, it approximates the nozzle-exit gauge pressure by the 

calculated bottle gauge pressure, 𝑃gauge,calc ≈ 𝑃calc , and evaluates 𝐹calc = |𝑞calc𝑢calc| + 𝐴 𝑃calc . The 

acceleration denominator is the sum of the CFD remaining water mass and 𝑚fixed. 

5.3 Model Decomposition and Analysis of Error Sources 

If pressure, velocity, and mass flow rate are calculated together and only acceleration is checked, errors from 

the preceding steps become mixed. For example, a mass flow rate that is too high and a velocity that is too low 

may still produce a product close to CFD. We therefore examine the relations separately before attempting to 

combine them. 

Table 5-2. Separate tests of the conventional formulas 

Relation tested Input read from CFD Quantity calculated from formulas 

Gas-expansion relation 
Water mass and corresponding gas 

volume 
Pressure 

Pressure-difference velocity 

relation 
Pressure and water mass for 𝐻 Outlet velocity 

Velocity mass flow rate 

relation 
Outlet velocity Mass flow rate 

Startup inertia relation Velocity change and water mass for 𝐻 Required pressure difference 

Combination of several 

formulas 
Water mass as input to pressure and 𝐻 

Pressure, velocity, mass flow rate, and a 

cumulative water-quantity check 

-

-

5.4 Evaluation of the Corrections 

The curves are first compared to see if they are too high, too low or if they differ in trend within a phase; the 

differences are summarized by numerical errors. The adopted measure is the root mean square error (RMSE), 

which quantifies the difference between the calculated and CFD curves; lower values indicate closer agreement. 

Because the CFD time step varies throughout the record, the calculation was weighted by the length of the 

intervals: 

If several variables are combined, the error for each one of them is first normalized by dividing the error for 

each variable by its full-record range, defined as the difference between its maximum and minimum values, and 

25

𝑞𝐵 = 𝜌𝑙𝐴𝑢𝐵  𝑚𝑤,𝐵(𝑡) = 𝑚𝑤0 − ∫ 𝑞𝐵

𝑡

0

(𝜏) d𝜏. (5-4) 

𝐹𝐵 = 𝑞𝐵𝑢𝐵  𝑎𝐵 =
𝐹𝐵

𝑚𝑤,𝐵 + 𝑚fixed 
. (5-5) 

RMSE𝑥 = √
1

𝑇
∫ [𝑥calc(𝑡) − 𝑥𝑟(𝑡)]2

𝑡𝑏

𝑡𝑎

 d𝑡,   𝑇 = 𝑡𝑏 − 𝑡𝑎 . (5-6) 

𝑒
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then combining the errors to compare. This avoids "overloading" pressure because of the size of the numbers. 

The pressure, water mass, mass flow rate and velocity are all assigned equal weights, while lower weights are 

assigned to the force and acceleration computed from these. 

The correction must simultaneously lower the numerical error in the field and not bring about physical 

inconsistencies like negative mass. 

6 Water Discharge in CFD 

6.1 Comparison of Experimental and CFD Acceleration 

The onboard-sensor record, the two Tracker trials and the two CFD Cases A and B can be seen in figure 6-1; 

both of the video trials indicate a rise in the acceleration followed by the overall decrease. Their greatest values 

are: 40.94 m/s² and 45.58 m/s². Both turn negative between the samples at 0.2000 s and 0.2167 s, and move 

down to ~-9 m/s² at 0.2333 s. The CFD curves also tend to negative acceleration, closer to the end of the 

simulated timeframe. The sensor data has wider local fluctuations, but also ends in the negative acceleration. 
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Figure 6-1. First-stage acceleration from the onboard sensor aexp = −a∥,exp, the mean of Tracker trials 1 and 2, and CFD
Cases A and B akin,r. Error bars show ±1 sample standard deviation across the two Tracker trials (n = 2). Experimental
acceleration is positive along the rocket axis; CFD acceleration is positive upward. Time alignment is approximate.

The video results provide a second measurement method for checking the broad first-stage acceleration 

trend. The three experimental records are not perfectly aligned in time. Their differences may reflect launch-to-

launch variation and errors in position and angle estimation. 

6.2 Time Evolution of Flow Variables and Division into Phases 

Figure 6-2 shows the Case A CFD time histories. Pressure is already present at startup, while velocity and 

mass flow rate rise from values near zero. During the subsequent continuous liquid-phase interval, pressure, 

velocity, and mass flow rate decrease smoothly. Velocity and mass flow rate fluctuations increase after 

approximately 0.152 s. At later times, an increase in velocity does not necessarily produce an increase in mass 

flow rate. 
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Figure 6-2. Original CFD pressure, water mass, mass flow rate, velocity, reported force, and acceleration before gravity 

subtraction in Case A. The background marks the six analysis phases 

To examine these changes separately, we divide the analysis into six time intervals. 

Table 6-1. Six flow phases in Case A 

Phase Time interval / s Main features 

1 Startup 0 0.0174 
Pressure is established; liquid velocity and mass flow rate 

gradually increase 

2 Continuous liquid-phase flow 0.0174 0.152 
Pressure, velocity, and mass flow rate decrease relatively 

smoothly 

3 Interface transition 0.152 0.161 
Gas penetrates toward the nozzle; the velocity mass flow 

rate relation begins to change 

4 Intermittent joint outflow 0.161 0.210 
Mass flow rate and velocity fluctuate repeatedly; 

appreciable liquid outflow remains 

5 High velocity with low mass 

flow rate 
0.210 0.217 Velocity peaks while mass flow rate remains low 

6 Tail of the record 0.217 0.23497 
Overall decay; water and nonzero mass flow rate remain 

at the final recorded point 

-

-

-
-

-

-

-

6.3 Phase-Dependent Changes in the Gas Liquid Interface and Flow Field -

The data curves show the overall changes, while the Fluent animations further reveal the spatial evolution of 

the gas liquid interface. Figure 6-3 shows the interface at six times during discharge. -
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Figure 6-3. Key frames from the gas liquid volume fraction video -

The water volume decreases during discharge, and gas progressively approaches the outlet. Water remaining 

in the bottle does not necessarily mean that the nozzle is still filled with water. A model based only on 

remaining water volume cannot distinguish a water-filled outlet from one containing both gas and water. This is 

consistent with previous observations of gas entering the nozzle before all the water has left .  [10]

Figure 6-4. Key frames from the pressure video, in Pa. Pressure is not completely uniform in space 
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Figure 6-5. Key frames from the temperature video, in K 

7 Corrections to the Formulas 

7.1 Corrections for Liquid Inertia and Flow Losses During Startup 

Near 0.001 s, the CFD pressure is approximately 59.76 kPa, while the velocity is only 1.35 m/s. Substituting 

the same pressure and prescribed head into Eq. (5-3) gives approximately 11.10 m/s, which is clearly too high. 

The liquid is still accelerating at this point, but the quasi-steady formula already treats the flow as developed. 

This discrepancy points first to unsteady inertia, namely the pressure required to accelerate the liquid. We 

therefore add liquid-inertance and flow-loss terms to the Bernoulli pressure balance: 

Only two terms have been added to the original relation. 𝐾𝜌𝑙𝑢2/2  represents all flow losses combined: the 

larger 𝐾 is, the greater the pressure difference required for the same velocity. The term 𝐼 d𝑢/d𝑡 represents 

liquid inertia and increases as the liquid accelerates more rapidly. Here, 𝐾 is dimensionless and 𝐼 has units of 

Pa⋅s2/m. This unsteady pressure balance is consistent with the basic idea of liquid-inertia analysis ; the 

two coefficients are fitted to the CFD data here. 

[3, 5]

This relation calculates the required pressure difference from the known outlet velocity. 

Differentiating a fluctuating velocity point by point can amplify noise. Time is therefore divided into short 

windows of 1 ms, and the mean pressure and velocity change are compared within each window: 

The overbar indicates an average over same time window. 

A joint fit of Eq. (7-2) over 0 0.152 s, using a liquid density of 1000 kg/m³, gives 𝐾 = 0.29012 and 𝐼 =
49.205 Pa s2/m. 

The CFD velocity changes from about 1.354 to 2.631 m/s between t = 1 ms and t = 2 ms, giving a mean rate 

-

of change of about 1278 m/s². The fitted inertial term is ~62.87 kPa and the velocity-square and loss terms are 

~2.66 kPa. Subtracting the mean gravitational pressure contribution of 1.519 kPa gives a calculated pressure of 

29

Δ𝑃 + 𝜌𝑙𝑔𝐻 ≈
𝜌𝑙

2
(𝛽𝐴 + 𝐾)𝑢2 + 𝐼

d𝑢

d𝑡
. (7-1) 

Δ𝑃 + 𝜌𝑙𝑔𝐻 ≈
𝜌𝑙

2
(𝛽𝐴 + 𝐾)𝑢𝑟

2 + 𝐼
𝑢𝑟(𝑡𝑏) − 𝑢𝑟(𝑡𝑎)

𝑡𝑏 − 𝑡𝑎
. (7-2) 
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approximately 64.01 kPa, compared with the CFD window mean of 62.72 kPa. At start up, the liquid inertia is 

therefore still predominant. 
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Figure 7-1. Comparison of the required pressure difference before and after adding inertia and losses. The upper panel 

enlarges the startup interval; the lower panel covers 0 0.152 s -

Table 7-1. RMSE of the required pressure difference over 1 ms windows after adding different terms, in kPa 

Fitting interval Quasi-steady baseline Losses only Inertia only Both terms 

Startup phase 1 39.39 32.69 7.681 2.938 

Startup and liquid-phase flow, 1 

+ 2 
15.42 11.78 9.551 1.211 

The coefficients in each row of Table 7-1 are fitted over that row’s interval, so the startup-only fit can differ 

from the fit over 0 0.152 s. The main quasi-steady discrepancy occurs during startup, and losses alone do not 

describe the velocity buildup from rest. The pressure error for phases 1 + 2 decreases by about 92.1% when 

both of the terms are added. 

-

Changing the averaging window from 0.5 to 4 ms changes the fitted 𝐼 over phases 1 + 2 only from about 

49.159 to 49.358, while 𝐾 remains close to 0.29012. If the pure-liquid relation is used throughout the entire 

process it does not render the same improvement. The inertia correction is thus still valid for the early flow. 

7.2 Coefficient Corrections for Velocity and Mass Flow Rate During Continuous Liquid-Phase Flow 

7.2.1 Outlet Velocity Coefficient Correction 

During 0.0174 0.152 s, the velocity has developed and both pressure and velocity change relatively 

smoothly. In this interval, the original formula overpredicts velocity but captures its declining trend. We 

therefore retain the square-root relation and add only a velocity coefficient 𝐶𝑣: 

-

30

𝑢calc = 𝐶𝑣√
2[𝑃𝑟 + 𝜌𝑙𝑔𝐻]

𝜌𝑙𝛽𝐴
,  𝐶𝑣 = 0.89234. (7-3) 20
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The fitted coefficient may account for flow losses, contraction, and velocity averaging; their separate 

contributions have not been determined. 

7.2.2 Mass Flow Rate Coefficient Correction 

Even with CFD outlet velocity as the input, 𝑞 = 𝜌𝑙𝐴𝑢𝑟 overpredicts the mass flow rate in this interval. We 

therefore introduce a separate mass flow rate coefficient 𝐶𝑞: 
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Figure 7-2. The upper panel calculates outlet velocity from CFD pressure and the prescribed head; the lower panel 

calculates mass flow rate from CFD outlet velocity 

Table 7-2. Errors after separate corrections to velocity and mass flow rate 

Quantity tested Baseline RMSE Corrected RMSE Error reduction Corrected 𝑹𝟐 

Velocity / (m/s) 0.9656 0.05900 93.9% 0.99588 

Mass flow rate / (kg/s) 0.3441 0.01485 95.7% 0.99855 

Separate velocity and mass flow rate coefficients are therefore retained for this interval. Time-block 

resampling gives ranges of 0.89040 0.89417 for 𝐶𝑣 and 0.90366 0.90605 for 𝐶𝑞, indicating relative stability 

within this part of the record. 

- -

7.3 Breakdown of the Pure-Liquid Approximation After the Gas Liquid Transition -

7.3.1 Testing Mass Flow Rate at Later Times 

At the outlet-velocity peak (0.21346 s, phase 5), the CFD velocity is 33.522 m/s. The pure-liquid formula 

gives approximately 15.16 kg/s; applying the liquid-phase mass-flow coefficient reduces this to approximately 

13.72 kg/s. The CFD mass flow rate is only 0.111 kg/s, more than two orders of magnitude below both 

estimates. 

31

𝑞calc = 𝐶𝑞𝜌𝑙𝐴𝑢𝑟 ,  𝐶𝑞 = 0.90487. (7-4) 

20
26
 S
. -
T. 
Ya
u 
Hi
gh
 S
ch
oo
l S
cie
nc
e 
Aw
ar
d 

仅
用
于
20
26
丘
成
桐
中
学
科
学
奖
论
文
公
示
 



This difference indicates that the velocity mass flow rate relationship becomes different in this phase and 

cannot be expressed with a certain proportional coefficient. The material flowing at high speed may be 

-

predominantly low-density gas, or the mean velocity may no longer represent the water carrying most of the 

mass. Treating the entire outlet area and the mean outlet velocity as uniform pure-water flow would 

significantly overestimate mass flow rate. 

7.3.2 Differences in the Mass Flow Rate Coefficient Between Phases 

To show this change, we rearrange Eq. (7-4) and calculate 

The ratio compares the CFD mass flow rate 𝑞𝑟  with the pure-water prediction 𝜌𝑙𝐴𝑢𝑟 . If the original 

approximation of uniform pure-water flow holds, it should be close to 1. If one constant mass flow rate 

coefficient is sufficient, this ratio should remain approximately constant over the interval. 
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Figure 7-3. The upper panel shows the ratio of the CFD-reported mass flow rate to the value calculated from the pure-

water relation, 𝑞𝑟/(𝜌𝑙𝐴𝑢𝑟); the lower panel shows the mass flow rate coefficients obtained separately for the six phases 

The coefficient is approximately 0.90487 in phase 2, falls to approximately 0.62958 in phase 4, and is only 

approximately 0.025556 in phase 5. Clearly, 𝐶𝑞 at later times is no longer the same constant as at early times. 

7.3.3 Limitations of a Constant Effective Density 

A single effective density was fitted and used in both the velocity and mass flow rate formulas, including the 

hydrostatic term. A combined fit gives approximately 582.59 kg/m3, reducing the full-record mass flow rate 

RMSE from 1.321 to 0.7984 kg/s, but increasing the velocity RMSE from 2.922 to 4.411 m/s. Lowering 

density therefore still reduces the flux overprediction while increasing the calculated velocity and worsening its 

error. 

Without additional coefficients, the velocity and mass flow rate relations give: 

32

𝐶𝑞,obs(𝑡) =
𝑞𝑟(𝑡)

𝜌𝑙𝐴𝑢𝑟(𝑡)
. (7-5) 

𝑢2 =
2(Δ𝑃 + 𝜌eff𝑔𝐻)

𝜌eff𝛽𝐴
,

𝑞𝑢 = 𝜌eff𝐴𝑢2 =
2𝐴(Δ𝑃 + 𝜌eff𝑔𝐻)

𝛽𝐴
.

 (7-6) 
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Density cancels from the pressure-driven part of 𝑞𝑢, but the gravitational contribution still depends on 𝜌eff. 

When the corrections in Eqs. (7-3) and (7-4) are used sequentially, the calculated velocity replaces 𝑢𝑟 in the 

mass flow rate relation. With the same liquid density and liquid head in both relations, this gives 

Here, Δ𝑃 is the gauge pressure supplied to the velocity relation, either from CFD or from a pressure model. The 

coefficients 𝐶𝑣 = 0.89234 and 𝐶𝑞 = 0.90487 are obtained from liquid-phase fits. For fixed coefficients, the 

pressure-driven part of the calculated momentum term is independent of density, while the hydrostatic part still 

depends on density and liquid head. When the pressure term dominates, density-induced changes in velocity 

and mass flow rate can therefore cancel each other in their product. 

7.4 Pressure Correction Accounting for Changes in Gas Mass 

7.4.1 Effect of Adjusting the Expansion Exponent 

The original pressure relation describes pressure reduction only through an increase in gas volume and 

assumes that the gas mass inside the bottle remains constant. We first try to replace the fixed value of the 

exponent 1.4 in Eq. (5-2) by an exponent 𝑛 which can be fitted. 

But it can be seen that taking 𝑛 = 1 (isothermal approximation), will make the full record pressure RMSE 

worse (11.51 kPa). By only allowing 𝑛 between 1 1.4 in the fitting process, the resultant 𝑛 value is very close 

to 1.4 with virtually no benefit. If this range is relaxed, the lowest error (3.837 kPa) is for the full record and 

occurs at about 1.4846, while the error at phase 2 increases from 1.043 to 1.634 kPa. 

-

Fitting the exponent reduces the full-record pressure error but increases the phase 2 error, without explaining 

the cause of the late pressure decrease. 

7.4.2 Gas-Loss Correction and Its Effect 

After the gas liquid transition, gas may leave through the outlet. Pressure then falls for two reasons: gas 

volume increases and gas mass inside the bottle decreases. For the simplified case of a uniform ideal gas 

undergoing approximately adiabatic discharge, the mass and energy relations give 

-

Compared with the original formula, this adds only the gas mass ratio. When 𝑚𝑔 = 𝑚𝑔0, Eq. (7-7) reduces 

to the original adiabatic formula; when gas mass decreases, it predicts a faster pressure decline. 

The current CFD setup has no separate report for gas-phase mass outflow. During the study, the difference 

between total discharged mass and discharged water mass was therefore used to estimate gas mass loss: 

This difference can reflect gas loss, but inconsistencies in report definitions and numerical errors may also 

introduce other contributions. We therefore do not directly treat 𝐵(𝑡) as the discharged gas mass, but introduce 

a fitted coefficient 𝜂 to obtain the corrected expression 

Here, 𝑚𝑔,ref = 0.00433659 kg is the initial gas mass calculated with the initial gas temperature equal to the 

ambient temperature. Fixing 𝑛 = 1.4 and fitting only 𝜂 gives 𝜂 = 0.83406. 
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𝑢calc = 𝐶𝑣√
2(Δ𝑃 + 𝜌

𝑙
𝑔𝐻)

𝜌
𝑙
𝛽

𝐴

,

𝑞
calc

= 𝐶𝑞𝜌
𝑙
𝐴𝑢calc,

𝑞
calc

𝑢calc =
2𝐴𝐶𝑞𝐶𝑣

2

𝛽
𝐴

Δ𝑃 +
2𝐴𝐶𝑞𝐶𝑣

2

𝛽
𝐴

𝜌
𝑙
𝑔𝐻.

 (7-6a) 

𝑃𝑔

𝑃𝑔0
= [

𝑚𝑔

𝑚𝑔0

𝑉𝑔0

𝑉𝑔
]𝛾 . (7-7) 

𝐵(𝑡) = ∫ 𝑞𝑟

𝑡

0

(𝜏) d𝜏 − [𝑚𝑤,𝑟(0) − 𝑚𝑤,𝑟(𝑡)]. (7-8) 

𝑃calc = 𝑃𝑔0[
𝑉𝑔0

𝑉𝑔(𝑡)
(1 − 𝜂

𝐵(𝑡)

𝑚𝑔,ref
)]𝑛 − 𝑃𝑎. (7-9) 
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Figure 7-4. Comparison of pressure from the original adiabatic formula, the isothermal formula, and the gas-loss 

correction. The lower panel shows the formula result minus CFD 

Table 7-3. Pressure-model modifications and resulting RMSE 

Formula Effective parameters 
Full-record pressure 

RMSE / kPa 
Phase 2 RMSE / kPa 

Original adiabatic formula Fixed 𝑛 = 1.4 4.246 1.043 

Isothermal formula Fixed 𝑛 = 1 11.51 7.737 

Fitted exponent 3.837 1.634 

Gas-loss term added 𝑛 = 1.4, 𝜂 = 0.83406 1.248 0.8402 

Gas-loss term and exponent 

fitted together 
𝑛 = 1.3788, 𝜂 = 0.89353 1.185 0.9265 

Adding only the gas-loss term reduces the full-record pressure error by approximately 70.6%. Fitting the 

exponent as well reduces the error by only a further approximately 5.02%, while worsening the phase 2 error. 

We therefore keep the exponent at 1.4 and fit only the gas-loss coefficient. 

7.5 Combined Corrections and Multivariable Tests During Liquid-Phase Flow 

The preceding velocity test uses CFD pressure directly, while the mass flow rate test uses CFD velocity 

directly. We next combine the relations and jointly fit the velocity and mass flow rate coefficients over the 

continuous liquid-phase interval, checking pressure, velocity, mass flow rate, and remaining water mass against 

CFD. The formulas are: 

34

𝑉𝑔(𝑡) = 𝑉𝑏 −
𝑚𝑤,𝑟(𝑡)

𝜌𝑙
,

𝑃calc(𝑡) = 𝑃𝑔0 [
𝑉𝑔0

𝑉𝑔(𝑡)
]

1.4

− 𝑃𝑎,

𝑢calc(𝑡) = 0.88017√
2[𝑃calc + 𝜌𝑙𝑔𝐻]

𝜌𝑙𝛽𝐴
,

𝑞calc(𝑡) = 0.90969𝜌𝑙𝐴𝑢calc(𝑡).

 (7-10) 

𝑛 = 1.4846 
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The water-mass check starts at 𝑡𝑠 = 0.0174 s with the CFD water mass of 0.5702026 kg. The calculated 

remaining mass, 𝑚𝑤,check(𝑡), is obtained by subtracting the integral of 𝑞calc from this initial value, following 

the mass balance in Eq. (5-4). 
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Figure 7-5. Comparison of the liquid-phase correction with two coefficients against CFD during continuous liquid-phase 

flow in Case A. Acceleration is shown before gravity subtraction 

Table 7-4. Results of the liquid-phase correction with two coefficients over 0.0174 0.152 s. Errors compare calculated 

values with CFD; acceleration is evaluated before gravity subtraction 

Variable RMSE 𝑹𝟐 

Pressure 1.043 kPa 0.98788 

Velocity 0.1445 m/s 0.97526 

Mass flow rate 0.04105 kg/s 0.98895 

Water mass 1.167 g 0.99991 

Derived force 1.078 N 0.98934 

Acceleration 𝐹/𝑀 0.9464 m/s2 0.96205 

-
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The combined correction gives 134.479 g of water at the end of phase 2, versus 133.199 g in CFD 

(difference 1.280 g). Its mass flow integral is 0.294% lower and its ∫ 𝐹calc d𝑡 is 0.104% higher than ∫ 𝐹𝑟  d𝑡. 

These results use the CFD water mass to calculate pressure and 𝐻. 

7.6 Applicability of Constant-Coefficient Combinations Over the Full Process 

In this study this combination of the three (pressure exponent, velocity coefficient and mass flow rate 

coefficient) were also attempted for the entire process. For the full-record correction without the water-quantity 

constraint, the values of 𝑛, 𝐶𝑣 and 𝐶𝑞 were equal to 1.5420, 0.91365 and 0.83692, respectively. However, if the 

calculated mass flow rate is integrated to the last point recorded, the remaining water mass is -6.110 g which is 

unacceptable. 

The fit was then run again with the water-quantity constraint which requires that the overall discharged 

water quantity does not exceed the initial water quantity, resulting in a full-record correction with water-

quantity constraint. Its parameters are 𝑛=1.5474, 𝐶𝑣=0.91855, and 𝐶𝑞=0.82609. Although negative water mass 

no longer occurs, the final water mass is approximately zero, whereas CFD still contains 14.777 g. The late 

velocity peak also remains unexplained. 
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Figure 7-6. Comparison of two full-record constant-coefficient correction combinations with CFD 

Table 7-5. Errors of the combined correction with a water-quantity constraint, relative to CFD. Acceleration is evaluated 

before gravity subtraction 

Full-record variable Baseline RMSE 
Full-record correction with water-

quantity constraint RMSE 
Change 

Pressure / kPa 4.246 4.061 Decrease of 4.35% 

Water mass / g 135.7 16.67 Decrease of 87.7% 

Mass flow rate / (kg/s) 1.321 0.7435 Decrease of 43.7% 

Velocity / (m/s) 2.922 2.942 Increase of 0.693% 

Derived force / N 15.57 8.448 Decrease of 45.8% 

Acceleration 𝐹/𝑀 / (m/s2) 13.40 7.646 Decrease of 42.9% 
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The fitted constants describe the early liquid-phase flow but do not capture the later changes in outlet phase 

composition and velocity distribution. In the full-record fit, reductions in other errors are accompanied by a 

larger velocity error. 

8 Effects of Rocket-Acceleration Feedback on Discharge 

Sections 5 7 examined the simplified relations using the baseline simulation without rocket-acceleration 

feedback. This section examines the case with rocket-acceleration feedback, first by comparing the six reported 

quantities and CFD images, and then by applying the same phase-identification criteria. The coefficients from 

the preceding section are retained in these tests. 

-

8.1 Comparison of CFD Variables 

Figure 8-1 compares the six reported quantities on their original time axes, using the same kinematic 

acceleration definition in both cases. 
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Figure 8-1. Comparison of the six reported quantities in Cases A and B: bottle gauge pressure, remaining water mass, outlet
mass flow rate, area-weighted axial outlet velocity, derived thrust, and kinematic acceleration akin,r. The original curves are
shown without smoothing, and gravity is accounted for consistently in the acceleration.
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During the common continuous liquid-phase flow interval of 0.03 0.14 s, the pressure curves are close and 

the velocity, mass flow rate, thrust, and acceleration in Case B are slightly higher. Table 8-1 gives time-

averaged values over this interval. The differences in these quantities remain within approximately 4%. 

-

Table 8-1. Time-averaged quantities over 0.03 0.14 s. The relative change is calculated as (𝐵 − 𝐴)/𝐴. 

Quantity Case A Case B Change 

Bottle gauge pressure / kPa 38.531 38.234 −0.773% 

Remaining water mass / g 333.10 340.54 +2.23% 

Outlet mass flow rate / (kg/s) 3.2338 3.3360 +3.16% 

Mean axial outlet velocity / (m/s) 7.9041 8.1697 +3.36% 

Derived thrust / N 43.228 44.856 +3.77% 

Kinematic acceleration / (m/s2) 27.313 28.407 +4.01% 

-

There are larger variations in curve shape for the later curves. A large scale outlet fluctuation occurs sooner 

in Case A and a longer duration of gradual decay of the outlet velocity occurs in Case B, before the large scale 

outlet fluctuation set in. The maximum recorded outlet velocity is 33.522 m/s in Case A and 21.256 m/s in Case 

B. The maximum kinematic acceleration is 53.462 m/s² in Case A and 46.219 m/s² in Case B. 

But the full-record thrust integrals of Cases A and B are 8.1875 N s and 8.5344 N s respectively, a 

difference of ~ 4.24%. The relative change in the thrust integral is therefore smaller than those in the late peak 

outlet velocity and acceleration. 

8.2 Interface Evolution and Interpretation of the Changes 

Figure 8-2 compares CFD gas-volume-fraction contours at matched remaining-water fractions. At a 

remaining-water fraction of 0.25, both cases retain a continuous liquid region near the nozzle. At a fraction of 

0.15, Case A already has a pronounced central gas passage, while Case B retains a continuous liquid core. At 

fractions of 0.10 and 0.05, central gas intrusion and subsequent gas passages are also visible in Case B. The 

feedback therefore delays and changes the development of the gas passage. 

The effective acceleration in the nozzle direction is, 𝑏(𝑡) = 𝑔 + 𝑎(𝑡), not just g. This, in turn, causes the 

body-force head during the upward acceleration of the rocket to be increased, and is included here as the 

pressure contribution across the liquid column, as shown by the following expression: 𝜌𝑙𝑏𝐻. The pressure 

difference caused by the body forces corresponding to an axial separation (𝛿ℎ) is of order (𝜌𝑙𝑏 𝛿ℎ) . The 

stronger body force is associated with the longer persistence of the continuous liquid region and the delay in 

transitioning out of liquid-dominated discharge witnessed in Case B. 

[3, 17]

A nonuniform flow in the vicinity of the contracting outlet could still enable the passage of gas through the 

centre even if there is a decrease in the thickness of the liquid layer. As the gas passage widens the water filled 

outlet area and distributions of velocity and density in the local area will vary. The mean outlet velocity can 

then increase without a proportional increase in mass flow rate. Thus, pressure might drop (relatively) fairly 

smoothly, but velocity, flow rate, and acceleration might have large oscillations. These fluctuations are 

associated with the evolution of the gas passages shown in the CFD images. 
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Figure 8-2. Gas liquid interface evolution at matched remaining-water fractions in Cases A and B. Red denotes gas and 

blue denotes water. 

-

8.3 Division into Flow Phases 

Sections 6 and 7 retain the original analysis and parameter-fitting intervals. To compare the two cases, this 

section identifies the flow phases using the same quantitative criteria. Subsequent evaluations use the intervals 

identified for each case, while the original fitted coefficients remain unchanged. For identification only, the 

velocity and mass flow rate are interpolated at 10 𝜇s intervals and smoothed using a third-order Savitzky

Golay filter  with 101 points, spanning 1 ms. The smoothed results are denoted by 𝑢̃𝑟 and 𝑞̃𝑟. 

-
[18]
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Let 𝑡1 be the first main velocity peak, with a prominence of at least 0.5 m/s, and define 𝑈𝐿 = 𝑢̃𝑟(𝑡1). Let 𝑡2 

be the first subsequent velocity minimum with a prominence of at least 0.05𝑈𝐿. A measure of departure from 

the liquid mass-flow relation is then defined as 

where 𝑅𝐿 is the median of 𝑅 over the central 80% of [𝑡1, 𝑡2]. The values of 𝑈𝐿 are 9.7161 and 10.243 m/s, and 

the values of 𝑅𝐿 are 0.90426 and 0.90098, for Cases A and B, respectively. 

After 𝑡2, 𝑡3 is the first time at which 𝜒 < 0.90 persists for at least 0.5 ms. After 𝑡3, 𝑡4 is the first time at 

which both 𝜒 < 0.20 and 𝑢̃𝑟 > 𝑈𝐿 persist for at least 0.5 ms. Finally, after the largest smoothed velocity peak 

following 𝑡4, 𝑡5 is the first time at which 𝑢̃𝑟 < 𝑈𝐿 persists for at least 0.5 ms. The last interval ends at the end 

of the simulation. Figure 8-3 and Table 8-2 show the resulting division. 
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Figure 8-3. Six-phase identification using the same velocity and normalized mass-flow criteria in both cases. Grey curves 

show the raw reports; coloured curves show the identification indicators. Shaded intervals indicate phases I VI. -
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𝑅(𝑡) =
𝑞̃𝑟(𝑡)

𝜌𝑙𝐴𝑢̃𝑟(𝑡)
,   𝜒(𝑡) =

𝑅(𝑡)

𝑅𝐿
, (8-1) 
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Table 8-2. Phase intervals obtained using the common identification criteria. 

Phase Main characteristic Case A / s Case B / s 

I Startup and velocity buildup 0 0.01738 0 0.01713 

II Continuous liquid-dominated discharge 0.01738 0.15180 0.01713 0.18971 

III Transition in the outlet response 0.15180 0.15575 0.18971 0.19678 

IV 
Intermittent outflow with marked departure from the 

liquid relation 
0.15575 0.21076 0.19678 0.20731 

V High velocity with low mass flow rate 0.21076 0.21805 0.20731 0.21685 

VI Decay and fluctuations in the recorded tail 0.21805 0.23497 0.21685 0.23498 

- -

- -

- -

- -

- -

- -

The startup duration changes little. Phase II lengthens from 134.42 to 172.58 ms, whereas phase IV shortens 

from 55.01 to 10.53 ms. At 𝑡3, the remaining-water fraction is approximately 19.66% in Case A but only 3.815% 

in Case B. The sustained departure from the liquid mass-flow relation therefore occurs after a much larger 

fraction of the water has left in Case B. The combined contribution of phases I and II to the full-record thrust 

integral increases from 82.95% to 94.00%. 

8.4 Applicability of the Original Corrections 

All coefficients in this section retain their fitted values from Case A. With 𝑀𝑟(𝑡) = 𝑚fixed + 𝑚𝑤,𝑟(𝑡), the 

calculated kinematic acceleration is 

The body-force acceleration used in the flow relation is 

In Case B, 𝑏 = 𝑔eff. 

The CFD remaining water mass is retained in 𝑀𝑟, and the column height follows the same assumption of a 

linear decrease with remaining water mass. In Case B, the predicted acceleration is solved together with the 

flow relation and fed back into the head. The CFD inputs retained in each test are stated in the following 

subsections. 

8.4.1 Startup Inertia and Flow Losses 

For the startup pressure test, the balance becomes 

Here, the fluid inertance term 𝐼 d𝑢𝑟/d𝑡  describes the pressure difference required to establish the relative 

outflow. The pressure test uses 𝑞𝑟 and 𝑢𝑟 from CFD and, with the outlet-pressure approximation in Section 5.2, 

evaluates 𝑏 = (𝑞𝑟𝑢𝑟 + 𝐴 𝑃calc)/𝑀𝑟. Representing the calculated pressure by a constant 𝑃𝑤 within each 1 ms 

window and averaging Eq. (8-2) gives 

[5]
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𝑎kin,calc =
𝐹calc

𝑀𝑟
− 𝑔. 

𝑏 = {
𝑔, Case A,
𝑔 + 𝑎kin,calc = 𝐹calc/𝑀𝑟 , Case B.

 

𝑃calc + 𝜌
𝑙
𝑏𝐻 ≈

𝜌
𝑙

2
(𝛽

𝐴
+ 𝐾)𝑢𝑟

2 + 𝐼
d𝑢𝑟

d𝑡
,   𝐾 = 0.29012,  𝐼 = 49.205 Pa s2/m. (8-2) 

𝑃𝑤 =

𝜌𝑙
2 (𝛽𝐴 + 𝐾)𝑢𝑟

2 + 𝐼
Δ𝑢𝑟
Δ𝑡 − 𝜌𝑙

𝐻𝑞𝑟𝑢𝑟
𝑀𝑟

1 + 𝜌𝑙𝐴
𝐻

𝑀𝑟

. (8-2a) 

𝑒

𝑒
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The overbar denotes the mean within the window. Setting 𝐼 = 0, 𝐾 = 0, or both to zero gives the loss-only, 

inertance-only, and original relations, respectively. Table 8-3 compares 𝑃𝑤  with the corresponding CFD 

window mean. 

Table 8-3. Pressure RMSE in Case B over complete 1 ms windows, in kPa, with acceleration calculated from each tested 

relation and fed back into the head. The listed intervals are the actual window coverage within phases I and I II. 

Interval Original Loss only Inertance only Both 

Startup: 0 0.017 s 39.80 35.18 9.128 3.396 

Phases I II: 0 0.189 s 13.97 10.71 8.863 1.508 

-

-

- -

The combined correction reduces startup pressure error by 91.47%, whereas adding losses alone reduces it 

by only 11.60%. During 1 2 ms, the liquid-inertance contribution is approximately 65.49 kPa, compared with 

2.917 kPa for the velocity-squared and loss terms and 3.413 kPa for the body-force head in the combined 

correction. The original conclusion that liquid inertia dominates startup therefore remains applicable when 

rocket-acceleration feedback is included. 

-

8.4.2 Liquid-Phase Velocity and Mass Flow Rate Coefficients 

The velocity and mass flow rate relations are tested separately using Eqs. (7-3) and (7-4), retaining 𝐶𝑣 =
0.89234 and 𝐶𝑞 = 0.90487 and replacing 𝑔𝐻 with 𝑏𝐻 in the velocity relation. 

In the Case B velocity test, 𝑃𝑟  and 𝑞𝑟  are retained from CFD, and 𝑏 = (𝑞𝑟𝑢calc + 𝐴 𝑃𝑟)/𝑀𝑟  is solved 

together with the velocity relation; Case A uses 𝑏 = 𝑔. The mass flow rate test retains 𝑢𝑟 and does not contain 

a body-force head. Table 8-4 tests these formulas over phase II identified separately in each case. Both 

coefficients reduce the corresponding RMSE over the longer Case B phase II, although the corrected RMSE 

values remain slightly higher than in Case A. 

Table 8-4. RMSE for the velocity and mass flow rate relations before and after applying the original coefficients over each 

case’s phase II. 

Case Quantity Original Corrected Reduction 

A Velocity / (m/s) 0.9660 0.05882 93.91% 

A Mass flow rate / (kg/s) 0.3442 0.01484 95.69% 

B Velocity / (m/s) 0.8930 0.1521 82.97% 

B Mass flow rate / (kg/s) 0.3539 0.03036 91.42% 

8.4.3 Constant Effective Density 

The effective density of 582.59 kg/m³ is also tested in both the velocity and mass flow rate formulas, 

including the body-force head. It decreases the full-record mass flow rate RMSE from 1.275 to 0.7826 kg/s in 

Case B, while the velocity RMSE increases from 2.564 to 4.021 m/s. Hence, the same conflict exists as in Case 

A: On a lower density the calculated mass flow rate gets lower, the calculated velocity higher. A single constant 

effective density is still not suitable for representing the evolving two-phase outlet over the full process. 

8.4.4 Gas-Mass-Loss Pressure Correction 

Equation (7-9) is evaluated using the Case B gas-volume history and mass difference 𝐵(𝑡) defined in Eq. (7-

8), while retaining the original coefficients. With 𝑛 = 1.4 and 𝜂 = 0.83406, the full-record pressure RMSE 

falls from 3.382 to 1.151 kPa. The alternative original pair, 𝑛 = 1.3788 and 𝜂 = 0.89353, gives 1.051 kPa. By 

comparison, using the original exponent-only fit 𝑛 = 1.4846 gives 3.592 kPa, which is slightly worse than the 
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uncorrected expansion relation in this case. Thus, accounting for gas loss remains effective, while the benefit of 

changing only the closed-system expansion exponent does not transfer to Case B. 

8.4.5 Combined Corrections Fitted to the Liquid-Phase Interval or the Full Record 

The local liquid-phase combination of Eq. (7-10) retains 𝐶𝑣=0.88017, 𝐶𝑞=0.90969, and the exponent 1.4. 

These are the jointly fitted local coefficients, rather than the two independently fitted coefficients in Eqs. (7-3) 

and (7-4). The mass check is performed starting from the CFD water mass at 𝑡1 and adds up the calculated 

mass flow rate for each new phase II identified. For Case B, the end-of-phase water mass is overpredicted by 

15.41 g whereas for Case A it is 1.259 g for the same procedure for phase identification. The mass flow integral 

value for the Case B is 2.827% lower than the CFD, whilst the thrust integral value for the Case B is 4.176% 

lower than the CFD. The errors for the combination are also as follows: End of the phase water-mass error is 

larger and also the mass flow and thrust integral errors are larger over the longer Case B interval. 

The two full-record constant-coefficient combinations of Section 7.6 also retain their original parameters. In 

Case B, they predict final water masses of 16.18 and 22.45 g, respectively, compared with 5.705 g in CFD. 

Their velocity RMSE values are 2.645 and 2.653 m/s, respectively, both higher than the baseline value of 2.564 

m/s. These two transferred combinations therefore still fail to reproduce both the remaining water mass and 

outlet velocity in Case B. 

8.4.6 Acceleration Calculated Using the Combined Corrections 

Figure 8-4 summarizes the original corrections applied to Case B. For the combined acceleration curve, Eq. 

(7-9) supplies pressure with 𝑛 = 1.4 and 𝜂 = 0.83406. The startup velocity is calculated from the differential 

pressure balance with the original 𝐼 and 𝐾, starting from zero velocity. During this startup branch, 𝑞calc =

𝜌𝑙𝐴𝑢calc, and the head uses 𝑏 = (𝜌𝑙𝐴𝑢calc
2 + 𝐴 𝑃calc)/𝑀𝑟 at each integration step. The switch to 𝐶𝑣 = 0.89234 

and 𝐶𝑞 = 0.90487 occurs at 0.0174 s, after which those coefficients are used through the remaining record. 

The post-startup relations are solved simultaneously: 

The kinematic acceleration is 𝑎kin,calc = 𝑏 − 𝑔. The calculation retains the CFD remaining water mass and 

the thrust definition used in the paper. The original formulas also calculate acceleration and feed it back into the 

flow relation, using the original expansion pressure and 𝐶𝑣 = 𝐶𝑞 = 1. In Figure 8-4(a), the startup differential 

equation instead uses 𝑃𝑟 from CFD, with acceleration calculated from that branch’s own velocity and mass flow 

rate. 

The full-record acceleration RMSE falls from 12.94 to 3.303 m/s2, a reduction of approximately 74.47%. 

After the startup branch, the product of velocity and mass flow rate satisfies 

Substituting 𝑏 = (𝑞calc𝑢calc + 𝐴 𝑃calc)/𝑀𝑟 gives 

Although the explicit density factors cancel out of the pressure term in Eq. (8-3), a density dependence does 

appear in the acceleration feedback term, which depends on 𝜌𝑙𝐻/𝑀𝑟  [see, e.g., Eq. (8-3a)]. When both the 

dimensionless ratio 𝜌𝑙𝐴 𝐻/𝑀𝑟 and the dimensionless ratio 𝑘𝜌𝑙𝐻/𝑀𝑟 are small, the momentum-flux product is 

43

𝑢calc = 𝐶𝑣√
2(𝑃calc + 𝜌𝑙𝑏𝐻)

𝜌𝑙𝛽𝐴
, 𝑞calc = 𝐶𝑞𝜌𝑙𝐴𝑢calc,

𝐹calc = 𝑞calc𝑢calc + 𝐴 𝑃calc, 𝑏 =
𝐹calc

𝑀𝑟
.

 

𝑞calc𝑢calc = 𝑘(𝑃calc + 𝜌𝑙𝑏𝐻),   𝑘 =
2𝐴𝐶𝑞𝐶𝑣

2

𝛽𝐴
. (8-3) 

𝑞calc𝑢calc =
𝑘𝑃calc(1 + 𝜌𝑙𝐴 𝐻/𝑀𝑟)

1 − 𝑘𝜌𝑙𝐻/𝑀𝑟
. (8-3a) 
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~𝑘𝑃calc. This cancelation is the reason why the reduction of pressure error could cause calculated thrust and 

acceleration errors to be reduced even if the outlet velocity and the mass flow rate are wrong. The combination, 

however, does not give a physically consistent description of the entire process since the calculated water mass 

still differs from CFD. 
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Figure 8-4. Comparison of the original and corrected models with Case B, with all fitted coefficients fixed. (a) Startup 

velocity calculated from CFD pressure using the original inertance and loss coefficients. (b) Pressure calculated over 1 ms 

windows. (c) Velocity calculated from CFD pressure with and without the original velocity coefficient. (d) Mass flow rate 

calculated from CFD velocity with and without the original flow coefficient. Shading in (c) and (d) marks the Case B phase 

II interval used in Table 8-4. (e) Pressure from the original expansion relation and the gas-mass-loss correction. (f) 

Acceleration from the original formulas and the three-correction combination. Wherever a body-force head is required, 

𝑏 = 𝑔 + 𝑎kin,calc is obtained from the corresponding calculation and fed back self-consistently. 
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8.5 Implications for Simplified Numerical Calculations 

Over 0.03 0.14 s, the time-averaged bottle pressure, remaining water mass, outlet mass flow rate, outlet 

velocity, derived thrust, and kinematic acceleration differ by up to 4.01% between Cases A and B. The full-

-

record thrust integral differs by approximately 4.24%. Neglecting rocket-acceleration feedback may therefore 

be acceptable when these averages and the thrust integral are the calculation targets and differences of this size 

are acceptable. 

Feedback also changes interface deformation, delays gas-passage formation and the departure from the 

liquid mass-flow relation, and shortens the late fluctuation interval. It changes when the velocity, mass flow 

rate, and acceleration fluctuate, as well as the size and duration of those fluctuations. Similar thrust integrals 

therefore do not imply similar internal flow. In Case B, the startup inertia and loss correction reduces pressure 

error, the liquid-phase coefficients reduce velocity and mass flow rate errors, and the gas-loss correction 

reduces pressure error. These corrections can be retained for the tests and intervals evaluated here. 

9 Discussion 

9.1 Applicable Phases and Physical Meaning of the Corrections 

Table 9-1. Conclusions for the individual corrections in baseline Case A 

Specific correction Test result Use in this study 

Liquid inertia and flow losses added to the 

pressure formula 
Marked improvement in early pressure 

agreement 
Startup pressure calculation 

Velocity multiplied by 𝐶𝑣; mass flow rate 

by 𝐶𝑞 
Phase 2 errors reduced by 93.9% and 

95.7%, respectively 
Local liquid-phase relations 

Density reduced uniformly over the full 

record 
Mass flow rate RMSE decreases, but 

velocity RMSE increases 
Not adopted 

Gas mass ratio added to the pressure 

formula 
Marked reduction in full-record pressure 

error 
A relation for pressure at 

later times 

Full process fitted with three constants 
Negative water mass or late velocity 

mismatch 
Not adopted 

These results also show that the corrections 𝐾 and 𝐶𝑣 should not be superimposed, because they are different 

ways of describing similar losses. The combination of inertia and losses during startup and the constant 

corrections during liquid-phase flow can explain the data within their respective intervals of applicability. The 

full-record acceleration calculation in Section 8 still uses the CFD remaining water mass and the gas-loss 

estimate derived from the CFD mass reports. 

9.2 Unresolved Physical Mechanisms and Numerical Errors 

The physical interpretation of the brief velocity and acceleration pulses after the gas liquid transition, and 

their sensitivity to numerical settings, remain unresolved. Simple corrections to the conventional velocity and 

-

mass flow rate formulas can obviously not reflect the transient fluctuations in the CFD results. A study of the 

decay in CFD water mass and the integral of the derived thrust in each phase, however, reveals that, although 

outlet velocity and acceleration often fluctuate and reach high instantaneous values in phases 4 and 5, they are 

very short-lived and make a smaller contribution to the full-record thrust integral than the continuous liquid-

phase interval. The calculated expelled water mass and thrust integral for each phase should be compared with 

the corresponding CFD values in Table 9-2. It is also necessary to make comparisons between interface images 

and time histories for predictions of interface motion and transient peaks. 

There are also limitations on the measurements that can be used for the flight comparison. Only one record 

of sensor and two independent trials of videos are used. Video acceleration is calculated from position data over 

a five-frame window spanning approximately 66.7 ms. Uncertainties also arise from image calibration, marker 

location, axis-angle estimation, and approximate time alignment. 
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Table 9-2. Cumulative contributions in baseline Case A using the original analysis intervals 

Phase Decrease in water mass / g Thrust integral / (N⋅s) Share of full-record thrust integral 

1 52.912 0.9044 11.0% 

2 437.004 5.8925 72.0% 

3 22.447 0.2506 3.06% 

4 91.686 1.0466 12.8% 

5 1.960 0.0586 0.715% 

6 2.328 0.0348 0.425% 

10 Conclusions 

This study combines flight measurements, CFD of the internal flow, and tests of simplified formulas, with 

emphasis on correcting the conventional calculation method. The sensor record and two Tracker trials provide 

comparisons of the overall first-stage acceleration trend, while their limited time resolution and approximate 

alignment prevent direct validation of the brief CFD fluctuations. The main conclusions are as follows. 

First, the quasi-steady pure-liquid approximation does not apply throughout discharge. At startup, pressure is 

already present while the liquid is still accelerating. Adding inertia and losses reduces the RMSE of the 1 ms 

mean pressure over 0 0.152 s from 15.42 to 1.211 kPa, showing the need to account for startup inertia. -

Second, the conventional relations remain applicable during continuous liquid-phase flow after coefficient 

correction. Using CFD pressure as input, a velocity coefficient of 0.89234 reduces velocity RMSE by 

approximately 93.9%. Using CFD velocity as input, a mass flow rate coefficient of 0.90487 reduces mass flow 

rate RMSE by approximately 95.7%. The combined relations fitted over this interval predict an end-of-phase 

water mass within approximately 1.280 g of CFD. 

Third, at later times, the mean outlet velocity can no longer be interpreted as the velocity of a uniform pure-

water outflow. At the CFD outlet-velocity peak, the pure-water formula predicts approximately 15.16 kg/s, 

compared with 0.111 kg/s in CFD. 

Fourth, adjusting the expansion exponent alone does not explain the late pressure decrease. Adding the gas-

loss term reduces the full-record pressure RMSE from 4.246 to 1.248 kPa, a greater reduction than adjusting 

the expansion exponent alone. This pressure correction remains conditional on the gas mass loss calculated 

from CFD data. In the corrected velocity and mass flow rate relations, density cancels from the pressure-driven 

part of their product, while the hydrostatic part retains its density dependence. 

Fifth, cumulative results must be checked when selecting formulas. Some full-record constant-coefficient 

combinations with relatively low errors nevertheless give negative water mass and should be rejected. The 

thrust integral is less sensitive to the brief late peaks than to the sustained liquid-phase discharge. However, 

calculations must still reproduce the water expelled and thrust integral over each phase, including the gas

liquid mixing interval. 

-

Sixth, rocket-acceleration feedback changes the time-averaged bottle pressure, remaining water mass, outlet 

mass flow rate, outlet velocity, derived thrust, and kinematic acceleration over 0.03 0.14 s by up to 4.01%, and 

the full-record thrust integral by approximately 4.24% in the present cases. Neglecting feedback may be 

acceptable when these quantities are the calculation targets and these differences are acceptable, but feedback 

-

delays gas-passage formation and changes the amplitude and duration of late fluctuations. The original startup 

inertia and loss correction, liquid-phase coefficients, and gas-loss correction remain effective in the Case B 

tests and intervals evaluated here. 
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Appendix A Record of Experimental Materials 

Experimental platform: two-stage water rocket with parachute and pressure-differential separator 

Video measurements: fixed camera and yellow tape attached to the rocket as a tracking marker 

Sensor kit: ESP32 development board with Type-C port and CH340 

GY-521 MPU6050 module 

BMP388 digital barometric pressure sensor with IIC interface terminals 

MicroSD card module with SPI interface 
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MicroSD memory card (8 GB) 

18650 lithium battery, 3.7 V, 2400 mAh 

KCD1 push-button switch 

Dupont connector socket (2 rows × 5P pins) 

Custom EPE pearl-foam board (length 1 m × width 50 cm × thickness 30 cm) 

Appendix B Data Acquisition Program 

test.ino 

Appendix C Experimental Video Materials 

rocket test.mp4 

Tracker trial 1: exp1/videos/video(1).mp4 

Tracker trial 2: exp2/videos/video(2).mp4 

Note: The 2 atmospheres mentioned in the video is the pump pressure-gauge reading, which differs from the 

actual gauge pressure. When the rocket was pressurized with the pump and measured with a separate pressure 

gauge, a pump-gauge reading of 2 atm corresponded to an actual gauge pressure of 0.65 atm. This paper uses 

0.65 atm as the initial gauge pressure. 

Appendix D Data Post-Processing Programs 

processdata.py 

real a.py 

Tracker projects: Experiment_01.trz and Experiment_02.trz. Each archive contains the video, processed 

position data, spatial and time calibration, and the fitted axis-angle expression used to calculate a_axis. 

Appendix E Flight Measurement Data 

test1.csv 

Tracker results: Experiment_01_results.txt and Experiment_02_results.txt. Columns contain aligned time, 

horizontal and vertical position, axial acceleration a_axis, and video frame number.  

Plotting records: sensor_points_plotted.csv and tracker1_plot.csv / tracker2_plot.csv. The omitted sensor and 

video points are listed separately in excluded_sensor_points.csv and Experiment_02_omitted.csv.  

Appendix F Simulation Data and Animations 

accel-rfile.out (CFD-derived acceleration) 

average-p-rfile.out (mean pressure inside the bottle) 

flowrate-rfile.out (mass flow rate at the bottle outlet) 

masswater-rfile.out (water mass inside the bottle) 

p-gauge-rfile.out (gauge pressure at the bottle outlet, 𝑃gauge) 

thrust-rfile.out (derived thrust) 

pressure.mov 

temperature.mov 

water.mov 

Appendix G Grid, Time-Step, and Iteration Sensitivity Test Results 

Grid-independence test results 

Time-step-independence test results 

Iteration-sensitivity test results 
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获得完整的仿真数据后,我们将其与后处理后的实验数据进行对比,评估二者的一致性,并在此基础

上推进理论公式的修正与分析.公式修正工作主要由嵇海锐负责,袁昊琨则结合前期文献阅读与研究进
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